Derivations in K.
e Any propositional tautologies
e D(a— ) = (Oa — 0p) and Oa <>~ ~a.

e Uniform substitution + Modus Ponens + Modal Generalization

a, a— (MG) a

(MP) 5 =

in S4: extra axioms: 0Q0a — Qa and a — Qa (dually: Oa — OO« and Do — «).

L. Fx (OpAOq) = O(pAg)

-p=(g—=(pNag)

O —(g— (PA9))

O —q) — (Op — Ug)
Op—(@—(@Arg)) — Bp—0Og—pAqg)
Op —0O(q—pAq)

O@— (pAg) — (Cg—0(pAg)

- Op— (Og— O(pAq))

- (OpAOq) = 0O(pAq)
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2. Be careful: p ¥ i Op. Here is a convincing but incorrect derivation:

1.p (assumption)
2. Op (MG)
3.p—0Up

3. If Fxrz a — ﬁ then kg da — Oﬁ

a—f

(a = B) = (~B =~a)

~f —>~a

O(~ 8 —~a)

O(~p —=~a) = (O~ —>0~a)
O~ —=0O~«
~O~a—=~O~fF

Qa — OB
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4. Fg O ~~p— Op. (Hint: use exercise no. 3 and that ~~p — p is a propositional tautology.)
5. Fk (OpVOq) = O(pV q).

-D—=>pVyg

. ¢—pVyg

. Op—=0(pVq)

- 0g—0(pVa)

- (OpVOq) = OpVa)

6. Fx Op — O(p — ¢). (Hint: Use the tautology p — (¢ — p), then MG, then K and then MP).
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