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INTRODUCTION

* The starting point from the practice of mathematics or logic
* Agent-based view

* Process of the knowledge production

* The general theories (The Growth of Mathematical Knowledge, Breger & Grosholz
2000; Proofs and Refutations, Lakatos 1976)

* The case study analysis (Carter 2010 and Starikova 2010) — how visudl
representations aid discoveries in analysis and algebra

* Our example from logic - discoveries based on tables, not diagrams
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DUCTION

Aristotelian syllogistic

1.
2.
3.
4,
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Universal affirmative statement: All S are P / SaP
Parficular affirmative statement: Some S are P / SiP
Universal negative statement: No S are P / SeP
Parficular negative statement: Some S are not P / SoP
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INTRODUCTION

Direct and indirect proofs in the interference relationships between the Moods
from particular Figure (I, II, lll, IV) = (the first Figure as the basis)

An example direct proof of Fresison (a fourth-Figure Mood) using Ferio (a first-
Figure Mood):

1. PeM (major premise of Fresison)

2. MiS (minor premise of Fresison)

3. MeP (conversion applied on 1.)

4. SIM (conversion applied on 2.

5. SoP (Ferio applied on 3. and 4., yelding the conclusion of Ferio)
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INTRODUCTION

An example of indirect proof of Felapton (third-Figure Mood) using Datfisi
(another third-Figure Mood) looks like:

1. MeP (major premise of Felapton)

2. MaS (minor premise of Felapton)
3. SaP (law of contradiction applied on the conclusion of Felapton, SoP)

4. SIM (conversion applied on 2.)
5. MiP (Datisi applied on 3. and 4., yielding a contradiction to 1.)
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DERIVING SYLLOGISMS

The process of finding the minimal set of inference rules needed to prove all
syllogistic Moods (Wapniarski & Urbanski, unpublished)

Four different main scenarios were first identified:

1. None of either conversions or subalternations are allowed to be used
2. Only the subalternations can be used
3. Only the conversions can be used

4. Both subalternations and conversions can be used
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DESCRIPTION OF A CASE STU

Collecting the data

The series of four 25x25 tables (,,an imposed itself form”):

 four possible scenarios,

* the 24 valid Moods as columns (these ones used in the proofs),
* and 24 valid Moods as rows (the proved ones)

» existing proof marked by colored cells
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/)ESCRLRTION OF A CASE STU

DY

Barbara

Celarent |Darii Ferio Barbari Celaront a Camestres |Festino Baroco Cesaro estros Darapti Disamis |Datisi Felapton |Bocardo

Barbara

Ferison

Bramantip |Camenes |Dimaris

Fesapo |Fresison

Camenos

/ \

Celarent

( \\

Darii

\ ]

Ferio

Barbari

Celaront

Cesare

Camestres

Festino
Baroco
Cesaro
Camestros
Darapti

Disamis

Datisi
Felapton
Bocardo

Ferison

Bramantip

Camenes

Dimaris
Fesapo
Fresison

Camenos

Table 1: Con¥ersion-only scenario
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DESCRIPTION OF A CASE STUDY

Playing with the tables
* Certain columns (for Moods Cesare and Camestres) look alike,

* Certain column (for Festino) is somewhat regular,

* Certain columns (Baroco, Cesaro, Camestro) have much less proof-cases
indicated.

Rearranging the table:
This step turned out to be crucial, but was not planned;

the idea of rearranging the tables came from noticing visual regularities on the
tables.
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DESCRIPTION OF A CASE STUDY

Celarent [Cesare Camestres |Camenes |Darii Disamis |Datisi Dimaris  |Ferio Festino Ferison Fresison |Bramantip |Barbari Fesapo |Felapton [Celaront |Cesaro Camestros |Camenos |Darapti

Barbara

Bocardo
Celarent
Cesare

Camestres
Camenes
Darii

Disamis
Datisi
Dimaris
Ferio
Festino
Ferison

Fresison

Bramantip
Barbari
Fesapo
Felapton
Celaront
Cesaro

Camestros
Camenos
Darapti

Table 2: Conversions plus subalternations after rearrangement
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DESCRIPTION OF A CASE STUDY

* The examples (subalternations plus conversions) with only the indirect proofs
marked, and with the indirect- and direct-proofs as well

* First table: One can read off that certain syllogisms clearly form distinct
groups exhibiting different behaviors

» Second table: more regularities

\4
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DESCRIPTION OF A CASE STUDY

A VA [\ N\ [\

Barbara |Celarent arii %erio Barbari Celaront |Cesare Camestres/| Festino Baroco Cesaro Camestros |Darapti Dfsamis |Datisi Felapton |Bocardo erison kramantip Camenes |Dimaris [Fesapo |Fresison |Camenos
Barbara ] /
Celarent \
Darii \ \ |
Ferio \
Barbari
Celaront
Cesare |
Camestres
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Baroco
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Table 3: First Figure in subalternations and conversions scenario before adding direct proofs
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DESCRIPTION OF A CASE STU

Y

Barbara
Celarent
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Table 4: Subalternations and conversions scenario after adding direct proofs
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DESCRIPTION OF A CASE STUDY

Many Moods can be treated as forming distinct groups, and that these groups
can be graphically represented by one of their constituent members.

Subalternated group |Celaront-Cesaro-Darapti

Barbara-Baroco-Bocardo |C, D, and F group

Barbara-Baroco-Bocardo
C, D, and F group
Subalternated group
Celaront-Cesaro-Darapti

Table 5: Final table with reduced groups (conversions and subalternations)
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Additional function of visual (spatial) representations:

DESCRIPTION OF A CASE STU

* Free rides: syllogistic moods in this group can be proved mutually only by themselves:

Darii Ferio Barbari Celaront esare amestres |Festino aroco |Cesaro amestros | Darapti isamis atisi Felapton |Bocardo |Ferison IBramantip Camenes

Ison amenos

Table 6: The distinctness of the fourth-Figure in first scenario (subalternafi

 Self-correcting (navigational) role
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EXPERIMENTS IN FORMAL SCIENCES

Considered definition of experiment:

~the setup, which includes the research question,
a process with an oufcome, and the conclusion”

(Schlimm & Gonzalez 2024)
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EXPERIMENTS IN FORMAL SCIENCES

Experimental steps:

1. Inifial research question: how to find the minimal set of inference rules
needed to prove all syllogistic Moods

2. A proces with an outcome:
“calculating” by hand/Isabelle the dependence between all the syllogistic Moods,

3. Additional element (question and the proces with outcome) of experiment:

Consideration on how to present the outcomes in a comprehensible way
(constructing and playing with a two-dimensional table)

4. Conclusions: unexpected information, forms of presentations of a data (of
beginning outcomes) affect what can be read off.
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FREE RIDES

The tables and diagrams

» Different ways to show relations (Carter 2024; Bertin 2010) - diagram represents
relations by lines or arrows, tables display, or instantiates relations (but there are
colored cells)

« diagrams need not have a unigue interpretation (Grosholz, 2007; Macbeth 2012)

« diagrams and three levels: 1. the visual appearance of the representation; 2. the
semantics and the interpretations of the sign; 3. the using diagrams in contrast to
linguistic representations (Carter 2021)
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FREE RIDES

Free rides:
Giaquinto (2007), Carter (2021), Shimojima (1996, 1999)

Carter’s definition: “the phenomenon that a new, consequential piece of
information can be obtained from an external representation, information that has

not been added when constfructing it” (Carter 2021, p. 10476).
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FREE RIDES

Different types of information obtained from visual representations (Carter 2021, p.
10478):

» 1. A representation gives rise to new properties of concepts.

2. A representation shows relations between properties.

3. A representation gives rise to new concepts which can be used

to reformulate (and visualise) a given condition.

4. A representation is used as a navigation tool.

5. A representation is used as an organisatorial devise, to systematise.
6. A representation givesrise to a new (and easier) calculation.”
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FREE RIDES

Additional types of information obtained from visual representations (our tables):

/. A representation is used as an auto-checking tool, to correct errors in the
organised, linguistic data

8. A representation is used to manipulate the iconistic (or partially iconistic) datq,

and in this way starts to show relations between properties which would otherwise
be hard to spof.
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FREE RIDES

Internal representations (mental, cognition schemes)

It is assumed that the visual system stores representations of configuration types.
Where the representation is not an image, but:

(i) a visual stimulus can activate a representation of a type |...)

* (ii) we can activate a type representation to produce an image of an instance of
the type by voluntary visual imagining.” (Giaquinto 2008, 46)

The visual category specification provides a more flexible and direct way of
grasping the structure than the template (Giaquinto 2008)

* Explanation for the context of Giaquinto’s tools (M. Friedman, C.J. Rittberg 2019)
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FREE RIDES

Internal representations (mental, cognitive schemes)

the stage of creating tables

* the knowledge of Aristotelian syllogistic, the form of the table was an imposing one (the
spatial orientation system

* the up-down, right-left relations
* the relations of entailment between the individual elements of the "set of modes”

 certain regularities were noticed at the visual level — observing similar or different
“behavior” (patterns) for entire groups of syllogisms and modes

* observing and correcting some erroneous proofs

* the observation that the fourth figure preserves a certain distinctiveness - this
information “implied itself”
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CONCLUSIONS

Free rides in the analysed logical experiment case:

* the information read off as “groups look alike”, when the information introduced
was the logical dependence between particular Moods (by shaded cell or nor)

* the observation that the fourth figure preserves a certain distinctiveness

Outcomes of experiments depend on how information is presented.

Using diverse mental representations increases the efficiency of the experiment
(Tytko et al., 2023).

. Where efficiency is understood as:
* the shortening of the experiment time,
* the appearance of unentered information,
* the improvement of correctness of the proces
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