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# CATEGORIES (BASICS) 9

COALGEBRA

(STRONG) SEMANTICS Xisan object

A category & is a collection of objects X0b(D) and a

collection of arrows fix+Y tarr ()
.

We write How (x
,Y) =5f/f : X+Y]

I is an arrow from

such that
X to Y

1. For each XE obj (1) ,
there exists an arrow

Lealled identity arrow on X) idx : X+X .

2. For each f : X + Y
, g

:-> z
,
there exists a

composed arrow gof : X+ .

3. Composition of arrows is associative ,
i.e.

ho /gof) = (hog) of .....
wherever one of the

sides is defined
4. idx is neutral for composition ,

i . e.,

fo idx = f = idyof

Examples :

1 . Set is the category of sets and functions.

2. A monoid is an algebreic structure (M . +,0

here in additive notation
,
with t-binary , o-constant

such that+ is associative and o is a unit
.

Monoids
, together with movid homomorphisms form a

category ,

Mon. 2
: (Ma ,te ,

0
.
L

, (2 ,
+2

,

On)-monoids
G:M+ M2 with

h(x+y) =h(x) +h(y) ,
b(b) = On



3. Pos is the category of posets ,
i . e.

2

partially ordered sets (P,E) with reflexive,
antisymuestric

and transitive

and monotone waps hi (P-,) +> (P2,2) a function
h : P. + Pc with x= => f(x) = f(y)

.

4. A particular poset (P ,
E) forms a category

# with objP =P and fix+Yarr(P)

iff x = Y in.

Identity arrows exist by reflexivity and composition
by transitivity.

This is a very stucific small category in which we have

a unique arrow (if at all) from an object to another.

Bef Given C
, D-categories ,

a functor F:D- I

assigns to every Xobj (C) an object EX0b (ID)
and to every fix+Yearr(() an arrow Ff: FX -> FY tarr(ID)

such that identities and compositions are preserved ,
i. e.

Fidx = idex , for all Xobj()
#(gof) =EgoFf , for all fix-Y , g :Yez tarr(C)

Examples 1
.

Id : C+ & with 1d(X) =X

|d(f) = f
is the identity functor



2. For a fixed object At 06/1) ,

we get a constant 3

functor with A(x) = A
, Alf) = ida for all Xob ; (C)

fear(C)

3. In a category K with products AxId is a

functor
,

also devoted Ax-with (Ax(d)(X) = AxX

and for f : X --Y , (Ax(d)(f) = idaxf : AxX + AxY
-

Sometimes dected
is given by (Axf)(a ,x) = (a , f(x) Axf

We will mainly deal with functors onSet
,
and set has

products.
4. For a fixed set A

,
the constant exponent

functor Id= (-)
*

on Set is given by

X
*

= [f)f :A+x3 and for h : X-1 Y

h: X*
- YA with (f) . = hot

5. The powerset functor on Set
,
P:
Set-> Set is

defined byOX = En/UEX3 ,
and for f:X-Y

87 : PX- PY with Pf(U) = f(u) - the direct
image .

6. The probability distribution functor to : Set - set

is defined by DX = 52 : X -> [0 .1) I. execu = Y
on a set X and on arrow fix- Y , Af : DX+ DY

by Df(k)(y) = [4(2)
(2 : f(x)) = y

Kat is the category of all small categories and fructors
between them > of course , functors compose.



One level up ,
there is also a way to transform functors to

fructors , by a so-called natural transformation .

4

Def. Let &
,1 be categories and F

,
G : C- ID functors.

-

* natural transformationw from F to G
,
notation

v = F = G (or v : F -> G) is a family of arrows

UX : Ex -> GX in
indexed by obj (4)

such that for every f:x -> Y in I ,the following
Chaturality) diagram commutes :

Fx FY
i

. e. WyoFf = GfoUX
ux + toy

exe, GY

This gives us the absolute basics of category theory.

We now turn to coalgelre ,
but first (as a motivation for

the terminology) let's briefly discuss algebras.

One can think of an algebre for a functor F:+ &

as a pair (A ,a) of an object A-the carrier ,
and an

arrow a : FA- > A - the algebraic
structure

.

Example : Let # be the (polynomial) functor on set

defined by FX = X x X + 1

Here x is product ,
+ is coproduct which on Sets corresponds

to disjoint union and 1 = [x] is a singleton - the final
object in

Then an F-algelne withcarrier A is an arrow Set

a : X xX +1 = X

or
, equivalently , pair of functions a :XxX => X

a=
: 1 -> X



hence a binary operation as and a constant an (*).

An F-algebre homomorphism from a : FA+ A to b : FB- B

is an arrow h : A+ B that makes the following

diagram counte FAh,
at FB i

ee .

b . Fh = 10 a

* -> B
zi

F-algebres and their homomorphisms form a category Ag(F).

No egnations in this motion ,
but indeed any

class of
classical algebres without equations (given by a signature) is

an algebre of a polynomial functor.

These algelnes for a functor are not particularly intere-

Sting for us
.
What is interesting is that a coalgebre is their

dual notion.

Bet .

Let I be a category and F : K- a fructor.

An F-coalgebre is a fair (X ,
c) with c : X-EX.

live often call just c : X-> EX a coalgebre).

Let. Given two F-coalgebres (X.C) ,
(X ,
d) with

2 : X-FX
, d : Y -> FY

a homomorphism from (X
,
c) to (Y ,01) is an arrow

hiX+Y making the following diagram commute
e

C** Yo i.e.
doh = Floc

#-> FY
Flu



We call X -the state space and c - the transition 6
structure.

Il

Then a hourmorphism is a function that preserves and reflects

the transitions
.

"

Examplese stick to Set here) X = Ex. Y ,z]

4
.

An Id-coalgebre is just a map c : X--X

one can see it as a deterministic transition system

(deterministic greph) with ((X) being the unique next

state that x transitions to.
Here we write and draw

ex
x+

j+ n -v for
X = c(u]

.

2. For a constant set A ,
an Ax10-coalgebra

is a

map c : X- > AxX representing a "stream" - we will

clarify this later.
We write and draw

X-y for <(x) = (a ,y) and see that
such a coalgebre is a deterministic labelled transition system
where in every state there is a unique action atA which
the state"performs" and "moves" to a unique successor state.

6
&x. · z A = Ea ,b)x i

3. For F = (-) *= 10*, an F-coalgebre is an

input enabled deterministic transition system c= X+ X*.

Again we write = now for <(x)(a) =y

So
, for every action atA ,

x ((x) (a)

Chence
,

it is input-enabled)



&. A= Ea ,6) 7

&
-·!& -x +-ya

4. A P-coalgebre on Set is a woundeterministic

transition system c : X-> DX (equivalently ccXxX)
↓

Just a
directed

and we write X-> y for yea(X). greph
P

ex0 - z-

x

Y

5. A labelled transition system (X ,
-> EXXAxX(

is a coalgebre of PA or equivalently of PCAX-3.

HeX or Call

· x
ex

·
b

6. A deterministic automaton (Q
,
[

,
0 : Qx[+ Q

,
F)

without specified initial state is a coalgers of type 2x(

here C= 50 ,13 is a 2-element set

Q- 2xQ

with ((x))= 50 1X
Hz(c(x))(a) = y iff

xty.

ex as usual
,
we draw double circles

to denote accepting statel
.D Q: How about NA ?



STRONG SEMANTICS ge

When do two states in an F-coalgebr ,
or in two F-coalgebres

behave the same?

There exist severel different (or seemingly different)
yet

canonical motions of semantics - we will look at atfeast

three of ther.

I
.
Bisimulation and Bisimilarity
#. (Park

,
Milner) Given an

LTS (X,=x x AxX)

equivalently a coalgebre X-(PX)-,
and another one

[itEYxAxY], ie ,
4 + (PV), a

relation

REXXY is a
bisimulation iff

FxeX
, yeY . (x ,y) -R => FatA .

·xeX.x' = JytY . y =y' -(x
,y)tR

M

② XjeY . y =y = 7xeX .
x =x'n(x ,y')ER

This is a very well
studied motion - discuss-

We say that
is Eisimilar to y

and write Key

iff there exists a bisimulate R with (0y)ER
.

Here we more to the slides. which also give us "a way

toward" coalgebraic bisimilarity .



9

#f(ActeSMenler] A coalgebraic Eisimulation

from an F-aalgebra (X ,
C : X-> FX) to an F-cogebre

(Y
,
d = Y + FY)

is a relation REXXY such that there
exists a transition

structure r : R= FR making both
canonical projections

T : R+ X ,2 : R-Y coalgebra homomorphisms.

In a diagram X
- RIY

↓ Ir a
EXE

FR-FY
FTz

MJ iff there exists a coalgebraic Eismulation

relating them.

Equivalently ,
one can define a bisimulation to be a

relation as a jointly movic space X=
==Y

with < W
,
+2) mono (injective in Sets

It
.

Final coalgebre semantics
-

Sorry-we head one more notion from category theory-

Bet. A final object in a category K is an object
denoted byI such

that for all Xtobj (C) there exists
a

unique arrow ! : X+ 1. Final objecte not always exist.
X

Set has a terminal object ,
indead 1 (any singleton

unique up-to isomorphism.



If a final coalgebre (2 , 3) exists in CoAlg (F) ,
then

it provides comonical semantics too. 10

Let (X ,
c)

, (Y ,
d) be two F-coalgebres ,

and assume that

(Z,z) is the fund F-coalgebra.

Let beh
: X->Z and Leha :- Z be the unique

coalgebre homomorphisms that
exist by finality.

We say that
xeX and yzY are equivalent in the

final calgebre semantics ,
and write~Y iff

beh
, (x) = beh

, (2) .

Lemma (Lamber) If (2, 5) exists in CoAlg (F) .

then 3 is iso
·

Proof-nice exercise

Assume (7 , 3) exists .

Then we have the following
------ behs

Situation 3
Z ->Fzz
①
It Finality

&↓ Y
=
zz

----- =z

Fz
Fleh

=

z
--- -

>

----

Ebebz
How:

belz = ida as ide is a cooly .
how

, from
(2, 3) to (E .3)



11

* from D and we have that

belizg 3 is a coalgebre homomorhism

from (713) to (2.3) .

So this must be the unique one

I
.e.

behejoz = idz

* finally zobehz = FlehrzoFz = F(beh= ·3) =

= Flidz) = id=z
.

As a consequence , it is often clear that D

a final coalgebre doesn't exist by simple cardi-

nality arguments.
For example , by the small theorem ofContor ,

there is

no find P-coalgebre (as there is no iso X-PX)
.

What we also see about final coalgebre seractice is

that we are ina situation where we have denotational

sonantics .

Z contains "all possible behaviors" and

for (X ,
c : X-FX) and EX , Gehe (2) is

-

the decotation/the behavior of stacea of course

in Set or

other
Example . To illustrate this ,

let's go concrete

back to the "streams" that I promised to Cof ...

mention/explain



We consider F = Ax(-) on
Set .

12

This functor has a final coalgebre
, given by

the set of all infinite words/streams on A
E

Z = A" and 3 : 2 -> AxZ

is 3 : A-AxAW given byhead ,

tail

3 (0) = (head(0) ,
tail(w)) ·

if you want more precisely 8 : /N ->A

head (5) = 5(0)

tail (5) = 0 : N -> A

with 5' (n) = 5 (n+ ) ,
VueN

ex .

Back to our little example

(X,c)· behc() = a(ba)"ablab)
3

behe(y) = (ba)

x7cz S beh
, (z) = beh

, (x)

III
.
Behaviourel equivalence

Given two F-coalgebres (X .
c) and (Y

,
d) .

a

sometimes
jointlycocongmence is a cospan (U ,

ex
,x epi-assumed--

with ex : X + 1
, by : Y ->1

such that there exists a coalgebre structure : U+ FU

making x and by coalgebra homomorphisms &

The pullback of a cocongruence is called a kenel



bisimulation
,

since [Staton2009 CALCO]
·

3

Thertegorically minded will know what - pullback is
the

lineit of the cospan. .
In set it is a relation

↑

R = G(x +y)(hx(x) = hy(y)] .

Two states EX , yeY are
called behaviourally

equivalent ,

motation a -6 . 2 . Y if they are related

6--
this is not used... discuss

by some level bisimulation
,

i .
e

., iff there
exists a

ocongruence (11 ,
hx

,
hy) with hx(x)

=hy (g)

This is a useful motion as it allows to speak of

"Gual behaviour" even if a "domain of all beha-

viours"
,
that is

,
a final coalgebre doesn't exist .

notion was first introduced in the contextof

coalgebraic modal logics .

Theorem : For well behaved (= weak pullback preserving
functors on Set

,
for which final coalgebre exists

my iff- iff x ~6
.e .%.

We won't be able to prove
it here

,
but the last equire-

leace shouldle clear :

I
sa

-EcY ,
then (Z ,

belx
,

belx) is the
Cocongre

[Bartels
,

S .,
deVink'p] or Istator'09]

/hot epi)



if -be y
and final coalgebre exists ,

let 14

IM , lx
,
hy be a coconfrence witnessing

this

with transition structure re

Then behrolx
,
behaphy are homomorphisses from

[X .2) 1
(Y

,d) to (7 ,5) , respectively

and by finality beh
,
(x) = Schnohx (x)

= behn (lx(x)]

= belen (hy(y)
= belnohy (y)

HenceC. Y.
= behd(y) 13

Now here is some reading material :

[Rutten 2000] Jan Rutten
,
Universal Galgebre : A

theory of Systems , TCS
,
2000

[Jacobs-book] Bart Jacobs ,
Introduction to Coalgebra

(book

[Bartels ,
S

.,
deVink'os] Falk Bartels

,
Ana S .,

Erik de Vink,

A Hierarchy of prob . system types .

[Staton09) Sam Staton
, Relating different notions

i of coalgebraic Bisimulations

already mentioned
2009 CALLO

[S .
05]S

Ana S
.,
Probabilistic systems balgebraically

some students likeit PLD thesis , chapter 3-intro



Before we proceed - one more coalgebraic notion :

15
also well-rooted in classical results for LTS or

Probabilistic
Te bisimulation .

A relation X R + Y
↓

Li . e., jointly monic span) is a Speaking of
that

Hervide-Jacobs bisimulation iff there back to

exists v : R+ FR - also devoted Rel(F)(R) the

Slidel
such that
X R - Y again

-t wr ↓ d
is the

Ex FR = FY relation lifting ofR
our first lifting !

FR is the image of the composite
F<r,

12>

FR -> F(XXY)
ExEr FXx FY

if we are thinking of standard relations (with projection)
Set

FR[FXX FY

and now this is another nice formulation (also

explaining the AM-corr .

in well behaved cases) :

(ip)EFR FyEFR .

Fr (f)=2

·
F(z(f)=S

[Harida Jacoles 98] Conduction this witness is often called
Structure Induction and

in a fibrational setting .

IsC
coupling of I and s

, especially in

see [Jacobs-book] probabilistic systems



#
.
TRACE SEMANTICS 22

.
7 . 26

1

We will go through most of this material on slides.

I only make small note here for some motions that

are missing on the Slides (and will at the end

add all references

Let A moved on a category K is a

triple (M,M , 2) where M : D+ C is a functor

and M : MM = M
, m : Id =>M are natural trans-

formations that satisfy the following unitand

associativity of multiplication lows S

IM is called the multiplication , I the
ruit of the round

latest here
We'llmost commonly we just say "the moved M". recoll

nat.transf
UnexMXM> MMX = MX

My Finitary mounds
onSets

MX

correspond to

MMMX # MMX algebraic theories ,
i.e.

Max ↓ ↓ ux varieties of algebres.

MMX -> MX
MX



2

Here are some examples of our most favourite

moveds explicitly .

The powerset moved has unit 4x : X-> PX

Given bySingletom Mx(x) = Ecc]
and multiplicatin Mx :

PPX-> PX by union

u- () = Un = Ex)7SE4 . xS]
forUEPX

.

2 The distribution moved to has unitUx :X->&X

given by Dirac distribution Rx(x) = de
with Ex :X- [0

,1 , a (y) =G
and multiplicationn ....

before we do that
,
let's go to "formal sum" notation

for distributions.
For 2tDX

,
we write C=pixi if

2(x:) = pic Sucilizzz= suppe
The for fix-Y

. Of has a nicer representation

17 :DX - DY
, @f(e) =.Pif(x)·

Using this , for EEDOX , E= Epic :

Mx()(x) = [piei(x) .



A moved M is presented by an algebraic theory
(EE) iff MX E TerrszE(X)

3

"
=terms with variables inX

module egnations in E

4xX+ MX
↳

every variable is a term

Mx : MMX-> MX
u substitution/flattening ..

La term over terms is a

term over variables

For
every

set X. Mx :
MMX-> MX

is an EM-algebre for M .
It is the free

- algebra generated Gy X.
That is

,
for any a :MA-A and fix-A,

there is a unique extension f: MX-> A

which is an algebre homomorphism from (MX ,Mx) +

(A
,
a)

is is simply the Kleisli-extension
(the basis of "determinisation")

f= MX(4> MA = A



Hence monds have two sides :
4

is computational
2) algebraic

Examples
computational algebreic

P hondeterminism joinsemilation
D probability convex algebre

(baricentric)

While it is possible to do most things like determini-

sation/traces/ ... without a presentation , having the

algebraic presentation (the syntax) makes many things more

convenient.

I
may add stuff here after the class ,

in case we get
-to some interesting improvised/unplanned discussions there.

I will also add all references then
,
at the end



R

# Logics via Liftings

->

Yesterday we saw relation lifting
R EXXX m FREFX x FY

Il

This lifts F (ou Sets Rel(E)(R)
to a functor F on Rel

on wewant to see how predicate lifting (and
relation lifting) yieldmodal) logics.
[ Cirstea

, Pattinson,
Schroder

, Kupke , .. originally Moss ...]
Main idea : -formula <property) of states----
-

De - property of successors

"lifts to transitions"

However : To get this we need to find modalities
-----

and liftings that fit.

Similarity type is a set of mudal operators
with arities

[Kupke &Pattinson - Overview 2017



A X-structure is a functor F (they collitt
&

for transitions Iand=predicate lifting I
2

[a : (2=> 2 F

Getana T contravertent

powerset
Crecoll here
-

1934x (1 , ...,
Un) = T- subset of FX

~m

subsets ofX

naturality means that for fix-> Y
u

-

2x .

xX

127X/ ↓ EDTJy
2x2 +Y

↑ induces a logic ,
i . e.,

a set of formula F(X)

f(x) = 4
,
4 : = p(x P)-e)b(e, ..,

en)

PEP-set of propositional variables

PEN-n-any

n Fmodel is a triple (X ,
C

,
H) = M

(X
,c) - F-coalgebra , 55 : P-PX is a valuation



The secuantics is defied inductively by [L-1) :F(x)->PX

[PYn = S(p)

[2 - 4yn=27m- [PYm

[727m = X\ERIM

IID(2.
,
. . , en)]o = col@7) (FBm ...s

EenTSm)
#

Hence FD(2, ..,2) if
((x)E [C]x([4-]m

, ...s
[enTn]

Examples
= P

,
x = 9D]

↑

[DD x (Y) = EUEPX142 :Y]

Yields the logic K

2 F = P7
,
x = EDala +A]

#Baby(y) = (7 :A+Px/7(a)EY3

Yields Hennessy Milver logic
3. F = 0

, x = 3(p(pt[i)nQ]

Iphe has intended meaning

"e holds with probability at least
p in the successors"



↓ (pBx(y) = EveWX(v(Y) = p3
as expected #Iph iff

society), p

A logic define an equivalence of
states :

( we demote it here by =n )

x =

-y iff fzef(x) .

x +47yz 2

A logic is adequate if

Nb
.
e =

(behaviorally equivalent states are logically indistiges-

shable

The shape and naturality of the predicate liftings [D])
are "exactly what is needed for adequacy.".

A logic ispressive if

= EN6
. e

Clogically indistinguishable states are behaviourally equivalent

Bet
.

A 1-Structure is separating if for all X

FX -> 19(4)Y)
n-any



- it &(un
...
Un) =(PX)"Ite F@TS (Hes ..,Unl]

5

isFaintlyinjective
Elements of FX can be distinguished by lifted
predicates .

Theorem f F is finitary and X-separating

ther the logic is expressive ,

i

ve.

behavioural equivalence and logical equivalence
Coincide

.

BaldauBonchiKonig 2018
->+ ... Komorida

,
Katsumata

,Hasuo ... (coolesits)Distances Galgebres X- EX lifting

lifting of F to F onMet

From X+ FX
,
(X

,
disa) ->F(X

,
disc)

If a find F-coalgeling exists ,
one obtains from it

↓
(2 , 5)

(2 ,
dz)F(z , da) final F-coaly .

beh-dist (x ,y) = dz) ! (x) ,! (y)

= dz (beh(x)
, beh(y)

They also provide trace metrics with similar approach !
after detenunization


