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I. Coalgebras and Strong Semantics
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Coalgebra
Uniform framework for dynamic transition systems, based on 
category theory.  

generic notion of behaviour 
equivalence, e.g. bisimilarity

states

object in the base 
category C

behaviour 
type

functor on the  
base category C 

form a category 
too

A coalgebra is a generic transition system:

X ⟶ FX



Bisimilarity of Labelled Transition Systems
S→ (P S)A



An LTS is a map 


with a set of states S and a set of actions A. 

Two states are bisimilar iff they are related by a bisimulation. 

Bisimilarity of Labelled Transition Systems

A binary relation R between the states of two LTS is a bisimulation


iff whenever two states are related, each transition from one of them


has a matching transition from the other and the target states are related again. 

S→ (P S)A
a coalgebra
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Bisimilarity of Labelled Transition Systems
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S→ (P S)A

bisimulation



Bisimilarity of F-Coalgebras
S→ FS

BX Y

 FX
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π1 π2
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Aczel & Mendler 1989

coalgebraic 
bisimulation



Coalgebraic bisimilarity is 
bisimilarity
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Bisimilarity of Probabilistic Transition Systems
S→ (D S)A

BX Y

(D X)A

dc
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(D Y)A(D B)A

probabilistic 
bisimulation
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Bisimilarity of Probabilistic Transition Systems
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Bisimilarity of Probabilistic Transition Systems
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A (probabilistic) bisimulation is an equivalence relation on states preserving  
probabilities towards equivalence classes.

Larsen & Skou 1991
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Sometimes bisimilarity is too strong / not robust
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Sometimes bisimilarity is too strong / not robust

Realistic situation, as probabilities are often approximations of real behaviour. 



Recall bisimulation for PTS (one label)
S→ D S
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S→ D S
BX Y

D X
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D YD B

ε-Bisimulation in a diagram

⊑⊑ε⊒

with: 𝜑 ⊑ε 𝜓  iff for all A ⊆ B, 𝜑(A) ≤ 𝜓(A) + ε

ε⊒



S→ FS
BX Y

FX

dc
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ε-Bisimulation for F-coalgebras

⊑ε⊒

as long as F comes with a suitable order

this enables new definition of approximate bisimulations for other types of systems

⊑ε⊒



II. Traces and Trace Semantics



Traces of Labelled Transition Systems
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equational reasoning 
[Rabinovich’95] extending [Milner]



Traces of Labelled Transition Systems

An LTS is a coalgebra 


with a set of states X and a set of actions A. 

We get a unique finite trace map 
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [?],
[?], [?], [?], [?], [?], [?], AI [?], [?], [?], and studied from
semantics perspective [?], [?], [?]. Probability is needed to
quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [?], [?], [?], [?], [?], [?], [?], [?].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [?] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [?], [?], [?],
[?] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?], [?]
provides uniform generic approaches to trace semantics of
various kinds of systems and automata, via Kleisli traces [?]
or generalised determinisation [?], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

X ! P(A⇥X)

aw 2 (! x) , x
a! y ^ w 2 (! y)

x ⇠= y , (! x) =
(! y)

9s0, . . . , sk. I(s0) ^
k�1̂

i=0

T (si, si+1) ^ b(sk)

(¬g0 ^ ¬r0) ^ ((g1 ^ ¬r1) _ (¬g1 ^ r1)) ^ (g1 ^ r1)
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(Finite) Trace equivalence is then defined as 
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semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

X ! P(A⇥X)

tr : X ! P(A⇤)

aw 2 tr(x) , 9y 2 X. x
a! y ^ w 2 tr(y)

x =tr y , tr(x) = tr(y)

str : X ! P(A!)

aw 2 str(x) , 9y 2 X. x
a! y ^ w 2 str(y)

x =str y , str(x) = str(y)

9s0, . . . , sk. I(s0) ^
k�1̂

i=0

T (si, si+1) ^ b(sk)

(¬g0 ^ ¬r0) ^ ((g1 ^ ¬r1) _ (¬g1 ^ r1)) ^ (g1 ^ r1)

(¬g0 ^ ¬r0) ^
[(¬g0 ^ ¬r0 ^ g1 ^ ¬r1 ^ ¬g2 ^ ¬r2) _
(¬g0 ^ ¬r0 ^ g1 ^ ¬r1 ^ g2 ^ r2) _
(¬g0 ^ ¬r0 ^ ¬g1 ^ r1 ^ ¬g2 ^ ¬r2)] ^
(g2 ^ r2)

g0, r0, g1, r1

J·K : X ! ?A
⇤

PD

s0 s1 sl = sk sk�2 sk�1

x y
a

a b

x y
a

b, 1
2

a, 1
2

The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.

x #0 x� y #1

? #0

a

b

a, b

a
b

x #0

x+ 1
2
y # 1

2

x+ 1
4
y # 3

4

...

a, b

a, b

a, b

Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.

For example, in the determinised PA we have, since x
a!

x+ 1
2
y and y

a! y:

x+ 1
2
y

a! (x+ 1
2
y) + 1

2
y = x+ 1

4
y

and hence the output of x+ 1
4
y is o(x)+ 1

4
o(y) = 3

4 giving us
the probability of x executing the trace aa. Our computation
is enabled by having the right algebraic structure on the set
of observations: a semilattice on {0, 1} and a convex algebra
on [0, 1]. The induced semantics is language equivalence and
probabilistic language equivalence, respectively.

This is the approach of trace semantics via a determini-
sation [?], founded in the abstract understanding of automata
as coalgebras and computational effects as monads.

We develop a theory of traces for NPLTS using such
approach. For this purpose we take the monad for nondeter-
minism and probability [?] with origins in [?], [?], [?], [?],
[?], [?], namely, the monad C of nonempty convex subsets
of distributions, and provide all necessary and convenient
infrastructure for generalised determinisation. The necessary
part is having an algebra of observations, the convenient
part is giving an algebraic presentation in terms of convex
semilattices. These are algebras that are at the same time
a semilattice and a convex algebra, with a distributivity
axiom distributing probability over nondeterminism. Having
the presentation we can write, for example

x
a! x1 � (x3 + 1

2
x2)

for the NPLTS from Figure 1.
The presentation for C is somewhat known, although

not explicitly proven, in the community — proving it and
putting it to good use is part of our contribution which,
in our opinion, drastically clarifies and simplifies the trace
theory of systems with nondeterminism and probability.
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The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.
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Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.

For example, in the determinised PA we have, since x
a!

x+ 1
2
y and y

a! y:

x+ 1
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a! (x+ 1
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y) + 1

2
y = x+ 1

4
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and hence the output of x+ 1
4
y is o(x)+ 1

4
o(y) = 3

4 giving us
the probability of x executing the trace aa. Our computation
is enabled by having the right algebraic structure on the set
of observations: a semilattice on {0, 1} and a convex algebra
on [0, 1]. The induced semantics is language equivalence and
probabilistic language equivalence, respectively.

This is the approach of trace semantics via a determini-
sation [?], founded in the abstract understanding of automata
as coalgebras and computational effects as monads.

We develop a theory of traces for NPLTS using such
approach. For this purpose we take the monad for nondeter-
minism and probability [?] with origins in [?], [?], [?], [?],
[?], [?], namely, the monad C of nonempty convex subsets
of distributions, and provide all necessary and convenient
infrastructure for generalised determinisation. The necessary
part is having an algebra of observations, the convenient
part is giving an algebraic presentation in terms of convex
semilattices. These are algebras that are at the same time
a semilattice and a convex algebra, with a distributivity
axiom distributing probability over nondeterminism. Having
the presentation we can write, for example

x
a! x1 � (x3 + 1

2
x2)

for the NPLTS from Figure 1.
The presentation for C is somewhat known, although

not explicitly proven, in the community — proving it and
putting it to good use is part of our contribution which,
in our opinion, drastically clarifies and simplifies the trace
theory of systems with nondeterminism and probability.
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Trace semantics coalgebraically?
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X
cÑ FX

    

(1)  unfold branching + transitions on words 

(2)  trace = bisimilarity after determinisation

‚
a
⇥⇥

a
⌧⌧‚

b✏✏
a
⇥⇥

‚
c✏✏‚

✏✏

‚
✏✏

‚
✏✏˚ ˚ ˚

‚
aa

��
ab
��

ac

��‚
✏✏

‚
✏✏

‚
✏✏˚ ˚ ˚

NFA / LTS

Two ideas:

‚
a
⇥⇥

a
⌧⌧‚

b✏✏
a
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‚
c✏✏‚

✏✏

‚
✏✏

‚
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‚
a ✏✏‚
b⇥⇥

a
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‚
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‚
✏✏˚ ˚ ˚

Monads !
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Monads are functors that can be iterated.

A monad M is a functor that comes together with two 
natural transformations

µ : MM ñ M ⌘ : Id ñ M

M = P  
for nondeterminism

Powerset, subsets

M = D  
for probability (Sub)Distributions

M = PD   
for nondeterminism  

and probability

Convex (n.e., f.g.) 
subsets of distributions

μ - union, η - singleton

Monads are 
generalisation of 

monoids

and an abstract view 
on algebras



Eilenberg-Moore Algebras

• objects 
 

• morphisms

abstractly

satisfying

EMpMq

hMA
a✏✏

A

MB
b✏✏

B

MA
a✏✏

A

MA
a ✏✏

Mh// MB
b✏✏

A
h // B

A
a

⌘ // MA
a✏✏

A

MMA
Ma ✏✏

µ // MA
a✏✏

MA
a // A
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Trace semantics coalgebraically

X
cÑ FX

Two approaches:  

(1)  modelling in a Kleisli category 
 
  

  
(2)  modelling in an Eilenberg-Moore category  

(1) and (2) are related

Hasuo, Jacobs, S.
LMCS ’07

Silva, Bonchi, 
Bonsangue, Rutten 

FSTTCS’10

Jacobs, Silva, S.
JCSS’15

algebras of a monad M
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ODRON
ARIS 

free algebras of a monad 
M

Trace semantics 
is about iteration!



Trace semantics coalgebraically
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Two approaches:  

(1)  modelling in a Kleisli category  
  

(2)  modelling in an Eilenberg-Moore category  
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2. Monads and Algebraic Theories

In this paper, on the algebraic side, we deal with
Eilenberg-Moore algebras of a monad on the category Sets
of sets and functions, for which we also give presentations
in terms of operations and equations, i.e., algebraic theories.

2.1. Monads

X ! MX

tr : X ! P(A⇤) ⇠= 2A
⇤

tr : X ! O
A⇤

a, aa, aaba 2 tr(x)

b, ba, baa 2 tr(y)

ab, bb, aab 2 tr(x)

tr(x) : aa 7! 1, ab 7! 1, . . .

x
a! tx

X
!! 1

⌘! M1

X ! MFX ! MFMFX ! MMFFX ! MFFX ! . . .

X ! FMX, MX ! MFMX ! MMFX ! MFX

A monad on Sets is a functor M : Sets ! Sets
together with two natural transformations: a unit ⌘ : Id ) M

and multiplication µ : M2 ) M that satisfy the laws
µ � ⌘M = µ � M⌘ = id and µ � Mµ = µ � µM .

We next introduce several monads on Sets, relevant to
this paper. Each monad can be seen as giving side-effects.

Nondeterminism. The finite powerset monad P maps a set
X to its finite powerset PX = {U | U ✓ X, U is finite}
and a function f : X ! Y to Pf : PX ! PY , Pf(U) =
{f(u) | u 2 U}. The unit ⌘ of P is given by singleton, i.e.,
⌘(x) = {x} and the multiplication µ is given by union, i.e.,
µ(S) =

S
U2S U for S 2 PPX . Of particular interest to

us in this paper is the submonad Pne of non-empty finite
subsets, that acts on functions just like the (finite) powerset
monad, and has the same unit and multiplication. We rarely
mention the unrestricted (not necessarily finite) powerset
monad, which we denote by Pu. We sometimes write f

for Puf in this paper.

Probability. The finitely supported probability distribution
monad D is defined, for a set X and a function f : X ! Y ,
as
DX = {' : X ! [0, 1] |

X

x2X

'(x) = 1, supp(') is finite}

Df(')(y) =
X

x2f�1(y)

'(x).

The support set of a distribution ' 2 DX is supp(') =
{x 2 X | '(x) 6= 0}. The unit of D is given by a
Dirac distribution ⌘(x) = �x = (x 7! 1) for x 2 X and
the multiplication by µ(�)(x) =

P
'2supp(�) �(') · '(x)

for � 2 DDX . We sometimes write
P

i2I pixi for a
distribution ' with supp(') = {xi | i 2 I} and '(xi) = pi.

Termination. The termination monad, also called lift and
denoted by ·+ 1 maps a set X to the set X + 1, where +
denotes the coproduct in Sets, which amounts to disjoint
union, and 1 = {?}. For a coproduct A + B we write
inl : A ! A + B and inr : B ! A + B for the left and
right coproduct injections, respectively. This monad maps a
function f : X ! Y to the function f +1: X +1 ! Y +1
defined, as expected, by (f + 1)(inl(x)) = inl(f(x)) for
x 2 X and (f + 1)(inr(?)) = inr(?). The unit of the ter-
mination monad is given by the left injection, ⌘ : X ! X+1
with ⌘(x) = inl(x) and the multiplication by µ(inl �
inl(x)) = inl(x) for x 2 X , µ(inl � inr(?)) = inr(?), and
µ(inr(?)) = inr(?). If clear from the context, we may omit
explicit mentioning of the injections, and write for example
(f + 1)(x) = x for x 2 X and (f + 1)(?) = ?.

2. Monads and Algebraic Theories

In this paper, on the algebraic side, we deal with
Eilenberg-Moore algebras of a monad on the category Sets
of sets and functions, for which we also give presentations
in terms of operations and equations, i.e., algebraic theories.

2.1. Monads

X ! MX

tr : X ! P(A⇤) ⇠= 2A
⇤

tr : X ! O
A⇤

a, aa, aaba 2 tr(x)

b, ba, baa 2 tr(y)

ab, bb, aab 2 tr(x)

tr(x) : aa 7! 1, ab 7! 1, . . .

x
a! tx

X
!! 1

⌘! M1

X ! MFX ! MFMFX ! MMFFX ! MFFX ! . . .

X ! FMX, MX ! MFMX ! FMMX ! FMX

tr : X ! (N ! M1)

tr : N ! (X ! M1)

tr(0) = ⌘ � !, tr(n+ 1) = M(!) � (c#)n � c

A monad on Sets is a functor M : Sets ! Sets
together with two natural transformations: a unit ⌘ : Id ) M

and multiplication µ : M2 ) M that satisfy the laws
µ � ⌘M = µ � M⌘ = id and µ � Mµ = µ � µM .

We next introduce several monads on Sets, relevant to
this paper. Each monad can be seen as giving side-effects.

Nondeterminism. The finite powerset monad P maps a set
X to its finite powerset PX = {U | U ✓ X, U is finite}
and a function f : X ! Y to Pf : PX ! PY , Pf(U) =
{f(u) | u 2 U}. The unit ⌘ of P is given by singleton, i.e.,
⌘(x) = {x} and the multiplication µ is given by union, i.e.,
µ(S) =

S
U2S U for S 2 PPX . Of particular interest to

us in this paper is the submonad Pne of non-empty finite
subsets, that acts on functions just like the (finite) powerset
monad, and has the same unit and multiplication. We rarely
mention the unrestricted (not necessarily finite) powerset
monad, which we denote by Pu. We sometimes write f

for Puf in this paper.

Probability. The finitely supported probability distribution
monad D is defined, for a set X and a function f : X ! Y ,
as
DX = {' : X ! [0, 1] |

X

x2X

'(x) = 1, supp(') is finite}

Df(')(y) =
X

x2f�1(y)

'(x).

The support set of a distribution ' 2 DX is supp(') =
{x 2 X | '(x) 6= 0}. The unit of D is given by a
Dirac distribution ⌘(x) = �x = (x 7! 1) for x 2 X and
the multiplication by µ(�)(x) =

P
'2supp(�) �(') · '(x)

for � 2 DDX . We sometimes write
P

i2I pixi for a
distribution ' with supp(') = {xi | i 2 I} and '(xi) = pi.

Termination. The termination monad, also called lift and
denoted by ·+ 1 maps a set X to the set X + 1, where +
denotes the coproduct in Sets, which amounts to disjoint
union, and 1 = {?}. For a coproduct A + B we write
inl : A ! A + B and inr : B ! A + B for the left and
right coproduct injections, respectively. This monad maps a
function f : X ! Y to the function f +1: X +1 ! Y +1
defined, as expected, by (f + 1)(inl(x)) = inl(f(x)) for
x 2 X and (f + 1)(inr(?)) = inr(?). The unit of the ter-
mination monad is given by the left injection, ⌘ : X ! X+1
with ⌘(x) = inl(x) and the multiplication by µ(inl �
inl(x)) = inl(x) for x 2 X , µ(inl � inr(?)) = inr(?), and
µ(inr(?)) = inr(?). If clear from the context, we may omit
explicit mentioning of the injections, and write for example
(f + 1)(x) = x for x 2 X and (f + 1)(?) = ?.Trace semantics 

is about iteration!



The Kleisli approach
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unfold branching + transitions on words
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generative

MF- coalgebras

needed d.l. FM ⇒ MF
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X ➝ MFX ➝ MFMFX ➝ MMFFX ➝ MFFX
c MFc d.l. μ

trace by coinduction in Kl(M)

initial algebra 
yields fi

in Kl(M)

works under 
certain 

order-theoretic 
conditions
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The Theory of Traces for Systems with Nondeterminism and Probability

Filippo Bonchi
University of Pisa, Italy

Ana Sokolova
University of Salzburg, Austria

Valeria Vignudelli
CNRS/ENS Lyon, France

Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [1],
[2], [3], [4], [5], [6], [7], AI [8], [9], [10], and studied from
semantics perspective [11], [12], [13]. Probability is needed
to quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [14], [15], [16], [17], [18], [19], [20], [21].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [22] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [23], [24], [25],
[26] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [27], [28] pro-
vides uniform generic approaches to trace semantics of vari-
ous kinds of systems and automata, via Kleisli traces [29] or
generalised determinisation [30], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [31]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

x y
a

a b

x #0 y #1
a, b

a, b

1
2

1
2

The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.

x #0 x� y #1

? #0

a

b

a, b

a
b

x #0

x+ 1
2
y # 1

2

x+ 1
4
y # 3

4

...

a, b

a, b

a, b

Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.
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recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
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and probability has been posing some remarkable chal-
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Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [22] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [23], [24], [25],
[26] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [27], [28] pro-
vides uniform generic approaches to trace semantics of vari-
ous kinds of systems and automata, via Kleisli traces [29] or
generalised determinisation [30], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [31]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.
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The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.
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Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.
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Systems exhibiting both nondeterministic and probabilistic behaviour are abundantly
used in verification [?, ?, ?, ?, ?, ?, ?], AI [?, ?, ?], and studied from semantics perspec-
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [1],
[2], [3], [4], [5], [6], [7], AI [8], [9], [10], and studied from
semantics perspective [11], [12], [13]. Probability is needed
to quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [14], [15], [16], [17], [18], [19], [20], [21].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [22] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [23], [24], [25],
[26] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [27], [28] pro-
vides uniform generic approaches to trace semantics of vari-
ous kinds of systems and automata, via Kleisli traces [29] or
generalised determinisation [30], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [31]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.
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The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.
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Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [1],
[2], [3], [4], [5], [6], [7], AI [8], [9], [10], and studied from
semantics perspective [11], [12], [13]. Probability is needed
to quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [14], [15], [16], [17], [18], [19], [20], [21].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [22] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [23], [24], [25],
[26] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [27], [28] pro-
vides uniform generic approaches to trace semantics of vari-
ous kinds of systems and automata, via Kleisli traces [29] or
generalised determinisation [30], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [31]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.
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The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.
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Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.
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X ➝ (PDX)A 
For example, in the determinised PA we have, since x
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x+ 1

2
y and y

a! y:
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a! (x+ 1
2
y) + 1

2
y = x+ 1
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and hence the output of x+ 1
4
y is o(x)+ 1

4
o(y) = 3

4 giving us
the probability of x executing the trace aa. Our computation
is enabled by having the right algebraic structure on the set
of observations: a semilattice on {0, 1} and a convex algebra
on [0, 1]. The induced semantics is language equivalence and
probabilistic language equivalence, respectively.

This is the approach of trace semantics via a determinisa-
tion [30], founded in the abstract understanding of automata
as coalgebras and computational effects as monads.

We develop a theory of traces for NPLTS using such
approach. For this purpose we take the monad for nondeter-
minism and probability [17] with origins in [14], [18], [19],
[20], [21], [32], namely, the monad C of nonempty convex
subsets of distributions, and provide all necessary and con-
venient infrastructure for generalised determinisation. The
necessary part is having an algebra of observations, the con-
venient part is giving an algebraic presentation in terms of
convex semilattices. These are algebras that are at the same
time a semilattice and a convex algebra, with a distributivity
axiom distributing probability over nondeterminism. Having
the presentation we can write, for example

x
a! x1 � (x3 + 1

2
x2)

for the NPLTS from Figure 1.
The presentation for C is somewhat known, although

not explicitly proven, in the community — proving it and
putting it to good use is part of our contribution which,
in our opinion, drastically clarifies and simplifies the trace
theory of systems with nondeterminism and probability.

Remarkably, necessity and convenience go hand in hand
on this journey. Having the presentation enables us to clearly
identify what are the interesting algebras necessary for
describing trace and testing semantics (with tests being finite
traces). We identify three different algebraic theories: the
theory of pointed convex semilattices, the theory of convex
semilattices with bottom, and the theory of convex semilat-
tices with top. These theories give rise to three interesting
semantics by taking as algebras of observations those freely
generated by a singleton set. We prove their concrete charac-
terisations: the free convex semilattice with bottom is carried
by [0, 1] with max as semilattice operation and standard
convex algebra operations; the free convex semilattice with
top is carried by [0, 1] with min as semilattice operation;
and the pointed convex semilattice freely generated by 1
is carried by the set of closed intervals in [0, 1] where the
semilattice operation combines two intervals by taking their
minimum and their maximum, and the convex operations
are given by Minkowski sum.

We call the resulting three semantics may trace, must
trace and may-must trace semantics since there is a close
correspondence with probabilistic testing semantics [33],
[34], [35], [36] when tests are taken to be just the finite
traces in A

⇤. Indeed, the may trace semantics gives the
greatest probability with which a state passes a given test;
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Figure 1. NPLTS

the must trace semantics gives the smallest probability with
which a state passes a given test, and the may-must trace
semantics gives the closed interval ranging from the smallest
to the greatest.

From the abstract theory, we additionally get that:

1) The induced equivalence can be proved coinductively
by means of proof-techniques known as bisimulations
up-to [37]. More precisely, it holds that up-to � and
up-to +p are compatible [38] techniques.

2) The equivalence is implied by the standard branching-
time equivalences for NPLTS, namely bisimilarity and
convex bisimilarity [7], [39].

3) The equivalence is backward compatible w.r.t. trace
equivalence for LTS and for reactive probabilistic sys-
tems (RPLTS): When regarding an LTS and RPLTS as
a nondeterministic probabilistic system, standard trace
equivalence coincides with our may trace equivalence
and with our three semantics, respectively.

Last but certainly not least, we show that the global view
coincides with the local one, namely that our three semantics
can be elegantly characterised in terms of resolutions. The
may-trace semantics assigns to each trace the greatest prob-
ability with which the trace can be performed, with respect
to any resolution of the system; the must-trace semantics
assigns the smallest one. It is important to remark here that
our resolutions differ from those previously proposed in the
literature in the fact that they are reactive rather than fully
probabilistic. We observe that however this difference does
not affect the greatest probability, and we can therefore show
that the may-trace coincides with the randomized t-trace
equivalence in [25], [26], [40].

Synopsis. We recall monads and algebraic theories in Sec-
tion 2. We provide a presentation for the monad C in
Section 3 (Theorem 4) and combine it with termination
in Section 4. We then recall, in Section 5, the generalised
determinisation and show an additional useful result (The-
orem 16). All these pieces are put together in Section 6,
where we introduce our three semantics and discuss their
properties. The correspondence of the global view with the
local one is illustrated in Section 7 (Theorem 23). The
effectiveness of the bisimulation up-to techniques is shown
in Appendix A (Example 30). All proofs are in the appendix.
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2. Monads and Algebraic Theories

In this paper, on the algebraic side, we deal with
Eilenberg-Moore algebras of a monad on the category Sets
of sets and functions, for which we also give presentations
in terms of operations and equations, i.e., algebraic theories.

2.1. Monads

X ! MX

tr : X ! P(A⇤) ⇠= 2A
⇤

tr : X ! [0, 1]A
⇤

a, aa, aaba 2 tr(x)

b, ba, baa 2 tr(y)

ab, bb, aab 2 tr(x)

tr(x) : aa 7! 1, ab 7! 1, . . .

x
a! tx

A monad on Sets is a functor M : Sets ! Sets
together with two natural transformations: a unit ⌘ : Id ) M

and multiplication µ : M2 ) M that satisfy the laws
µ � ⌘M = µ � M⌘ = id and µ � Mµ = µ � µM .

We next introduce several monads on Sets, relevant to
this paper. Each monad can be seen as giving side-effects.

Nondeterminism. The finite powerset monad P maps a set
X to its finite powerset PX = {U | U ✓ X, U is finite}
and a function f : X ! Y to Pf : PX ! PY , Pf(U) =
{f(u) | u 2 U}. The unit ⌘ of P is given by singleton, i.e.,
⌘(x) = {x} and the multiplication µ is given by union, i.e.,
µ(S) =

S
U2S U for S 2 PPX . Of particular interest to

us in this paper is the submonad Pne of non-empty finite
subsets, that acts on functions just like the (finite) powerset
monad, and has the same unit and multiplication. We rarely
mention the unrestricted (not necessarily finite) powerset
monad, which we denote by Pu. We sometimes write f

for Puf in this paper.

Probability. The finitely supported probability distribution
monad D is defined, for a set X and a function f : X ! Y ,
as
DX = {' : X ! [0, 1] |

X

x2X

'(x) = 1, supp(') is finite}

Df(')(y) =
X

x2f�1(y)

'(x).

The support set of a distribution ' 2 DX is supp(') =
{x 2 X | '(x) 6= 0}. The unit of D is given by a
Dirac distribution ⌘(x) = �x = (x 7! 1) for x 2 X and
the multiplication by µ(�)(x) =

P
'2supp(�) �(') · '(x)

for � 2 DDX . We sometimes write
P

i2I pixi for a
distribution ' with supp(') = {xi | i 2 I} and '(xi) = pi.

Termination. The termination monad, also called lift and
denoted by ·+ 1 maps a set X to the set X + 1, where +
denotes the coproduct in Sets, which amounts to disjoint
union, and 1 = {?}. For a coproduct A + B we write
inl : A ! A + B and inr : B ! A + B for the left and
right coproduct injections, respectively. This monad maps a
function f : X ! Y to the function f +1: X +1 ! Y +1
defined, as expected, by (f + 1)(inl(x)) = inl(f(x)) for
x 2 X and (f + 1)(inr(?)) = inr(?). The unit of the ter-
mination monad is given by the left injection, ⌘ : X ! X+1
with ⌘(x) = inl(x) and the multiplication by µ(inl �
inl(x)) = inl(x) for x 2 X , µ(inl � inr(?)) = inr(?), and
µ(inr(?)) = inr(?). If clear from the context, we may omit
explicit mentioning of the injections, and write for example
(f + 1)(x) = x for x 2 X and (f + 1)(?) = ?.
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [1],
[2], [3], [4], [5], [6], [7], AI [8], [9], [10], and studied from
semantics perspective [11], [12], [13]. Probability is needed
to quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [14], [15], [16], [17], [18], [19], [20], [21].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [22] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [23], [24], [25],
[26] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [27], [28] pro-
vides uniform generic approaches to trace semantics of vari-
ous kinds of systems and automata, via Kleisli traces [29] or
generalised determinisation [30], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [31]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.
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The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.

x #0 x� y #1

? #0

a

b

a, b

a
b

x #0

x+ 1
2
y # 1

2

x+ 1
4
y # 3

4

...

a, b

a, b

a, b

Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.

X ➝ [0,1] x (DX)A 
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X ➝ 2 x (PX)A 

The Theory of Traces for Systems with Nondeterminism and Probability

Filippo Bonchi
University of Pisa, Italy

Ana Sokolova
University of Salzburg, Austria

Valeria Vignudelli
CNRS/ENS Lyon, France

Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [1],
[2], [3], [4], [5], [6], [7], AI [8], [9], [10], and studied from
semantics perspective [11], [12], [13]. Probability is needed
to quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [14], [15], [16], [17], [18], [19], [20], [21].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [22] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [23], [24], [25],
[26] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [27], [28] pro-
vides uniform generic approaches to trace semantics of vari-
ous kinds of systems and automata, via Kleisli traces [29] or
generalised determinisation [30], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [31]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

x #0 y #1
b

a, b

x #0 y #1
a, b

a, b
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The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.

x #0 x� y #1

? #0

a

b

a, b

a
b

x #0

x+ 1
2
y # 1

2

x+ 1
4
y # 3

4

...

a, b
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Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.

Simple NPA

X ➝ ? x (PDX)A 
For example, in the determinised PA we have, since x

a!
x+ 1

2
y and y

a! y:

x+ 1
2
y

a! (x+ 1
2
y) + 1

2
y = x+ 1

4
y

and hence the output of x+ 1
4
y is o(x)+ 1

4
o(y) = 3

4 giving us
the probability of x executing the trace aa. Our computation
is enabled by having the right algebraic structure on the set
of observations: a semilattice on {0, 1} and a convex algebra
on [0, 1]. The induced semantics is language equivalence and
probabilistic language equivalence, respectively.

This is the approach of trace semantics via a determinisa-
tion [30], founded in the abstract understanding of automata
as coalgebras and computational effects as monads.

We develop a theory of traces for NPLTS using such
approach. For this purpose we take the monad for nondeter-
minism and probability [17] with origins in [14], [18], [19],
[20], [21], [32], namely, the monad C of nonempty convex
subsets of distributions, and provide all necessary and con-
venient infrastructure for generalised determinisation. The
necessary part is having an algebra of observations, the con-
venient part is giving an algebraic presentation in terms of
convex semilattices. These are algebras that are at the same
time a semilattice and a convex algebra, with a distributivity
axiom distributing probability over nondeterminism. Having
the presentation we can write, for example

x
a! x1 � (x3 + 1

2
x2)

for the NPLTS from Figure 1.
The presentation for C is somewhat known, although

not explicitly proven, in the community — proving it and
putting it to good use is part of our contribution which,
in our opinion, drastically clarifies and simplifies the trace
theory of systems with nondeterminism and probability.

Remarkably, necessity and convenience go hand in hand
on this journey. Having the presentation enables us to clearly
identify what are the interesting algebras necessary for
describing trace and testing semantics (with tests being finite
traces). We identify three different algebraic theories: the
theory of pointed convex semilattices, the theory of convex
semilattices with bottom, and the theory of convex semilat-
tices with top. These theories give rise to three interesting
semantics by taking as algebras of observations those freely
generated by a singleton set. We prove their concrete charac-
terisations: the free convex semilattice with bottom is carried
by [0, 1] with max as semilattice operation and standard
convex algebra operations; the free convex semilattice with
top is carried by [0, 1] with min as semilattice operation;
and the pointed convex semilattice freely generated by 1
is carried by the set of closed intervals in [0, 1] where the
semilattice operation combines two intervals by taking their
minimum and their maximum, and the convex operations
are given by Minkowski sum.

We call the resulting three semantics may trace, must
trace and may-must trace semantics since there is a close
correspondence with probabilistic testing semantics [33],
[34], [35], [36] when tests are taken to be just the finite
traces in A

⇤. Indeed, the may trace semantics gives the
greatest probability with which a state passes a given test;

x

x1 �2

�1 x2

x3

a a

b

b

c

1
2

1
2

1
2

1
2

y

y1 ⇥2 ⇥3

⇥1 y2 y3

y4

a a a

b

b

c

1
2

1
2

1
2 1

4

1
2

1
2

1
4

Figure 1. NPLTS

the must trace semantics gives the smallest probability with
which a state passes a given test, and the may-must trace
semantics gives the closed interval ranging from the smallest
to the greatest.

From the abstract theory, we additionally get that:

1) The induced equivalence can be proved coinductively
by means of proof-techniques known as bisimulations
up-to [37]. More precisely, it holds that up-to � and
up-to +p are compatible [38] techniques.

2) The equivalence is implied by the standard branching-
time equivalences for NPLTS, namely bisimilarity and
convex bisimilarity [7], [39].

3) The equivalence is backward compatible w.r.t. trace
equivalence for LTS and for reactive probabilistic sys-
tems (RPLTS): When regarding an LTS and RPLTS as
a nondeterministic probabilistic system, standard trace
equivalence coincides with our may trace equivalence
and with our three semantics, respectively.

Last but certainly not least, we show that the global view
coincides with the local one, namely that our three semantics
can be elegantly characterised in terms of resolutions. The
may-trace semantics assigns to each trace the greatest prob-
ability with which the trace can be performed, with respect
to any resolution of the system; the must-trace semantics
assigns the smallest one. It is important to remark here that
our resolutions differ from those previously proposed in the
literature in the fact that they are reactive rather than fully
probabilistic. We observe that however this difference does
not affect the greatest probability, and we can therefore show
that the may-trace coincides with the randomized t-trace
equivalence in [25], [26], [40].

Synopsis. We recall monads and algebraic theories in Sec-
tion 2. We provide a presentation for the monad C in
Section 3 (Theorem 4) and combine it with termination
in Section 4. We then recall, in Section 5, the generalised
determinisation and show an additional useful result (The-
orem 16). All these pieces are put together in Section 6,
where we introduce our three semantics and discuss their
properties. The correspondence of the global view with the
local one is illustrated in Section 7 (Theorem 23). The
effectiveness of the bisimulation up-to techniques is shown
in Appendix A (Example 30). All proofs are in the appendix.

Ana Sokolova 
ALZBURG
NIVERSITY 
ODRON
ARIS 



In general

X
cÑ FX

and M-effects

with 
observations 

 in O
Automata

X ➝ O x (MX)A 

ba

providing 
algebraic  

effects

for a monad M

we write x#o, x
aÑ tx

Ana Sokolova 
ALZBURG
NIVERSITY 
ODRON
ARIS 

2. Monads and Algebraic Theories

In this paper, on the algebraic side, we deal with
Eilenberg-Moore algebras of a monad on the category Sets
of sets and functions, for which we also give presentations
in terms of operations and equations, i.e., algebraic theories.

2.1. Monads

X ! MX

tr : X ! P(A⇤) ⇠= 2A
⇤

tr : X ! O
A⇤

a, aa, aaba 2 tr(x)

b, ba, baa 2 tr(y)

ab, bb, aab 2 tr(x)

tr(x) : aa 7! 1, ab 7! 1, . . .

x
a! tx

A monad on Sets is a functor M : Sets ! Sets
together with two natural transformations: a unit ⌘ : Id ) M

and multiplication µ : M2 ) M that satisfy the laws
µ � ⌘M = µ � M⌘ = id and µ � Mµ = µ � µM .

We next introduce several monads on Sets, relevant to
this paper. Each monad can be seen as giving side-effects.

Nondeterminism. The finite powerset monad P maps a set
X to its finite powerset PX = {U | U ✓ X, U is finite}
and a function f : X ! Y to Pf : PX ! PY , Pf(U) =
{f(u) | u 2 U}. The unit ⌘ of P is given by singleton, i.e.,
⌘(x) = {x} and the multiplication µ is given by union, i.e.,
µ(S) =

S
U2S U for S 2 PPX . Of particular interest to

us in this paper is the submonad Pne of non-empty finite
subsets, that acts on functions just like the (finite) powerset
monad, and has the same unit and multiplication. We rarely
mention the unrestricted (not necessarily finite) powerset
monad, which we denote by Pu. We sometimes write f

for Puf in this paper.

Probability. The finitely supported probability distribution
monad D is defined, for a set X and a function f : X ! Y ,
as
DX = {' : X ! [0, 1] |

X

x2X

'(x) = 1, supp(') is finite}

Df(')(y) =
X

x2f�1(y)

'(x).

The support set of a distribution ' 2 DX is supp(') =
{x 2 X | '(x) 6= 0}. The unit of D is given by a
Dirac distribution ⌘(x) = �x = (x 7! 1) for x 2 X and
the multiplication by µ(�)(x) =

P
'2supp(�) �(') · '(x)

for � 2 DDX . We sometimes write
P

i2I pixi for a
distribution ' with supp(') = {xi | i 2 I} and '(xi) = pi.

Termination. The termination monad, also called lift and
denoted by ·+ 1 maps a set X to the set X + 1, where +
denotes the coproduct in Sets, which amounts to disjoint
union, and 1 = {?}. For a coproduct A + B we write
inl : A ! A + B and inr : B ! A + B for the left and
right coproduct injections, respectively. This monad maps a
function f : X ! Y to the function f +1: X +1 ! Y +1
defined, as expected, by (f + 1)(inl(x)) = inl(f(x)) for
x 2 X and (f + 1)(inr(?)) = inr(?). The unit of the ter-
mination monad is given by the left injection, ⌘ : X ! X+1
with ⌘(x) = inl(x) and the multiplication by µ(inl �
inl(x)) = inl(x) for x 2 X , µ(inl � inr(?)) = inr(?), and
µ(inr(?)) = inr(?). If clear from the context, we may omit
explicit mentioning of the injections, and write for example
(f + 1)(x) = x for x 2 X and (f + 1)(?) = ?.
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Automata

X ➝ O x (MX)A 

ba

Reactive Systems

X ➝ (MX)A 

ba

       Systems = Automata with canonical observations

      Automata = Systems with observations in O

2. Monads and Algebraic Theories

In this paper, on the algebraic side, we deal with
Eilenberg-Moore algebras of a monad on the category Sets
of sets and functions, for which we also give presentations
in terms of operations and equations, i.e., algebraic theories.

2.1. Monads

X ! MX

tr : X ! P(A⇤) ⇠= 2A
⇤

tr : X ! O
A⇤

a, aa, aaba 2 tr(x)

b, ba, baa 2 tr(y)

ab, bb, aab 2 tr(x)

tr(x) : aa 7! 1, ab 7! 1, . . .

x
a! tx

X
!! 1

⌘! M1

A monad on Sets is a functor M : Sets ! Sets
together with two natural transformations: a unit ⌘ : Id ) M

and multiplication µ : M2 ) M that satisfy the laws
µ � ⌘M = µ � M⌘ = id and µ � Mµ = µ � µM .

We next introduce several monads on Sets, relevant to
this paper. Each monad can be seen as giving side-effects.

Nondeterminism. The finite powerset monad P maps a set
X to its finite powerset PX = {U | U ✓ X, U is finite}
and a function f : X ! Y to Pf : PX ! PY , Pf(U) =
{f(u) | u 2 U}. The unit ⌘ of P is given by singleton, i.e.,
⌘(x) = {x} and the multiplication µ is given by union, i.e.,
µ(S) =

S
U2S U for S 2 PPX . Of particular interest to

us in this paper is the submonad Pne of non-empty finite
subsets, that acts on functions just like the (finite) powerset
monad, and has the same unit and multiplication. We rarely
mention the unrestricted (not necessarily finite) powerset
monad, which we denote by Pu. We sometimes write f

for Puf in this paper.

Probability. The finitely supported probability distribution
monad D is defined, for a set X and a function f : X ! Y ,
as
DX = {' : X ! [0, 1] |

X

x2X

'(x) = 1, supp(') is finite}

Df(')(y) =
X

x2f�1(y)

'(x).

The support set of a distribution ' 2 DX is supp(') =
{x 2 X | '(x) 6= 0}. The unit of D is given by a
Dirac distribution ⌘(x) = �x = (x 7! 1) for x 2 X and
the multiplication by µ(�)(x) =

P
'2supp(�) �(') · '(x)

for � 2 DDX . We sometimes write
P

i2I pixi for a
distribution ' with supp(') = {xi | i 2 I} and '(xi) = pi.

Termination. The termination monad, also called lift and
denoted by ·+ 1 maps a set X to the set X + 1, where +
denotes the coproduct in Sets, which amounts to disjoint
union, and 1 = {?}. For a coproduct A + B we write
inl : A ! A + B and inr : B ! A + B for the left and
right coproduct injections, respectively. This monad maps a
function f : X ! Y to the function f +1: X +1 ! Y +1
defined, as expected, by (f + 1)(inl(x)) = inl(f(x)) for
x 2 X and (f + 1)(inr(?)) = inr(?). The unit of the ter-
mination monad is given by the left injection, ⌘ : X ! X+1
with ⌘(x) = inl(x) and the multiplication by µ(inl �
inl(x)) = inl(x) for x 2 X , µ(inl � inr(?)) = inr(?), and
µ(inr(?)) = inr(?). If clear from the context, we may omit
explicit mentioning of the injections, and write for example
(f + 1)(x) = x for x 2 X and (f + 1)(?) = ?.
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Traces of Labelled Transition Systems
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x y
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Traces of Nondeterministic Automata
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The Algebraic Theory of
(Join) Semilattices with Bottom
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:
1. Behavioural equivalence for (MX, c

˘) is a congruence w.r.t. the algebraic structure of M .
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of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)

F. Bonchi, A. Sokolova, V. Vignudelli XX:9

Hence, an n-ary convex combination can be written as a binary convex combination using
an (n ≠ 1)-ary convex combination.

One can also see Equation (5) as a definition – the classical definition of Stone [?,
Definition 1]. The following property, whose proof follows by induction along the lines of [?,
Lemma 1–Lemma 4], gives the connection:

Let X be the carrier of a (�P , EP )-algebra. Define n-ary convex operations inductively
by the projection axiom and the formula (5). Then X becomes an algebra in (�P̂ , EP̂ ).

Presenting · + 1 The algebraic theory (�T , ET ) for the termination monad consists of
a single constant (nullary operation symbol) �T = {ı} and no equations ET = ÿ. This is
called the theory of pointed sets.

Combining Algebraic Theories Algebraic theories can be combined in a number of
general ways: by taking their coproduct, their tensor, or by means of distributive laws (see
e.g. [?]). Unfortunately, these abstract constructions do not lead to a presentation for the
monad we are interested in. We will thus devote the next section to show a “hand-made”
presentation for this monad.

We conclude this section with a well known fact that can be easily proved, for instance
by taking the distributive law in (1): given a presentation (�, E) for a monad M , the monad
M(· + 1) is presented by the theory (�Õ

, E) where �Õ is � together with an extra constant ı.
For instance, the subdistributions monad D(·+1) is presented by the theory (�P fi�T , EP ) of
pointed convex algebras, also known as positive convex algebras. The theory (�N fi�T , EN ) of
pointed semilattices provides instead a presentation for the monad Pne(· + 1). It is interesting
to observe that the powerset monad P is presented by adding to (�N fi �T , EN ) the equation

x ü ı
(B)= x

leading to the theory of semilattices with bottom. The theory of semilattices with top can be
obtained by adding instead the following equation:

x ü ı
(T )= ı.

Similar axioms can be added to the theory of pointed convex algebras (�P fi �T , EP ). The
axiom

x +p ı
(Bp)= x

makes the probabilistic structure collapse, i.e., x +p y = x +q y holds for any p, q œ (0, 1):

x +p y
(Bp)= (x +q ı) +p y

(Ap)= x +pq (ı + p(1≠q)
1≠pq

y)
(Bp)= x +pq y

(Bp)= x +pq (ı + q(1≠p)
1≠pq

y)
(Ap)= (x +p ı) +q y

(Bp)= x +q y

At the monad level, adding the axioms (Bp) can be seen as the quotient of monads supp: D(·+
1) ∆ P mapping each sub-distribution into its support (e.g., (x +p y) +q ı becomes x + y).

On the other hand, the axiom

x +p ı
(Tp)= ı
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}

The set of terms quotiented by these axioms is isomorphic to

this theory is a presentation for the powerset monad

finite
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trace equivalent

perform the same traces  
(=sequences of labels) 

with the same probability  

one can prove this using 
equational reasoning 

[Silva&S.’11]

b,1/3

x y

a,1/2

x2

x3 x4

y1 y2

y3 y4

c,1/4

a,1/4 a,1/4

b,2/3 c,1/2

≡
?

sum over all paths,  
product along a path

X ➝ (Free-PCA X)A

X ➝ (DX)A 
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [?],
[?], [?], [?], [?], [?], [?], AI [?], [?], [?], and studied from
semantics perspective [?], [?], [?]. Probability is needed to
quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [?], [?], [?], [?], [?], [?], [?], [?].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [?] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [?], [?], [?],
[?] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?], [?]
provides uniform generic approaches to trace semantics of
various kinds of systems and automata, via Kleisli traces [?]
or generalised determinisation [?], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

X ! P(A⇥X)

tr : X ! P(A⇤)

aw 2 tr(x) , 9y 2 X. x
a! y ^ w 2 tr(y)

x ⌘ y , tr(x) = tr(y)

9s0, . . . , sk. I(s0) ^
k�1̂

i=0

T (si, si+1) ^ b(sk)

(Finite) Trace equivalence is then defined as 
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [?],
[?], [?], [?], [?], [?], [?], AI [?], [?], [?], and studied from
semantics perspective [?], [?], [?]. Probability is needed to
quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [?], [?], [?], [?], [?], [?], [?], [?].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [?] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [?], [?], [?],
[?] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?], [?]
provides uniform generic approaches to trace semantics of
various kinds of systems and automata, via Kleisli traces [?]
or generalised determinisation [?], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

c : X ! D(A⇥X)

tr : X ! D(A⇤)

tr(x)(aw) =
X

y : a
a!y

c(x)(a) · tr(y)(w)

x =tr y , tr(x) = tr(y)

(N) e+ 0 ⌘ e
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tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [?],
[?], [?], [?], [?], [?], [?], AI [?], [?], [?], and studied from
semantics perspective [?], [?], [?]. Probability is needed to
quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [?], [?], [?], [?], [?], [?], [?], [?].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [?] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [?], [?], [?],
[?] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?], [?]
provides uniform generic approaches to trace semantics of
various kinds of systems and automata, via Kleisli traces [?]
or generalised determinisation [?], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

c : X ! D(A⇥X)

tr : X ! D(A⇤)

tr(x)(aw) =
X

y

c(x)(a, y) · tr(y)(w)

str(x)(Baw) =
X

y

c(x)(a, y) · str(y)(Bw)

x =tr y , tr(x) = tr(y)
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as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [?],
[?], [?], [?], [?], [?], [?], AI [?], [?], [?], and studied from
semantics perspective [?], [?], [?]. Probability is needed to
quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [?], [?], [?], [?], [?], [?], [?], [?].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [?] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [?], [?], [?],
[?] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?], [?]
provides uniform generic approaches to trace semantics of
various kinds of systems and automata, via Kleisli traces [?]
or generalised determinisation [?], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

c : X ! D(A⇥X)

tr : X ! D(A⇤)

tr(x)(aw) =
X

y : x
a!y

c(x)(a) · tr(y)(w)

x =tr y , tr(x) = tr(y)

(N) e+ 0 ⌘ e
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with a set of states X and a set of actions A. 

We get a unique infinite trace (stream) map 


by 

(Ininite) Trace (stream) equivalence is then defined as 
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [?],
[?], [?], [?], [?], [?], [?], AI [?], [?], [?], and studied from
semantics perspective [?], [?], [?]. Probability is needed to
quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [?], [?], [?], [?], [?], [?], [?], [?].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [?] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [?], [?], [?],
[?] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?], [?]
provides uniform generic approaches to trace semantics of
various kinds of systems and automata, via Kleisli traces [?]
or generalised determinisation [?], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

c : X ! D(A⇥X)

tr : X ! D(A⇤)

tr(x)(aw) =
X

y : x
a!y

c(x)(a) · tr(y)(w)

x =tr y , tr(x) = tr(y)

(N) e+ 0 ⌘ e

str : X ! Prob(A!)

aw 2 str(x) , 9y 2 X. x
a! y ^ w 2 str(y)

x =str y , str(x) = str(y)

9s0, . . . , sk. I(s0) ^
k�1̂

i=0

T (si, si+1) ^ b(sk)

(¬g0 ^ ¬r0) ^ ((g1 ^ ¬r1) _ (¬g1 ^ r1)) ^ (g1 ^ r1)

(¬g0 ^ ¬r0) ^
[(¬g0 ^ ¬r0 ^ g1 ^ ¬r1 ^ ¬g2 ^ ¬r2) _
(¬g0 ^ ¬r0 ^ g1 ^ ¬r1 ^ g2 ^ r2) _
(¬g0 ^ ¬r0 ^ ¬g1 ^ r1 ^ ¬g2 ^ ¬r2)] ^
(g2 ^ r2)

g0, r0, g1, r1

J·K : X ! ?A
⇤

PD

s0 s1 sl = sk sk�2 sk�1

x y
a

a b

x y
a

b, 1
2

a, 1
2

The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.

x #0 x� y #1

? #0

a

b

a, b

a
b

x #0

x+ 1
2
y # 1

2

x+ 1
4
y # 3

4

...

a, b

a, b

a, b

Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.

For example, in the determinised PA we have, since x
a!

x+ 1
2
y and y

a! y:

x+ 1
2
y

a! (x+ 1
2
y) + 1

2
y = x+ 1

4
y

and hence the output of x+ 1
4
y is o(x)+ 1

4
o(y) = 3

4 giving us
the probability of x executing the trace aa. Our computation
is enabled by having the right algebraic structure on the set
of observations: a semilattice on {0, 1} and a convex algebra
on [0, 1]. The induced semantics is language equivalence and
probabilistic language equivalence, respectively.

This is the approach of trace semantics via a determini-
sation [?], founded in the abstract understanding of automata
as coalgebras and computational effects as monads.

We develop a theory of traces for NPLTS using such
approach. For this purpose we take the monad for nondeter-
minism and probability [?] with origins in [?], [?], [?], [?],
[?], [?], namely, the monad C of nonempty convex subsets
of distributions, and provide all necessary and convenient
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Abstract—This paper studies trace-based equivalences for sys-
tems combining nondeterministic and probabilistic choices.
We show how trace semantics for such processes can be
recovered by instantiating a coalgebraic construction known
as the generalised powerset construction. We characterise and
compare the resulting semantics to known definitions of trace
equivalences appearing in the literature. Most of our results
are based on the exciting interplay between monads and their
presentations via algebraic theories.

1. Introduction

Systems exhibiting both nondeterministic and proba-
bilistic behaviour are abundantly used in verification [?],
[?], [?], [?], [?], [?], [?], AI [?], [?], [?], and studied from
semantics perspective [?], [?], [?]. Probability is needed to
quantitatively model uncertainty and belief, whereas non-
determinism enables modelling of incomplete information,
unknown environment, implementation freedom, or concur-
rency. At the same time, the interplay of nondeterminism
and probability has been posing some remarkable chal-
lenges [?], [?], [?], [?], [?], [?], [?], [?].

Figure 1 shows a nondeterministic probabilistic system
(NPLTS) that we use as a running example.

Traces and trace semantics [?] for nondeterministic
probabilistic systems have been studied for several decades
within concurrency theory and AI using resolutions or
schedulers—entities that resolve the nondeterminism. Most
proposals of trace semantics in the literature [?], [?], [?],
[?] are based on such auxilary notions of resolutions and
differ on how these resolutions are defined and combined.
We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?], [?]
provides uniform generic approaches to trace semantics of
various kinds of systems and automata, via Kleisli traces [?]
or generalised determinisation [?], providing e.g. an abstract
treatment of language equivalence for automata. We use the
term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics
for nondeterministic probabilistic systems that unifies the
local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired
by automata theory, and study determinisation of NPLTS in
this framework. Then we find a way to mimic the local-
view approach and show that we can recover known trace
semantics from the literature. We introduce now the main

pieces of our puzzle, and show how everything combines
together in the theory of traces for NPLTS.

In order to illustrate our approach, it is convenient to
recall nondeterministic automata (NDA) and Rabin prob-
abilistic automata (PA) [?]. Both NDA and PA can be
described as maps ho, ti : X ! O ⇥ (MX)A where X is
a set of states, A is the set of labels, o : X ! O is the
output function assigning to each state in X an observation,
and t : X ! (MX)A is the transition function that assigns
to each state x in X and to each letter a of the alphabet
A an element of MX that describes the choice of a next
state. For NDA, this is a nondeterministic choice; for PA, the
choice is governed by a probability distribution. An NDA
state observes one of two possible values which qualify the
state as accepting or not. A state in a PA observes a real
number in [0, 1]. Below we depict an example NDA (on the
left) and an example PA (on the right) with labels A = {a, b}
and with outputs denoted by #.

c : X ! D(A⇥X)

tr : X ! D(A⇤)

tr(x)(aw) =
X

y

c(x)(a, y) · tr(y)(w)

str(x)(Baw) =
X

y

c(x)(a, y) · str(y)(Bw)

x =tr y , tr(x) = tr(y)

aw 2 str(x) , 9y 2 X. x
a! y ^ w 2 str(y)

x =str y , str(x) = str(y)

9s0, . . . , sk. I(s0) ^
k�1̂

i=0

T (si, si+1) ^ b(sk)

(¬g0 ^ ¬r0) ^ ((g1 ^ ¬r1) _ (¬g1 ^ r1)) ^ (g1 ^ r1)

(¬g0 ^ ¬r0) ^
[(¬g0 ^ ¬r0 ^ g1 ^ ¬r1 ^ ¬g2 ^ ¬r2) _
(¬g0 ^ ¬r0 ^ g1 ^ ¬r1 ^ g2 ^ r2) _
(¬g0 ^ ¬r0 ^ ¬g1 ^ r1 ^ ¬g2 ^ ¬r2)] ^
(g2 ^ r2)

g0, r0, g1, r1

J·K : X ! ?A
⇤

PD

s0 s1 sl = sk sk�2 sk�1

x y
a

a b

x y
a

b, 1
2

a, 1
2

The type of choice, modelled abstractly by a monad
M , is often linked to a concrete algebraic theory, the pre-
sentation of M . Having such a presentation is a valuable
tool, since it provides a finite syntax for describing finite
branching. For nondeterministic choice this is the algebraic
theory of semilattices (with bottom), for probabilistic choice
it is the algebraic theory of convex algebras. Once we
have such an algebraic presentation, we have a determinised
automaton (as depicted below) and we inductively compute
the output value after executing a trace by following the
algebraic structure.

x #0 x� y #1

? #0

a

b

a, b

a
b

x #0

x+ 1
2
y # 1

2

x+ 1
4
y # 3

4

...

a, b

a, b

a, b

Here x � y denotes the nondeterministic choice of x or y,
and x+p y the probabilistic choice where x is chosen with
probability p and y with probability 1� p.

For example, in the determinised PA we have, since x
a!

x+ 1
2
y and y

a! y:

x+ 1
2
y

a! (x+ 1
2
y) + 1

2
y = x+ 1

4
y

and hence the output of x+ 1
4
y is o(x)+ 1

4
o(y) = 3

4 giving us
the probability of x executing the trace aa. Our computation
is enabled by having the right algebraic structure on the set
of observations: a semilattice on {0, 1} and a convex algebra
on [0, 1]. The induced semantics is language equivalence and
probabilistic language equivalence, respectively.

This is the approach of trace semantics via a determini-
sation [?], founded in the abstract understanding of automata
as coalgebras and computational effects as monads.

We develop a theory of traces for NPLTS using such
approach. For this purpose we take the monad for nondeter-
minism and probability [?] with origins in [?], [?], [?], [?],
[?], [?], namely, the monad C of nonempty convex subsets
of distributions, and provide all necessary and convenient
infrastructure for generalised determinisation. The necessary
part is having an algebra of observations, the convenient
part is giving an algebraic presentation in terms of convex
semilattices. These are algebras that are at the same time
a semilattice and a convex algebra, with a distributivity
axiom distributing probability over nondeterminism. Having
the presentation we can write, for example

x
a! x1 � (x3 + 1

2
x2)

for the NPLTS from Figure 1.
The presentation for C is somewhat known, although

not explicitly proven, in the community — proving it and
putting it to good use is part of our contribution which,
in our opinion, drastically clarifies and simplifies the trace
theory of systems with nondeterminism and probability.
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of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:

The set of terms quotiented by these axioms is isomorphic to
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
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, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and
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˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
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{x}
{x, y}
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X = {x, y}
A = {a, b}
Applying this construction to F = 2 ◊ (·)A and M = P, one transforms
Èo, tÍ : X æ [0, 1] ◊ (DX)A into Èo˘

, t
˘Í : DX æ [0, 1] ◊ (DX)A. The former is a non-

deterministic automaton and the latter is a deterministic automaton which has PX as states
space. In [?], see also [?], it is shown that, using the distributive law from Proposition 5, as
2 = P1 is the carrier of the free P-algebra, this amounts exactly to the standard determinisa-
tion from automata theory and justifies the term generalised determinisation. The obtained
semantics is language equivalence.

It is worth to mention that both the determinised coalgebra c
˘ : MXæFMX and the

final F -coalgebra are actually bialgebras [?, ?], roughly they are both an M -algebra and
an F -coalgebra. Moreover, the unique coalgebra morphism [[·]]c˘ : MX æ O

Aú is also an
M -algebra homomorphism. The latter entails the first item of the following.

I Theorem 15 ([?, ?]). The following properties hold for any coalgebra c : XæFMX and
its determinisation c

˘ : MXæFMX:

this theory is a presentation for the distribution monad
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How about probability and 
nondeterminism (and termination) ?
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The determinisation of the transition function t̄
˘
B : TCSBX æ (TCSBX)A and t̄

˘
T : TCST X æ

(TCST X)A are defined in the same way like t̄
˘ above.

The coalgebras Èō˘
B , t̄

˘
BÍ and Èō˘

T , t̄
˘
T Í give rise to morphisms [[·]]B : TCSBX æ [0, 1]Aú and

[[·]]T : TCST X æ [0, 1]Aú and corresponding behavioural equivalences: ©B and ©T . We call
©B the may trace equivalence for the NPLTS, and ©T the must trace equivalence.

I Example 20. Consider the convex closure of the NPLTS from Figure 1. We can syntactically
describe the sets of subdistributions reached by a state when performing a transition as
follows:

x
a≠æ x1 ü (x3 + 1

2
x2)

y
a≠æ y1 ü (y4 + 1

2
y2) ü ((y2 + 1

2
y4) + 1

2
y3)

x1
b≠æ x + 1

2
x3 y1

b≠æ y + 1
2

y4

x2
b≠æ x3 x2

c≠æ x y2
b≠æ y4 y3

c≠æ y

In the determinised system, we have

x
a≠æ x1ü(x3+ 1

2
x2) b≠æ (x+ 1

2
x3)ü(ı+ 1

2
x3) y

a≠æ y1ü(y4+ 1
2
y2)ü((y2+ 1

2
y4)+ 1

2
y3) b≠æ (y+ 1

2
y4)ü(ı+ 1

2
y4)ü((y4+ 1

2
ı)+ 1

2
ı)

for S1 = x1 ü (x3 + 1
2

x2) S2 = (x + 1
2

x3) ü (ı + 1
2

x3)

S
Õ
1 = y1 ü (y4 + 1

2
y2) ü ((y2 + 1

2
y4) + 1

2
y3)

S
Õ
2 = (y + 1

2
y4) ü (ı + 1

2
y4) ü ((y4 + 1

2
ı) + 1

2
ı)

Consider now the observations associated to the terms in the may-must semantics. We have
ō

˘(x) = [1, 1] = ō
˘(y) and hence

ō
˘(S1) = [1, 1] min-max([1, 1] + 1

2
[1, 1]) = [1, 1].

Analogously, ō
˘(SÕ

1) = [1, 1]. Furtheron

ō
˘(S2) = ([1, 1] + 1

2
[1, 1]) min-max([0, 0] + 1

2
[1, 1]) = [12 , 1]

and in the same way we derive ō
˘(SÕ

2) = [ 1
4 , 1].

Hence, x and y are not may-must trace equivalent: [[x]](ab) = ō
˘(S2) ”= ō

˘(SÕ
2) = [[y]](ab).

However, using MaxB , we get ō
˘
B(S2) = ō

˘
B(SÕ

2) as the intervals obtained via the may-must
observation over S2, S

Õ
2 have the same upper bound 1, which is the value returned by both

ō
˘
B(S2) and ō

˘
B(SÕ

2). Hence, [[x]]B(ab) = ō
˘
B(S2) = ō

˘
B(SÕ

2) = [[y]]B(ab). More generally, it
holds that x and y are may trace equivalent. We can elegantly prove this by using up-to
techniques, as shown in Section 8.
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˘
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2
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2
ı)
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x3)
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2
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2
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Consider now the observations associated to the terms in the may-must semantics. We have
ō

˘(x) = [1, 1] = ō
˘(y) and hence
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Analogously, ō
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1) = [1, 1]. Furtheron
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[1, 1]) min-max([0, 0] + 1
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and in the same way we derive ō
˘(SÕ

2) = [ 1
4 , 1].

Hence, x and y are not may-must trace equivalent: [[x]](ab) = ō
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˘(SÕ
2) = [[y]](ab).

However, using MaxB , we get ō
˘
B(S2) = ō

˘
B(SÕ

2) as the intervals obtained via the may-must
observation over S2, S

Õ
2 have the same upper bound 1, which is the value returned by both

ō
˘
B(S2) and ō

˘
B(SÕ

2). Hence, [[x]]B(ab) = ō
˘
B(S2) = ō

˘
B(SÕ

2) = [[y]]B(ab). More generally, it
holds that x and y are may trace equivalent. We can elegantly prove this by using up-to
techniques, as shown in Section 8.
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Õ
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ō
˘(S1) = [1, 1] min-max([1, 1] + 1

2
[1, 1]) = [1, 1].

Analogously, ō
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ō
˘(S1) = [1, 1] min-max([1, 1] + 1

2
[1, 1]) = [1, 1].

Analogously, ō
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Figure 1 NPLTS

smallest one. It is important to remark here that our resolutions di�er from those previously
proposed in the literature in the fact that they are reactive rather than fully probabilistic.
We observe that however this di�erence does not a�ect the greatest probability, and we
can therefore show that the may-trace coincides with the randomized Û-trace equivalence
in [?, ?, ?].

Synopsis We recall monads and algebraic theories in Section 2. We provide a presentation
for the monad C in Section 3 (Theorem 9) and combine it with termination in Section 4. We
then recall, in Section 5, the generalised determinisation and show an additional useful result
(Theorem 18). All these pieces are put together in Section 6, where we introduce our three
semantics and discuss their properties. The correspondence of the global view with the local
one is illustrated in Section 7 (Theorem 28). An extended version of the paper containing all
the proofs, additional examples and a proper treatment of the bisimulation up-to techniques
can be found in [?].

2 Monads and Algebraic Theories

In this paper, on the algebraic side, we deal with Eilenberg-Moore algebras of a monad on
the category Sets of sets and functions, for which we also give presentations in terms of
operations and equations, i.e., algebraic theories.

2.1 Monads

A monad on Sets is a functor M : Sets æ Sets together with two natural transformations: a
unit ÷ : Id ∆ M and multiplication µ : M

2 ∆ M that satisfy the laws µ ¶ ÷M = µ ¶ M÷ = id
and µ ¶ Mµ = µ ¶ µM .

We next introduce several monads on Sets, relevant to this paper. Each monad can be
seen as giving side-e�ects.

Nondeterminism The finite powerset monad P maps a set X to its finite powerset
PX = {U | U ™ X, U is finite} and a function f : X æ Y to Pf : PX æ PY , Pf(U) =
{f(u) | u œ U}. The unit ÷ of P is given by singleton, i.e., ÷(x) = {x} and the multiplication
µ is given by union, i.e., µ(S) =

t
UœS U for S œ PPX. Of particular interest to us in this

paper is the submonad Pne of non-empty finite subsets, that acts on functions just like the
(finite) powerset monad, and has the same unit and multiplication. We rarely mention the
unrestricted (not necessarily finite) powerset monad, which we denote by Pu. We sometimes
write f for Puf in this paper.
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T Í give rise to morphisms [[·]]B : TCSBX æ [0, 1]Aú and
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I Example 20. Consider the convex closure of the NPLTS from Figure 1. We can syntactically
describe the sets of subdistributions reached by a state when performing a transition as
follows:

x
a≠æ x1 ü (x3 + 1

2
x2)

x
b,c≠æ ı

x1
a,c≠æ ı

x2
a≠æ ı

y
a≠æ y1 ü (y4 + 1

2
y2) ü ((y2 + 1

2
y4) + 1

2
y3)

x1
b≠æ x + 1

2
x3 y1

b≠æ y + 1
2

y4

x2
b≠æ x3 x2

c≠æ x y2
b≠æ y4 y3
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In the determinised system, we have

x
a≠æ x1ü(x3+ 1

2
x2) b≠æ (x+ 1

2
x3)ü(ı+ 1

2
x3) y

a≠æ y1ü(y4+ 1
2
y2)ü((y2+ 1

2
y4)+ 1

2
y3) b≠æ (y+ 1

2
y4)ü(ı+ 1

2
y4)ü((y4+ 1

2
ı)+ 1

2
ı)

for S1 = x1 ü (x3 + 1
2

x2) S2 = (x + 1
2

x3) ü (ı + 1
2

x3)

S
Õ
1 = y1 ü (y4 + 1

2
y2) ü ((y2 + 1

2
y4) + 1

2
y3)

S
Õ
2 = (y + 1

2
y4) ü (ı + 1

2
y4) ü ((y4 + 1

2
ı) + 1

2
ı)

Consider now the observations associated to the terms in the may-must semantics. We have
ō

˘(x) = [1, 1] = ō
˘(y) and hence

ō
˘(S1) = [1, 1] min-max([1, 1] + 1

2
[1, 1]) = [1, 1].

Analogously, ō
˘(SÕ

1) = [1, 1]. Furtheron

ō
˘(S2) = ([1, 1] + 1

2
[1, 1]) min-max([0, 0] + 1

2
[1, 1]) = [12 , 1]

and in the same way we derive ō
˘(SÕ

2) = [ 1
4 , 1].

Hence, x and y are not may-must trace equivalent: [[x]](ab) = ō
˘(S2) ”= ō

˘(SÕ
2) = [[y]](ab).

However, using MaxB , we get ō
˘
B(S2) = ō

˘
B(SÕ

2) as the intervals obtained via the may-must
observation over S2, S

Õ
2 have the same upper bound 1, which is the value returned by both

ō
˘
B(S2) and ō

˘
B(SÕ

2). Hence, [[x]]B(ab) = ō
˘
B(S2) = ō

˘
B(SÕ

2) = [[y]]B(ab). More generally, it
holds that x and y are may trace equivalent. We can elegantly prove this by using up-to
techniques, as shown in Section 8.
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Three Algebraic Theories
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of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)

Nondeterminism
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}

Algebras: Semilattices
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
Pne

· + 1
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ

Monad: 

XX:8 The Theory of Traces for Systems with Nondeterminism, Probability, and Termination

of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}

Algebras: Convex Algebras
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
Pne

· + 1
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ

Monad: 

Termination
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}

no axioms

Algebras: Pointed Sets
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
Pne

· + 1
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ

Monad: 



The Algebraic Theory of 
Convex Semilattices

XX:8 The Theory of Traces for Systems with Nondeterminism, Probability, and Termination

of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
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ÿ
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quotients the monad D(· + 1) into D + 1: intuitively, each term of this theory is either a sum
of only variables (a distribution) or an extra element (ı). This axiom describes the unique
functorial way of adding termination to a convex algebra, the so-called black-hole behaviour
of ı, cf. [?].

3 Algebraic Theory for Nondeterminism and Probability

In this section we recall the definition of the monad C for probability and nondeterminism,
give its presentation via convex semilattices, and present examples of C-algebras.

3.1 The monad C of convex subsets of distributions

The monad C origins in the field of domain theory [?, ?, ?], and in the work of Varacca and
Winskel [?, ?]. Jacobs [?] gives a detailed study of (a generalisation of) this monad.

For a set X, CX is the set of non-empty, finitely-generated convex subsets of distributions
on X, i.e.,

CX = {S ™ DX |S ”= ÿ, conv(S) = S,

S is finitely generated}.

Recall that, for a subset S of a convex algebra, conv(S) is the convex closure of S, i.e., the
smallest convex set that contains S, i.e.,

conv(S) = {
ÿ

pixi | pi œ [0, 1],
ÿ

pi = 1, xi œ S}.

We say that a convex set S is generated by its subset B if S = conv(B). In such a case we
also say that B is a basis for S. A convex set S is finitely generated if it has a finite basis.

For a function f : X æ Y , Cf : CX æ CY is given by

Cf(S) = {Df(d) | d œ S} = Df(S).

The unit of C is ÷ : X æ CX given by ÷(x) = {”x}.
The multiplication of C, µ : CCX æ CX can be expressed in concrete terms as follows [?].

Given S œ CCX,
µ(S) =

€

�œS

{
ÿ

Uœsupp �
�(U) · d | d œ U}.

3.2 The presentation of C

We now introduce the algebraic theory (�NP , ENP ) of convex semilattices, that gives us the
presentation of C and thus provides an algebraic theory for nondeterminism and probability.

A convex semilattice A is an algebra A = (A, ü, +p) with a binary operation ü and for
each p œ (0, 1) a binary operation +p satisfying the axioms (A), (C), (I) of a semilattice, the
axioms (Ap), (Cp), (Ip) for a convex algebra, and the following distributivity axiom:

(x ü y) +p z
(D)= (x +p z) ü (y +p z)

Hence, (�NP , ENP ) is given by �NP = �N fi �P and ENP = EN fi EP fi {(D)}.
In every convex semilattice there also holds a convexity law, of which we directly present

the generalised version in the following lemma.Monad     : non-empty f.g. convex subsets of distributions
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the generalised version in the following lemma.

convexity comes from the following derived law
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The determinisation of the transition function t̄
˘
B : TCSBX æ (TCSBX)A and t̄

˘
T : TCST X æ

(TCST X)A are defined in the same way like t̄
˘ above.

The coalgebras Èō˘
B , t̄

˘
BÍ and Èō˘

T , t̄
˘
T Í give rise to morphisms [[·]]B : TCSBX æ [0, 1]Aú and

[[·]]T : TCST X æ [0, 1]Aú and corresponding behavioural equivalences: ©B and ©T . We call
©B the may trace equivalence for the NPLTS, and ©T the must trace equivalence.

I Example 20.

s ü t
(C)= s ü t ü s +p t

Consider the convex closure of the NPLTS from Figure 1. We can syntactically describe
the sets of subdistributions reached by a state when performing a transition as follows:

x
a≠æ x1 ü (x3 + 1

2
x2)

x
b,c≠æ ı

x1
a,c≠æ ı

x2
a≠æ ı

y
a≠æ y1 ü (y4 + 1

2
y2) ü ((y2 + 1

2
y4) + 1

2
y3)

x1
b≠æ x + 1

2
x3 y1

b≠æ y + 1
2

y4

x2
b≠æ x3 x2

c≠æ x y2
b≠æ y4 y3

c≠æ y

In the determinised system, we have

x
a≠æ x1ü(x3+ 1

2
x2) b≠æ (x+ 1

2
x3)ü(ı+ 1

2
x3) y

a≠æ y1ü(y4+ 1
2
y2)ü((y2+ 1

2
y4)+ 1

2
y3) b≠æ (y+ 1

2
y4)ü(ı+ 1

2
y4)ü((y4+ 1

2
ı)+ 1

2
ı)

for S1 = x1 ü (x3 + 1
2

x2) S2 = (x + 1
2

x3) ü (ı + 1
2

x3)

S
Õ
1 = y1 ü (y4 + 1

2
y2) ü ((y2 + 1

2
y4) + 1

2
y3)

S
Õ
2 = (y + 1

2
y4) ü (ı + 1

2
y4) ü ((y4 + 1

2
ı) + 1

2
ı)

Consider now the observations associated to the terms in the may-must semantics. We have
ō

˘(x) = [1, 1] = ō
˘(y) and hence

ō
˘(S1) = [1, 1] min-max([1, 1] + 1

2
[1, 1]) = [1, 1].

Analogously, ō
˘(SÕ

1) = [1, 1]. Furtheron

ō
˘(S2) = ([1, 1] + 1

2
[1, 1]) min-max([0, 0] + 1

2
[1, 1]) = [12 , 1]

and in the same way we derive ō
˘(SÕ

2) = [ 1
4 , 1].

Hence, x and y are not may-must trace equivalent: [[x]](ab) = ō
˘(S2) ”= ō

˘(SÕ
2) = [[y]](ab).

However, using MaxB , we get ō
˘
B(S2) = ō

˘
B(SÕ

2) as the intervals obtained via the may-must
observation over S2, S

Õ
2 have the same upper bound 1, which is the value returned by both

ō
˘
B(S2) and ō

˘
B(SÕ

2). Hence, [[x]]B(ab) = ō
˘
B(S2) = ō

˘
B(SÕ

2) = [[y]]B(ab). More generally, it
holds that x and y are may trace equivalent. We can elegantly prove this by using up-to
techniques, as shown in Section 8.



Adding Termination
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of T�,E1 . In the sequel we present several algebraic theories that give presentations to the
monads of interest.

Presenting the monad Pne Let �N be the signature consisting of a binary operation
ü. Let EN be the following set of axioms.

(x ü y) ü z
(A)= x ü (y ü z)

x ü y
(C)= y ü x

x ü x
(I)= x

The algebraic theory (�N , EN ) of semilattices provides a presentation for the monad
Pne. We refer to this theory as the theory of nondeterminism. To avoid confusion later, it is
convenient to fix here the interpretation of ü as a join (rather than a meet) and, thus, to
think of the induced order as x ı y i� x ü y = y.

Presenting the monad D Let �P be the signature consisting of binary operations +p

for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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for all p œ (0, 1). Let EP be the following set of axioms.

(x +q y) +p z
(Ap)= x +pq (y + p(1≠q)

1≠pq

z)

x +p y
(Cp)= y +1≠p x

x +p x
(Ip)= x

Here, (Ap), (Cp), and (Ip) are the axioms of parametric associativity, commutativity, and
idempotence. The algebraic theory (�P , EP ) of convex algebras, see [?, ?, ?, ?, ?], provides
a presentation for the monad D.

Another presentation of convex algebras is given by the algebraic theory with infinitely
many operations denoting arbitrary (and not only binary) convex combinations (�P̂ , EP̂ )
where �P̂ consists of operations

qn
i=1 pi(·)i for all n œ N and (p1, . . . , pn) œ [0, 1]n such thatqn

i=1 pi = 1 and EP̂ is the set of the following two axioms.

nÿ

i=0
pixi

(P )= xj if pj = 1

nÿ

i=0
pi

Q

a
mÿ

j=0
qi,jxj

R

b (BC)=
mÿ

j=0

A
nÿ

i=0
piqi,j

B
xj .

Here, (P ) stands for projection, and (BC) for barycentre. This allows us to interchangeably
use binary convex combinations or arbitrary convex combinations whenever more convenient.
Moreover, we can write binary convex combinations +p for p œ [0, 1] and not just p œ (0, 1).

Convex algebras are known under many names: “convex modules” in [?], “positive convex
structures” in [?] (where X is taken to be endowed with the discrete topology), “sets with
a convex structure” in [?], and barycentric algebras [?]. We refer to the theory of convex
algebras as the algebraic theory for probability.
I Remark. Let X be a (�P̂ , EP̂ )-algebra. Then (for pn ”= 1 and pn = 1 ≠ pn)

nÿ

i=1
pixi = pn

Q

a
n≠1ÿ

j=1

pj

pn
xj

R

b + pnxn. (5)
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
Meva(Ï) with eva : X

A æ X the evaluation map defined as eva(Ï) = Ï(a). J
As a consequence, we can determinise c = Èo, tÍ : X æ O ◊ (MX)A to c

˘ = Èo˘
, t

˘Í where
o

˘ = a ¶ Mo and t
˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata

with M -e�ects and observations in O is carried by the O-weighted languages over alphabet
A, i.e., maps A

ú æ O. Unfolding the inductive definition of the final coalgebra semantics for
automata with M -e�ects and observations in O, see e.g. [?], gives [[÷(x)]]c˘(Á) = o

˘(x) and
[[÷(x)]]c˘(aw) = [[t˘(x)(a)]]c˘(w).

Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
ÈfO(o1, . . . , on), (a ‘æ fMX(f1(a), . . . , fn(a)))Í.

Therefore, for a coalgebra c : X æ FMX, we have that c
˘ = Èo˘

, t
˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
≠

ı
aæ ı

s
aæ s

Õ
t

aæ t
Õ

s ü t
aæ s

Õ ü t
Õ

≠
ı ¿0
s ¿b1 t ¿b2

s ü t ¿b1Ûb2

s
aæ s

Õ
t

aæ t
Õ

s +p t
aæ s

Õ +p t
Õ

s ¿q1 t ¿q2

s +p t ¿p·q1+(1≠p)·q2

[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
4 y ‘æ 3

4
”x

{x}
{x, y}
ÿ
X = {x, y}
A = {a, b}
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quotients the monad D(· + 1) into D + 1: intuitively, each term of this theory is either a sum
of only variables (a distribution) or an extra element (ı). This axiom describes the unique
functorial way of adding termination to a convex algebra, the so-called black-hole behaviour
of ı, cf. [?].

3 Algebraic Theory for Nondeterminism and Probability

In this section we recall the definition of the monad C for probability and nondeterminism,
give its presentation via convex semilattices, and present examples of C-algebras.

3.1 The monad C of convex subsets of distributions

The monad C origins in the field of domain theory [?, ?, ?], and in the work of Varacca and
Winskel [?, ?]. Jacobs [?] gives a detailed study of (a generalisation of) this monad.

For a set X, CX is the set of non-empty, finitely-generated convex subsets of distributions
on X, i.e.,

CX = {S ™ DX |S ”= ÿ, conv(S) = S,

S is finitely generated}.

Recall that, for a subset S of a convex algebra, conv(S) is the convex closure of S, i.e., the
smallest convex set that contains S, i.e.,

conv(S) = {
ÿ

pixi | pi œ [0, 1],
ÿ

pi = 1, xi œ S}.

We say that a convex set S is generated by its subset B if S = conv(B). In such a case we
also say that B is a basis for S. A convex set S is finitely generated if it has a finite basis.

For a function f : X æ Y , Cf : CX æ CY is given by

Cf(S) = {Df(d) | d œ S} = Df(S).

The unit of C is ÷ : X æ CX given by ÷(x) = {”x}.
The multiplication of C, µ : CCX æ CX can be expressed in concrete terms as follows [?].

Given S œ CCX,
µ(S) =

€

�œS

{
ÿ

Uœsupp �
�(U) · d | d œ U}.

3.2 The presentation of C

We now introduce the algebraic theory (�NP , ENP ) of convex semilattices, that gives us the
presentation of C and thus provides an algebraic theory for nondeterminism and probability.

A convex semilattice A is an algebra A = (A, ü, +p) with a binary operation ü and for
each p œ (0, 1) a binary operation +p satisfying the axioms (A), (C), (I) of a semilattice, the
axioms (Ap), (Cp), (Ip) for a convex algebra, and the following distributivity axiom:

(x ü y) +p z
(D)= (x +p z) ü (y +p z)

Hence, (�NP , ENP ) is given by �NP = �N fi �P and ENP = EN fi EP fi {(D)}.
In every convex semilattice there also holds a convexity law, of which we directly present

the generalised version in the following lemma.
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where st is the map st : M(XA) æ (MX)A defined, for all labels a œ A, by st(Ï)(a) =
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A æ X the evaluation map defined as eva(Ï) = Ï(a). J
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˘Í where
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˘ = µ

A
X ¶ st ¶ Mt. The final coalgebra for the determinisation of automata
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Knowing that (�, E) is a presentation for the monad M , we can write the algebraic
structure, and hence the determinisation concretely as follows. For an n-ary operation symbol
f œ � and a (�, E)-algebra A = (A, �A) we write fA for the n-ary operation on A that is
the interpretation of f . We have

fF MX(Èo1, f1Í, . . . , Èon, fnÍ) =
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˘Í is inductively defined on

the structure of the �-terms by o
˘(x) = o(x), t

˘(x) = t(x) and

o
˘(fMX(t1, . . . , tn)) = fO(o˘(t1), . . . , o

˘(tn)) (9)
t
˘(fMX(t1, . . . , tn))(a) = fMX(t˘(t1)(a), . . . , t

˘(tn)(a))

I Example 14. s, t ::= ı, s ü t, x œ X

s, t ::= s +p t, x œ X for all p œ [0, 1]
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Õ
t

aæ t
Õ

s ü t
aæ s
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Õ
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Õ
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[[·]] : PX æ 2Aú

[[�]](Á) = o
˘(�)

[[�]](aw) = [[t˘(�)(a)]](w)
[[·]] : DX æ [0, 1]Aú

x ‘æ 1
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4
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{x}
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ÿ
X = {x, y}
A = {a, b}
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Hence, an n-ary convex combination can be written as a binary convex combination using
an (n ≠ 1)-ary convex combination.

One can also see Equation (5) as a definition – the classical definition of Stone [?,
Definition 1]. The following property, whose proof follows by induction along the lines of [?,
Lemma 1–Lemma 4], gives the connection:

Let X be the carrier of a (�P , EP )-algebra. Define n-ary convex operations inductively
by the projection axiom and the formula (5). Then X becomes an algebra in (�P̂ , EP̂ ).

Presenting · + 1 The algebraic theory (�T , ET ) for the termination monad consists of
a single constant (nullary operation symbol) �T = {ı} and no equations ET = ÿ. This is
called the theory of pointed sets.

Combining Algebraic Theories Algebraic theories can be combined in a number of
general ways: by taking their coproduct, their tensor, or by means of distributive laws (see
e.g. [?]). Unfortunately, these abstract constructions do not lead to a presentation for the
monad we are interested in. We will thus devote the next section to show a “hand-made”
presentation for this monad.

We conclude this section with a well known fact that can be easily proved, for instance
by taking the distributive law in (1): given a presentation (�, E) for a monad M , the monad
M(· + 1) is presented by the theory (�Õ

, E) where �Õ is � together with an extra constant ı.
For instance, the subdistributions monad D(·+1) is presented by the theory (�P fi�T , EP ) of
pointed convex algebras, also known as positive convex algebras. The theory (�N fi�T , EN ) of
pointed semilattices provides instead a presentation for the monad Pne(· + 1). It is interesting
to observe that the powerset monad P is presented by adding to (�N fi �T , EN ) the equation

x ü ı
(B)= x

leading to the theory of semilattices with bottom. The theory of semilattices with top can be
obtained by adding instead the following equation:

x ü ı
(T )= ı.

Similar axioms can be added to the theory of pointed convex algebras (�P fi �T , EP ). The
axiom

x +p ı
(Bp)= x

makes the probabilistic structure collapse, i.e., x +p y = x +q y holds for any p, q œ (0, 1):

x +p y
(Bp)= (x +q ı) +p y

(Ap)= x +pq (ı + p(1≠q)
1≠pq

y)
(Bp)= x +pq y

(Bp)= x +pq (ı + q(1≠p)
1≠pq

y)
(Ap)= (x +p ı) +q y

(Bp)= x +q y

At the monad level, adding the axioms (Bp) can be seen as the quotient of monads supp: D(·+
1) ∆ P mapping each sub-distribution into its support (e.g., (x +p y) +q ı becomes x + y).

On the other hand, the axiom

x +p ı
(Tp)= ı

The Algebraic Theory of  
Convex Semilattices with Bottom

The Algebraic Theory of  
Convex Semilattices with Top
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tr : X ! D(A⇤)

Traces and trace semantics [?] for nondeterministic probabilistic systems have been
studied for several decades within concurrency theory and AI using resolutions or schedulers—
entities that resolve the nondeterminism. Most proposals of trace semantics in the literature
[?, ?, ?, ?] are based on such auxiliary notions of resolutions and di↵er on how these
resolutions are defined and combined. We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?, ?] provides uniform generic approaches to
trace semantics of various kinds of systems and automata, via Kleisli traces [?], generalised
determinisation [?], providing e.g. an abstract treatment of language equivalence for
automata, or logics [?]. We use the term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics for nondeterministic probabilistic
systems that unifies the local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired by automata theory, and study
determinisation of NPLTS in this framework. Then we find a way to mimic the local-view
approach and show that we can recover known trace semantics from the literature. We
introduce now the main pieces of our puzzle, and show how everything combines together in
the theory of traces for NPLTS.

x ⇤

a, 1
2

b, 1
2

tr(x) : b 7! 1

2
, ab 7! 1

4
, aab 7! 1

8
, . . .

tr(x) : a 7! 1

2
, aa 7! 3

4
, . . .

tr : X ! (M1)N

In order to illustrate our approach, it is convenient to recall nondeterministic automata
(NDA) and Rabin probabilistic automata (PA) [?]. Both NDA and PA can be described as
maps ho, ti : X ! O ⇥ (MX)A where X is a set of states, A is the set of labels, o : X ! O

is the output function assigning to each state in X an observation, and t : X ! (MX)A

is the transition function that assigns to each state x in X and to each letter a of the
alphabet A an element of MX that describes the choice of a next state. For NDA, this is a
nondeterministic choice; for PA, the choice is governed by a probability distribution. An
NDA state observes one of two possible values which qualify the state as accepting (output
1) or not (output 0). A state in a PA observes a real number in [0, 1]. Below we depict an
example NDA (on the left) and an example PA (on the right) with labels A = {a, b} and
with outputs denoted by #.

x #0 y #1
a

a b

x #0 y #1
a, b

a, b

1
2

1
2

The type of choice, modelled abstractly by a monad M , is often linked to a concrete
algebraic theory, the presentation of M . Having such a presentation is a valuable tool,
since it provides a finite syntax for describing finite branching. For nondeterministic choice

X ➝ P(A x X) ➝ P(A* x X)

monad!
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tr : X ! D(A⇤)

Traces and trace semantics [?] for nondeterministic probabilistic systems have been
studied for several decades within concurrency theory and AI using resolutions or schedulers—
entities that resolve the nondeterminism. Most proposals of trace semantics in the literature
[?, ?, ?, ?] are based on such auxiliary notions of resolutions and di↵er on how these
resolutions are defined and combined. We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?, ?] provides uniform generic approaches to
trace semantics of various kinds of systems and automata, via Kleisli traces [?], generalised
determinisation [?], providing e.g. an abstract treatment of language equivalence for
automata, or logics [?]. We use the term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics for nondeterministic probabilistic
systems that unifies the local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired by automata theory, and study
determinisation of NPLTS in this framework. Then we find a way to mimic the local-view
approach and show that we can recover known trace semantics from the literature. We
introduce now the main pieces of our puzzle, and show how everything combines together in
the theory of traces for NPLTS.
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In order to illustrate our approach, it is convenient to recall nondeterministic automata
(NDA) and Rabin probabilistic automata (PA) [?]. Both NDA and PA can be described as
maps ho, ti : X ! O ⇥ (MX)A where X is a set of states, A is the set of labels, o : X ! O

is the output function assigning to each state in X an observation, and t : X ! (MX)A

is the transition function that assigns to each state x in X and to each letter a of the
alphabet A an element of MX that describes the choice of a next state. For NDA, this is a
nondeterministic choice; for PA, the choice is governed by a probability distribution. An
NDA state observes one of two possible values which qualify the state as accepting (output
1) or not (output 0). A state in a PA observes a real number in [0, 1]. Below we depict an
example NDA (on the left) and an example PA (on the right) with labels A = {a, b} and
with outputs denoted by #.
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The type of choice, modelled abstractly by a monad M , is often linked to a concrete
algebraic theory, the presentation of M . Having such a presentation is a valuable tool,
since it provides a finite syntax for describing finite branching. For nondeterministic choice

X ➝ O x (MX)A 

For each a ∈ A, an M-coalgebra    

a: X ➝ MX,   a#: MX  ➝ MMX ➝ MXMa μ
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tr : X ! D(A⇤)

Traces and trace semantics [?] for nondeterministic probabilistic systems have been
studied for several decades within concurrency theory and AI using resolutions or schedulers—
entities that resolve the nondeterminism. Most proposals of trace semantics in the literature
[?, ?, ?, ?] are based on such auxiliary notions of resolutions and di↵er on how these
resolutions are defined and combined. We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?, ?] provides uniform generic approaches to
trace semantics of various kinds of systems and automata, via Kleisli traces [?], generalised
determinisation [?], providing e.g. an abstract treatment of language equivalence for
automata, or logics [?]. We use the term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics for nondeterministic probabilistic
systems that unifies the local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired by automata theory, and study
determinisation of NPLTS in this framework. Then we find a way to mimic the local-view
approach and show that we can recover known trace semantics from the literature. We
introduce now the main pieces of our puzzle, and show how everything combines together in
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n � · · · � a

#
1 � ⌘

In order to illustrate our approach, it is convenient to recall nondeterministic automata
(NDA) and Rabin probabilistic automata (PA) [?]. Both NDA and PA can be described as
maps ho, ti : X ! O ⇥ (MX)A where X is a set of states, A is the set of labels, o : X ! O

is the output function assigning to each state in X an observation, and t : X ! (MX)A

is the transition function that assigns to each state x in X and to each letter a of the
alphabet A an element of MX that describes the choice of a next state. For NDA, this is a
nondeterministic choice; for PA, the choice is governed by a probability distribution. An
NDA state observes one of two possible values which qualify the state as accepting (output
1) or not (output 0). A state in a PA observes a real number in [0, 1]. Below we depict an
example NDA (on the left) and an example PA (on the right) with labels A = {a, b} and
with outputs denoted by #.
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Trace can be described using: 
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 X ➝ O,    X x A ➝ MX o

 X ➝ O,    A ➝ (X ➝ MX) o
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tr : X ! D(A⇤)

Traces and trace semantics [?] for nondeterministic probabilistic systems have been
studied for several decades within concurrency theory and AI using resolutions or schedulers—
entities that resolve the nondeterminism. Most proposals of trace semantics in the literature
[?, ?, ?, ?] are based on such auxiliary notions of resolutions and di↵er on how these
resolutions are defined and combined. We call such approaches local-view approaches.

On the other hand, the theory of coalgebra [?, ?] provides uniform generic approaches to
trace semantics of various kinds of systems and automata, via Kleisli traces [?], generalised
determinisation [?], providing e.g. an abstract treatment of language equivalence for
automata, or logics [?]. We use the term global-view approaches for the coalgebraic methods
via generalised determinisation.

In this paper, we propose a theory of trace semantics for nondeterministic probabilistic
systems that unifies the local and the global view. We start by taking the global-view
approach founded on algebras and coalgebras and inspired by automata theory, and study
determinisation of NPLTS in this framework. Then we find a way to mimic the local-view
approach and show that we can recover known trace semantics from the literature. We
introduce now the main pieces of our puzzle, and show how everything combines together in
the theory of traces for NPLTS.

x ⇤

a, 1
2

b, 1
2

tr(x) : b 7! 1

2
, ab 7! 1

4
, aab 7! 1

8
, . . .

tr(x) : a 7! 1

2
, aa 7! 3

4
, . . .

tr : X ! O
A⇤

In order to illustrate our approach, it is convenient to recall nondeterministic automata
(NDA) and Rabin probabilistic automata (PA) [?]. Both NDA and PA can be described as
maps ho, ti : X ! O ⇥ (MX)A where X is a set of states, A is the set of labels, o : X ! O

is the output function assigning to each state in X an observation, and t : X ! (MX)A

is the transition function that assigns to each state x in X and to each letter a of the
alphabet A an element of MX that describes the choice of a next state. For NDA, this is a
nondeterministic choice; for PA, the choice is governed by a probability distribution. An
NDA state observes one of two possible values which qualify the state as accepting (output
1) or not (output 0). A state in a PA observes a real number in [0, 1]. Below we depict an
example NDA (on the left) and an example PA (on the right) with labels A = {a, b} and
with outputs denoted by #.

x #0 y #1
a

a b

x #0 y #1
a, b

a, b

1
2

1
2

The type of choice, modelled abstractly by a monad M , is often linked to a concrete
algebraic theory, the presentation of M . Having such a presentation is a valuable tool,
since it provides a finite syntax for describing finite branching. For nondeterministic choice

X ➝ O x (MX)A 

 X ➝ O,    X x A ➝ MX 

 X ➝ O,    A ➝ (X ➝ MX) 

For each a ∈ A, an M-coalgebra    

a: X ➝ MX,   a#: MX  ➝ MMX ➝ MXMa μ

instance of a determinisation

extends to words
(A* is the free monoid)

the syntactic monoid 
from 

algebraic automata theory
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approach and show that we can recover known trace semantics from the literature. We
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, ab 7! 1
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8
, . . .
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2
, aa 7! 3

4
, . . .

tr : X ! O
A⇤

tr(x)(a1 . . . an) = o � a
#
n � · · · � a

#
1 � ⌘

tr(x)(w) = o � w
# � ⌘
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maps ho, ti : X ! O ⇥ (MX)A where X is a set of states, A is the set of labels, o : X ! O

is the output function assigning to each state in X an observation, and t : X ! (MX)A

is the transition function that assigns to each state x in X and to each letter a of the
alphabet A an element of MX that describes the choice of a next state. For NDA, this is a
nondeterministic choice; for PA, the choice is governed by a probability distribution. An
NDA state observes one of two possible values which qualify the state as accepting (output
1) or not (output 0). A state in a PA observes a real number in [0, 1]. Below we depict an
example NDA (on the left) and an example PA (on the right) with labels A = {a, b} and
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MX a#



Expressions and Axioms 



Finite Traces Infinite Traces
c: S→ D≤ (A x S) c: S→ D (A x S)

ut

s

a

b

a

a

a

b

b 1/2
1/2

1/3

1/3

1/4

1/4

1/4

⇒ 0

1/3 ⇐ ⇒ 1/4 ut

s

c

a

d

a

d

b 1/3
1/2

1/3

1 1/3

1/2

trace (s) (aaa) = Prob (sttt, sttu, stus)
= 1/2 ∙ 1/3 ∙ 1/3 ∙ 1/3
+ 1/2 ∙ 1/3 ∙ 1/3 ∙ 1/4
+ 1/2 ∙ 1/3 ∙ 1/2 ∙ 0

trace (s) (acω) = 1/2

trace (s) (bdω) = lim n→∞ 1/2 ∙ (1/3)n = 0

Therefore, measurable spaces ! 



Finite Traces Infinite Traces
c: S→ D≤(A x S) c: S→ D(A x S)

ut

s

a

b

a

a

a

b

b 1/2
1/2

1/3

1/3

1/4

1/4

1/4

⇒ 0

1/3 ⇐ ⇒ 1/4 ut

s

c

a

d

a

d

b 1/3
1/2

1/3

1 1/3

1/2

trace (s) (aaa) = Prob (sttt, sttu, stus)
= 1/2 ∙ 1/3 ∙ 1/3 ∙ 1/3
+ 1/2 ∙ 1/3 ∙ 1/3 ∙ 1/4
+ 1/2 ∙ 1/3 ∙ 1/2 ∙ 0

Each state defines a Borel probability measure  
on Aω, trace (s) ∊ Prob(Aω)

with the 𝜎-algebra generated by the cylinders 
Bw = { 𝛼 ∊ Aω | w is a prefix of 𝛼 }



Finite Traces Infinite Traces
c: S→ D≤(A x S) c: S→ D(A x S)

ut

s

a

b

a

a

a

b

b 1/2
1/2

1/3

1/3

1/4

1/4

1/4

⇒ 0

1/3 ⇐ ⇒ 1/4 ut

s

c

a

d

a

d

b 1/3
1/2

1/3

1 1/3

1/2

trace (s) (ε) = c (s) (*) = output-at-s trace (s) (Bε) = 1
trace (s) (aw) = ∑ (a,t) ∊ supp(s) c (s) (a,t)⋅trace (t) (w) trace (s) (Baw) = ∑ (a,t) ∊ supp(s) c (s) (a,t)⋅trace (t) (Bw) 



Theorem (Kleene-style) :

Expressions

e, f   :=  v  |  e ⊕p f  |  a.e  |  fix v.e

for p ∊ [0,1], a ∊ A

Process terms are expressions that are guarded and closed. 

every v in  
scope of a.(-)

every v in  
scope of fix v.(-)

Process terms behave:

𝛾 : PTerms → D (A x PTerms) 

For every state s in a PTS, there exists a process term ts with  
 
                         s = tr ts

Expressions for prob. transition systems:    Stark & Smolka ’00 

| *



Axioms

Axioms for (infinite) trace semantics of prob. transition systems:

Theorem (Soundness&Completeness): Two states s and t in a PTS are trace equivalent iff  
their corresponding process terms are provably equivalent 
 
                         s = tr t    ⟺   ⊢ ts = tt

 e ⊕p f = f ⊕1-p e 
 e ⊕p e = e 

 e ⊕p (f ⊕q g) = (e ⊕pq f) ⊕q(1-p)/(1-pq) g 

 e ⊕1 f = e 
convex algebras 

 a. (e ⊕p f) = a.e ⊕p a.f distributivity
fix v.e = e[v := fix v.e ] 
g = e[v := g] ⇒  g = fix v.e fixpoints 

Basically the same from 
          Silva & S. ‘11

[Cirstea,Moss, Noquez, 
Schmid, Silva, S. — CSL’25]



The Role of Algebras

A lot of work happens in categories of algebras, for LMC - convex algebras 
Eilenberg-Moore  
algebras for D

“Determinization” of 

ut

s

c

a

d

a

d

b 1/3
1/2

1/3

1 1/3

1/2 1/3 t + 1/3 u1/3 s

u

a d

t

c

1/2 u1/2 t

s

a b

Freely generated by: 



Example Determinization

1/3 t + 1/3 u1/3 s

u

a d

Freely generated by: 

t

c

1/2 u1/2 t

s

a b

1/2 u1/2 t

s

a b

1/6 t + 1/6 u1/6 s

a d
c

…… There are different ways to represent this as a coalgebra D≤ S → GD≤ S  



The Example Determinization

1/3 t + 1/3 u1/3 s

u

a d

Freely generated by: 

t

c

1/2 u1/2 t

s

a b

1/2 u1/2 t

s

a b

1/6 t + 1/6 u1/6 s

a d
c

… …
= 1/3 (1/2 t + 1/2 u)



The role of G

1/3 t + 1/3u1/3 s

u

a d

Freely generated by: 

t

c

1/2 u1/2 t

s

a b

There are different ways to represent this as a coalgebra D≤ S → GD≤ S  

1. Every coalgebra c: S→ D (A x S) 
determinizes to c#: DS→ GDS


2. Prob(Aω) carries the final  
G-coalgebra 
 
Prob(Aω) → G Prob(Aω)


3. Infinite trace equivalence 
is the final coalgebra semantics



The functor G

First functor on Convex Algebras:


                      X⊥ = {⊥} ⋃ {r ∙ x | r ∊ (0,1], x ∊ X} adds a free generator to X

Now G is just an exponent:


                      GX = { f : A → X⊥ | f(a) = ra ∙ x, ∑a∊A ra = 1 }

convention: ⊥ = 0 ∙ - 

Idea (total weight) from 
          Goy & Rot ‘18



Some More History

Milius ’12    If fp = fg and , then “completeness”

S. & Woracek ’15    fp = fg for convex algebras, but no 

Milius ’13/‘17   If proper functor and  , then “completeness”

S. & Woracek ’18    Proper functor(s) hard proof 

Now, for infinite traces:   Remarkably beautiful and easy proof of properness

Bisimilarity gives the zigzag



My Simplified History of 
Coalgebraic Semantics 

bisimilarity
Aczel&Mendler’89

coinduction, f.c.s
Rutten/Jacobs ‘95

trace semantics in Kleisli cats
Hasuo,Jacobs, S. ’06

prob. systems
 Bartels, S., De Vink ‘03

behavioural 
equivalence

bisimilarity = behavioural equivalence = final coalgebra semantics (for wpp functors)

Bonsangue, Rutten, Silva’10
determinisation

axiomatisations of f.c.s.
Bonsangue, Rutten, Silva’09

trace axiomatisation
Silva, S. ‘11

inf. trace axiomatisation
….Silva, S. ‘25

ε-bisimilarity
Desharnais, S. ‘25

algebra



My Brief History of Coalgebra 
over Algebra

trace axiomatisation
Silva, S. ‘11

inf. trace axiomatisation
Cirstea, Moss, Noquez, 
Schmidt, Silva, S. ‘25

ε-bisimilarity
Desharnais, S. ‘25Jacobs,Silva, S. ’12/‘15

trace via determinisation

distribution bisimilarity
Bonchi, Silva, S ‘17

congruences of CA
S., Woracek ‘15

Woracek, S. ’18
proper functors

Bonchi, S., Vignudelli ’19/‘22
traces for prob. and nondet.



III. Logics, Distances, … via Liftings 

Unfortunately, there remained litte time — so just a tiny, brief, introduction.



Thank  You 


