A Model Companion for an Expansion of Abelian
Lattice-Ordered Groups
TACL 2026

John Stokes-Waters
Email: john.stokes-waters@postgrad.manchester.ac.uk
Link to arXiv preprint: https://arxiv.org/abs/2603.09423

July 29, 2026


mailto: john.stokes-waters@postgrad.manchester.ac.uk
https://arxiv.org/abs/2603.09423

Introduction
@0000

Table of Contents

@ Introduction



Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,




Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <




Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <and binary operations A,V on G satisfying the following for all a, b, c € G:




Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <and binary operations A,V on G satisfying the following for all a, b, c € G:

c<ab < c<arb
a,b<c < avb<ec.

That is, G is an (abelian) group which is also a lattice.




Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <and binary operations A,V on G satisfying the following for all a, b, c € G:

c<ab < c<arb
a,b<c < avb<ec.

That is, G is an (abelian) group which is also a lattice.

Examples of /-groups include R" with the component-wise ordering;




Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <and binary operations A,V on G satisfying the following for all a, b, c € G:

c<ab < c<arb
a,b<c < avb<ec.

That is, G is an (abelian) group which is also a lattice.

Examples of ¢-groups include R” with the component-wise ordering; C(X,R) with the
point-wise ordering;




Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <and binary operations A,V on G satisfying the following for all a, b, c € G:

c<ab < c<arb
a,b<c < avb<ec.

That is, G is an (abelian) group which is also a lattice.

Examples of ¢-groups include R” with the component-wise ordering; C(X,R) with the
point-wise ordering;totally-ordered groups such as Z, Q, and R.




Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <and binary operations A,V on G satisfying the following for all a, b, c € G:

c<ab < c<arb
a,b<c < avb<ec.

That is, G is an (abelian) group which is also a lattice.

Examples of ¢-groups include R” with the component-wise ordering; C(X,R) with the
point-wise ordering;totally-ordered groups such as Z, Q, and R.

We recall that for any ¢-group G and a € G with 0 < a, we have that [0, a] is an
MV-algebra, whose operations are given by:

g®h=(g+h)na
g =a—g.



Introduction
(o] lelele]

Definition (Lattice-Ordered Group (¢-Group))

A lattice-ordered group, or £-group, is an (abelian) group G,equipped with a partial
order <and binary operations A,V on G satisfying the following for all a, b, c € G:

c<ab < c<arb
a,b<c < avb<ec.

That is, G is an (abelian) group which is also a lattice.

Examples of ¢-groups include R” with the component-wise ordering; C(X,R) with the
point-wise ordering;totally-ordered groups such as Z, Q, and R.

We recall that for any ¢-group G and a € G with 0 < a, we have that [0, a] is an
MV-algebra, whose operations are given by:

g®h=(g+h)na
g =a—g.

By Mundici, every MV-algebra arises in this way, and this can be made into a functorial
equivalence between MV-algebras and /-groups with a distinguished order unit.
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Definition (¢-ldeal)
Let G be an ¢-group, and | C G.Then, [ is an /¢-ideal if it is a subgroup, sublattice,and
for all a,b,c € G:

a<b<candacel = bel.

If for all a, b € G such that aAb € I, we have a € | or b € [, then we say that / is
prime. ¢-Spec(G) denotes the collection of all prime ¢-ideals of G, and is equipped
with the topology whose closed sets is generated by sets of the form:

V(a) = {p € £-Spec(G) | a € G}.




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)
Let £ be a language, T an L-theory, and M = T.




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N,




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all M = T with M <N, and all quantifier-free £-formula ¢(v),




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N, and all quantifier-free £-formula ¢(v), we have:

N Bx)(6(%)) = M (3%)(4(%):




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N, and all quantifier-free £-formula ¢(v), we have:

N Bx)(6(%)) = M (3%)(4(%):

M is algebraically closed if the same definition above holds, but where ¢(V) contains
no instances of —.




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N, and all quantifier-free £-formula ¢(v), we have:

N Bx)(6(%)) = M (3%)(4(%):

M is algebraically closed if the same definition above holds, but where ¢(V) contains
no instances of —.

Let £ = (+,—,0,-), and T the theory of fields.




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N, and all quantifier-free £-formula ¢(v), we have:

N Bx)(6(%)) = M (3%)(4(%):

M is algebraically closed if the same definition above holds, but where ¢(V) contains
no instances of —.

Let £ = (+,—,0,-), and T the theory of fields. Then, F |= T is existentially closed if
and only if it is algebraically closed as a model of T if and only if it is algebraically
closed as a field.




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N, and all quantifier-free £-formula ¢(v), we have:

N Bx)(6(%)) = M (3%)(4(%):

M is algebraically closed if the same definition above holds, but where ¢(V) contains
no instances of —.

Let £ = (+,—,0,-), and T the theory of fields. Then, F |= T is existentially closed if
and only if it is algebraically closed as a model of T if and only if it is algebraically
closed as a field. )

Let £ = (A,V,<), and T the theory of bounded distributive lattices.

.




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N, and all quantifier-free £-formula ¢(v), we have:

N Bx)(6(%)) = M (3%)(4(%):

M is algebraically closed if the same definition above holds, but where ¢(V) contains
no instances of —.

Let £ = (+,—,0,-), and T the theory of fields. Then, F |= T is existentially closed if
and only if it is algebraically closed as a model of T if and only if it is algebraically
closed as a field. )

Let £ = (A,V,<), and T the theory of bounded distributive lattices. Then, L |= T is
algebraically closed if and only if it is a Boolean algebra,

.




Introduction
[e]e]e] o]

Definition (Algebraically and Existentially Closed)

Let £ be a language, T an L-theory, and M |= T. Then, M is existentially closed if,
for all N = T with M <N, and all quantifier-free £-formula ¢(v), we have:

N Bx)(6(%)) = M (3%)(4(%):

M is algebraically closed if the same definition above holds, but where ¢(V) contains
no instances of —.

Let £ = (+,—,0,-), and T the theory of fields. Then, F |= T is existentially closed if
and only if it is algebraically closed as a model of T if and only if it is algebraically
closed as a field. )

Let £ = (A,V,<), and T the theory of bounded distributive lattices. Then, L |= T is
algebraically closed if and only if it is a Boolean algebra, and is existentially closed if
and only if it is an atomless Boolean algebra.

.
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A Short History

@ Glass, Pierce (1980) [1] - the class of existentially closed ¢-groups is
non-elementary.

@ Weispfenning (1989) [3] - an ¢-group G is existentially closed if and only if it
satisfies the following:

(A1) G is divisible.

(A2) G has the splitting property - roughly, if a, b € G are positive and disjoint, then every
positive ¢ € G can be represented as a sum of scalar multiples of a and b.

(E1) For every a € G strictly positive, there exists disjoint and non-zero g, h < a.

(E2) For every positive a € G, there exists positive and non-zero b € G disjoint from a.

(E3) The principal ¢-ideal generated by a € G is equal to the bipolar of a.
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Let X a set, I' a totally-ordered group, and P : X — Pow(X) be the map
P(f) ={f > 0}.

P is a lattice morphism, satisfying the following for all f € RX:
@ P(f) = P(nf) for all n € N.
@ P(f)= X if and only if 0 < f(x) for all x € X.
@ For all C € Pow(X), there exists some g € RX such that P(g) = C.

In particular, (I, Pow(X), {— > 0}) is an example of a valued ¢-group. We call a
valued ¢-group of this form a standard structure.
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Let P: G — K(X) be the map P(a) = V(an0)N X.

P is a lattice morphism, satisfying the following for all f € G:
@ P(f) = P(nf) for all n € N.
@ P(f)= X ifand only if 0 < f.
@ For all C € K(X) with C # (), there exists some g € G such that P(g) = S.

Again, (G,K(X), V(= A0)N X) is an example of a valued ¢-group.
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Definition (Valuation of an £-Group)

Let G be an ¢-group. Then, a (dense) valuation on G is a pair (L, P) where L is a
bounded distributive lattice, and:
P:G—L
is a lattice morphism satisfying the following for all f € G:
@ P(f) = P(nf) for all n € N.
@ P(f)=T ifand only if 0 < f
© For all C € L with C # L, there exists some g € G such that P(g) = C.

We call a triple (G, L, P) where (L, P) is a valuation on G a (densely) valued ¢-group.
Further, we always consider a valued ¢-group G in the two-sorted language:
£ = LoGrpULppLat U{P}

where Logp = (+,—,0,<,A,V) and Lgprat = (E,M,U, T, 1).
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Theorem (Topological Representation Theorem)

Every valued £-group is (up to isomorphism) of the form (G,K(X), V(= A0)N X) for
some dense spectral subspace X C ¢-Spec(G).

This has many applications in the study of valued ¢-groups, of which we will look at
some of the more immediate consequences.
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Let V = (G, L, P) be a valued ¢-group with G totally-ordered. Then, L is
totally-ordered.

Let V = (G, L, P) be a valued ¢-group, and a € G* with P(—a) = L. Then, a is a
weak order unit.

Recall that a is a weak order unit if and only if D(a) := {p € ¢-Spec(G) | a & p} is

dense.
Thus, if P(—a) = L, then X N V(a) =0, and so X C D(a). In particular, D(a) is

QED

dense, and so we are done.
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As well as topological representations, we also have functional representations for
valued ¢-groups. In particular, we can represent (G, L, P) as a substructure of a
standard structure:

Theorem (Functional Representation Theorem)

Every valued £-group V is a substructure of one of the form (I'’X, Pow(X), {— > 0})
with I divisible. Further, X can be chosen with X = PrimF(L) and I such that
ChH<TforallpeX.

The Functional Representation Theorem is one of two key ingredients in the
characterisation of algebraically closed and existentially closed valued ¢-groups.
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The other important ingredient is a classical result due to Fuxing Shen and Volker
Weispfenning [2], which uses the notion of patching.

Intuitively, patching says that if f, g are functions with f|cAp = g|cnp. then there
exists some function h such that f|¢c = h|¢ and g|p = h|p. More formally, this is
defined as follows:

Definition (Patching)

Let V = (G, L, P) be a valued ¢-group. Then, V has patching if, for all C,D € L and
f,g € G with CAD < P(— |f — gl), there exists some h € G with C < P(—|f — h|)
and D < P(—|g — h|).

We observe that this is analogous to gluing in the sheaf-theoretic context.
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Theorem (Shen-Weispfenning Theorem)

Let V = (G, L, P) be a valued ¢-group with patching, and with G divisible. Then, for
all £-formulae ¢(v, w) of sort G" x L™, there exists:

o A Lgpyat-formula x(pi, .- ., pk, w); and
@ Foreach1l < i<k, an Lygrp-term t;(V)
such that:

V = (V5: G)(VT: L)(6(5,1) < x(P(t(3)), ..., P(tc(3)), ).

Further, if $(v, W) is (positive) existential, so is x(p,I).
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Let V = (G, L, P) be a valued ¢-group. Then, V is algebraically closed if and only if G

is divisible, L is Boolean, and V' has patching. )

Proof outline.

(=) This follows from the Functional Representation Theorem, and the fact that
(TX, Pow(X), {— > 0}) with I divisible has these properties.

(<= This is an application of the Shen-Weispfenning theorem, and the fact that
algebraically closed bounded distributive lattices are exactly Boolean algebras. QEDJ

With some work, we can also show the following stronger characterisation, similar to
an Ax-Kochen-Ershov principle:

Let V = (G, L, P) be a valued ¢-group. Then, V is algebraically closed if and only if G
and L are algebraically closed.
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Algebraically closed valued ¢-groups enjoy a plethora of interesting algebraic
properties. Here are some examples:

Let V = (G, L, P) be an algebraically closed valued ¢-group. Then:

© G is projectable with a weak order unit.

@ V = (G, K(£-Spec(G)™n), V(= A0) N £-Spec(G)™n).

© P is surjective, and P(—a) = L if and only if a is a weak order unit for all a € G™T.
Q G is hyper-Archimedean if and only if G satisfies (E3)

As G has a weak order unit, then we can observe that G is never existentially closed -
indeed, if v € GT is a weak order unit, then there exists no a € G non-zero with
vAa=0, and so G doesn't satisfy (Ep)
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closed if and only if L is atomless.
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Let V = (G, L, P) be an algebraically closed valued ¢-group. Then, V is existentially
closed if and only if L is atomless.

We observe that this is an entirely first-order axiomatisation in the language £, and so
in particular there is an £-theory of existentially closed valued ¢-groups. We call this a
model companion for the theory of valued ¢-groups.
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As well as being an elementary class, the class of existentially closed valued ¢-groups
also enjoys a much better behaved model theory than their single sorted counterparts.

The theory of existentially closed valued ¢-groups is complete.

The theory of existentially closed valued ¢-groups admits quantifier elimination in the
language £U{—}.

In both cases, we apply the Shen-Weispfenning theorem to reduce £-formulae to
LppLat-formulae, and then use the fact these properties apply to the theory of
atomless Boolean algebras. QED)
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