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Motivation

‚ Fuzzy (modal) logics:
‚ φ ::= p | r | φ^ φ | φ_ φ | φ ¨ φ | φ▷ φ | lφ | ♢φ
‚ Many-valued sets and many-valued relations
‚ (hyper)sequent calculi interpreted on MV-algebras (with normal operators)

‚ (non-distributive) Lattice based modal logics:
‚ φ ::= p | K | J | φ^ φ | φ_ φ | lφ | ♢φ
‚ Polarity-based relational semantics
‚ Sequents φ $ ψ interpreted on lattices with normal operators

‚ φ $s ψ
‚ Confidence, distance, cost, ...
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Quantale-enriched categories

A quantale is a complete semilattice with a monoidal structure (Ω,Ď,
Ů

, e, ¨) such that

s Ď r▷ t ô r ¨ s Ď t ô r Ď t◁ s

AnΩ-enriched category consists of a set X and a function X(´,´) : X ˆ X Ñ Ω such that

e Ď X(x, x) and X(x, y) ¨ X(y, z) Ď X(x, z)

for all x, y, z P X. Quantale-enriched categories are ordered by x ďX x1 ô e Ď X(x, x1).
A functor F : X Ñ Y betweenΩ-enriched categories is a function on the underlying sets
satisfying

X(x, x1) Ď Y(Fx, Fx1).
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…upsets, downsets,…

The elements ofDX (presheaves) are functorsφ : X Ñ Ωop (Ωop(ω1, ω2) = ω1 ◁ ω2) with
homs

DX(φ1, φ) = φ1 § φ =
ę

xPX

(φ1x▷ φx)

The elements of UX (co-presheaves) are functors ψ : X Ñ Ω (Ω(ω1, ω2) = ω1 ▷ ω2) with
homs

UX(ψ,ψ1) = ψ đ ψ1 =
ę

xPX

(ψx◁ ψ1x)
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…and (co)limits

Given G : D Ñ B, φ P DD, ψ P UD:
The weighted colimit colimφ G is the solution of

B(colimφG, b) = φ § B(G, b)

The weighted limit limψG is the solution of

B(b, limψG) = B(b, G) đ ψ

All colimits and limits can be constructed with the special (co)limits where

‚ D is discrete, and φ,ψ are constant e, which we call joins and meets respectively.

‚ D is a singleton, which we denote xryb and [r]b and call tensor and power respectively.
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Proof theory

φ ::= p | K | J | φ^ φ | φ_ φ | xryφ | [r]φ | lφ | ♢φ

p $e p p $K q
φ $r χ χ $s ψ

Cut
φ $r¨s ψ

φ $s ψ

φ $s ψ _ χ

φ $s ψ

φ $s χ_ ψ

φ $s ψ χ $s ψ

φ_ χ $s ψ

φ $s ψ

♢φ $s ♢ψ
♢φ $s ψ

φ $s ■ψ
φ $s ■ψ

♢φ $s ψ
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Proof Theory

φ$ s ψ

xsyφ$ r xryψ

φ$ s ψ

[r]φ$ r [s]ψ

xryφ$ s ψ

φ$ r¨s ψ

φ$ r¨s ψ

xryφ$ s ψ

φ$ s [r]ψ

φ$ s¨r ψ

φ$ s¨r ψ

φ$ s [r]ψ

φ $r ψ
(if s Ď r)

φ $s ψ

(
φ$ r ψ

)
rPI $Ž

φ$ Ž

rPI r
ψ
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Label discourse: monoidal structure

φ$ r ψ
Ie1

φ$ e¨r ψ

φ$ r ψ
Ie2

φ$ r¨e ψ

φ$ e¨r ψ
Ee1

φ$ r ψ

φ$ r¨e ψ
Ie2

φ$ r ψ

φ$ (r¨s)¨t ψ
A¨1

φ$ r¨(s¨t) ψ

φ$ r¨(s¨t) ψ
A¨2

φ$ (r¨s)¨t ψ
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Label discourse: lattice structure

φ$ r ψ
I[1

φ$ r[s ψ

φ$ s ψ
I[2

φ$ r[s ψ

φ$ r\s ψ
E\1

φ$ r ψ

φ$ r\s ψ
E\2

φ$ s ψ

φ$ r[r ψ
C[

φ$ r ψ

φ$ r\r ψ
C[

φ$ r ψ

φ$ r[s ψ
E[

φ$ s[r ψ

φ$ r\s ψ
E[

φ$ s\r ψ

φ$ (r[s)[t ψ
A[1

φ$ r[(s[t) ψ

φ$ r[(s[t) ψ
A[2

φ$ (r[s)[t ψ

φ$ (r\s)\t ψ
A\1

φ$ r\(s\t) ψ

φ$ r\(s\t) ψ
A[2

φ$ (r\s)\t ψ
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Label discourse: meet elimination

φ$ r[s ψ

φ$ r ψ

...
φ$ t ψ

φ$ s ψ

...
φ$ t ψ

E[
φ$ t ψ
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Cut elimination

The cut-elimination metatheorem for display calculi can be generalized to quantale-enriched
display calculi:

Theorem

If φ $r ψ is derivable inΩ-DL, then there exists some s P Ω such that r Ď s and φ $s ψ is
derivable inΩ-cfDL.

‚ The proof follows the standard argument of pushing the cut towards leafs and towards
subformulas.

‚ Pushing the cut upwards increases the value of the label in the sequent.

‚ New reading: The label also encodes the distance from the normal form (cut free) proof.
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A conjecture

Conjecture

The rule (
φ$ r ψ

)
rPI $Ž

φ$ Ž

rPI r
ψ

is admissible. In particular, ifφ $r ψ and φ $s ψ are derivable inΩ-DL´ $
Ž

then s Ď r or

r Ď s.
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Semantics

AΩ-polarity is a tuple P = (X, A, I), such that X and A are sets and I : X ˆ A Ñ Ω, is a
Ω-relation between A and X.
We interpret formulas [[´]] : Fm Ñ (X Ñ Ω) and ([´]) : Fm Ñ (A Ñ Ω) as:

[[J]](x) = J ([J])(a) =
Ű

xPX(J ▷ I(x, a))
([K])(a) = J [[K]](x) =

Ű

aPA(I(x, a)◁ J)

[[φ^ ψ]](x) = [[φ]](x) [ [[ψ]](x) ([φ^ ψ])(a) =
Ű

xPX([[φ^ ψ]](x)▷ I(x, a))
([φ_ ψ])(a) = ([φ])(a) [ ([ψ])(a) [[φ_ ψ]](x) =

Ű

aPA(I(x, a)◁ ([φ_ ψ])(a))

[[[r]φ]](x) = [[φ]](x)◁ r ([[r]φ])(a) =
Ű

xPX([[[r]φ]](x)▷ I(x, a))
([xryφ])(a) = r▷ ([φ])(a) [[xryφ]](x) =

Ű

aPA(I(x, a)◁ ([xryφ])(a))

We interpret sequents as:

P |ù φ $r ψ iff r Ď
ę

xPX

(
[[φ]]P(x)▷ [[ψ]]P(x)

)
iff r Ď

ę

aPA

(
([φ])P(a)◁ ([ψ])P(a)

)
.
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Completeness

‚ What is completeness for a sequential calculus?

Theorem (Lindenbaum-Tarski)

The sequent φ $r ψ is derivable inΩ-DL if and only if for everyΩ-polarity, P, P |ù φ $r ψ.

‚ Filters and ideals correspond to limit preserving co-presheaves and co-limit preserving
presheaves.

‚ Modal operators?
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Canonical extension
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Burning questions

‚ Display calculi interpreted on quantale-enriched categories.

‚ Cut-elimination & completeness.

‚ Axiomatic extensions?

‚ Algebraic proof theory?

‚ Correspondence and display?

Thank you!
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