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Evolution systems

Definition

An evolution system is a structure of the form E = ⟨V, T ,Θ⟩, where V is
a category, Θ is a fixed V-object, called the origin, and T is a class of
V-arrows, called transitions.
The only requirements are:

1 All identities are in T .

2 h ◦ t ∈ T , whenever t ∈ T and h is an isomorphism.

We are interested in evolutions, namely, sequences of the form

Θ → A0 → A1 → · · · → An → · · ·

where each of the arrows above is a transition.

A path is a finite composition of transitions.
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Finite objects

Definition

An object X is finite if there exists a path from the origin Θ to X .
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Confluence

Definition

We say that E is confluent if for every finite object Z , for every paths
f : Z → X , g : Z → Y there exist paths f ′, g ′ such that f ′ ◦ f = g ′ ◦ g .

Definition

We say that E is locally confluent if for every finite object Z , for every
transitions f : Z → X , g : Z → Y there exist paths f ′, g ′ such that
f ′ ◦ f = g ′ ◦ g .
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Amalgamation

Definition

We say that E has the finite transition amalgamation property (FTAP) if
for every finite object Z , for every transitions f : Z → X , g : Z → Y
there exist transitions f ′, g ′ such that f ′ ◦ f = g ′ ◦ g .

Proposition

Finite transition amalgamation property implies confluence.

W. Kubís Evolution Systems and EP pairs 6 / 17



Amalgamation

Definition

We say that E has the finite transition amalgamation property (FTAP) if
for every finite object Z , for every transitions f : Z → X , g : Z → Y
there exist transitions f ′, g ′ such that f ′ ◦ f = g ′ ◦ g .

Proposition

Finite transition amalgamation property implies confluence.

W. Kubís Evolution Systems and EP pairs 6 / 17



Fräıssé theory revisited

Theorem

Assume E is an essentially countable evolution system with the FTAP.
Then:

1 There exists an evolution

u⃗ : Θ = U0 → U1 → · · ·

with the absorption property, namely, for every n, for every
transition f : Un → Y there are m > n and a path g : Y → Um with
g ◦ f = umn , where umn is the path from Un to Um extracted from u⃗.

2 The colimit U∞ = lim u⃗ is determined uniquely (up to isomorphism)
by the absorption property.

3 U∞ is homogeneous with respect to paths between finite objects.
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Classical Fräıssé limits

Example

Let F be a class of finite structures in a fixed language L consisting of
finitely many relations. Assume F is closed under isomorphisms and
substructures.
We can convert F to an evolution system, where the origin is ∅ and
transitions are one-point extensions. The category V consists of all
structures in the language L, where the arrows are all homomorphisms.
Assume F has the amalgamation property. Then the generic evolution
leads to the Fräıssé limit of F , the unique homogeneous countable
structure U∞ whose age is F .

W. Kubís Evolution Systems and EP pairs 8 / 17



Classical Fräıssé limits
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leads to the Fräıssé limit of F , the unique homogeneous countable
structure U∞ whose age is F .

W. Kubís Evolution Systems and EP pairs 8 / 17



Classical Fräıssé limits
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The amalgamation property

A B0

B1 C

e0

e1 e′0

e′1
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Embedding-projection pairs
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Definition

Fix a category V. The category of EP pairs over V, denoted by ‡V,
consists of the same objects as V, while arrows are pairs of the form
⟨e, p⟩, where p ◦ e is the identity.

Definition

Given an evolution system E = ⟨V, T ,Θ⟩, we define the system
‡E := ⟨‡V, ‡T ,Θ⟩, where

‡T := {⟨e, p⟩ ∈ ‡V : e ∈ T }.
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A motivating example

Definition

A (separable) Banach space E has a monotone Schauder basis if there
exists a sequence of norm one projections Pn : E → En converging
pointwise to the identity and such that

1 Pn ◦ Pm = Pm ◦ Pn = Pn for every n ≤ m;

2 dimEn = n for every n ∈ ω.

Definition

Let E = ⟨B1, T ,Θ⟩ be the canonical evolution system of Banach spaces.
That is, B1 is the category of all Banach spaces with non-expansive
linear operators, Θ is the trivial space, and T consists of linear isometric
embeddings e : F → F ′ such that dim(F ′/e[F ]) ≤ 1.

Claim

Banach spaces with monotone Schauder bases correspond to colimits of
evolutions in ‡E .

W. Kubís Evolution Systems and EP pairs 12 / 17



A motivating example

Definition

A (separable) Banach space E has a monotone Schauder basis if there
exists a sequence of norm one projections Pn : E → En converging
pointwise to the identity and such that

1 Pn ◦ Pm = Pm ◦ Pn = Pn for every n ≤ m;

2 dimEn = n for every n ∈ ω.

Definition

Let E = ⟨B1, T ,Θ⟩ be the canonical evolution system of Banach spaces.
That is, B1 is the category of all Banach spaces with non-expansive
linear operators, Θ is the trivial space, and T consists of linear isometric
embeddings e : F → F ′ such that dim(F ′/e[F ]) ≤ 1.

Claim

Banach spaces with monotone Schauder bases correspond to colimits of
evolutions in ‡E .

W. Kubís Evolution Systems and EP pairs 12 / 17



A motivating example

Definition

A (separable) Banach space E has a monotone Schauder basis if there
exists a sequence of norm one projections Pn : E → En converging
pointwise to the identity and such that

1 Pn ◦ Pm = Pm ◦ Pn = Pn for every n ≤ m;

2 dimEn = n for every n ∈ ω.

Definition

Let E = ⟨B1, T ,Θ⟩ be the canonical evolution system of Banach spaces.
That is, B1 is the category of all Banach spaces with non-expansive
linear operators, Θ is the trivial space, and T consists of linear isometric
embeddings e : F → F ′ such that dim(F ′/e[F ]) ≤ 1.

Claim

Banach spaces with monotone Schauder bases correspond to colimits of
evolutions in ‡E .

W. Kubís Evolution Systems and EP pairs 12 / 17



A motivating example

Definition

A (separable) Banach space E has a monotone Schauder basis if there
exists a sequence of norm one projections Pn : E → En converging
pointwise to the identity and such that

1 Pn ◦ Pm = Pm ◦ Pn = Pn for every n ≤ m;

2 dimEn = n for every n ∈ ω.

Definition

Let E = ⟨B1, T ,Θ⟩ be the canonical evolution system of Banach spaces.
That is, B1 is the category of all Banach spaces with non-expansive
linear operators, Θ is the trivial space, and T consists of linear isometric
embeddings e : F → F ′ such that dim(F ′/e[F ]) ≤ 1.

Claim

Banach spaces with monotone Schauder bases correspond to colimits of
evolutions in ‡E .

W. Kubís Evolution Systems and EP pairs 12 / 17



Relational structures

Definition

Let F be a hereditary class of relational structures, closed under
isomorphisms and unions of chains.
We define EF = ⟨VF , TF ,Θ⟩, where VF is the category of all
homomorphisms between the structures of F , Θ is the trivial structure,
and TF consists of all embeddings “adding” at most one element.

It is natural to study the system ‡VF . Note that only left-invertible
transitions survive when passing to the system of EP pairs. In particular,
the “trivial” structure should should not be empty.
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Fräıssé theory for EP pairs

Theorem

Assume ‡E is an essentially countable evolution system with the proper
FTAP. Then:

1 There exists an evolution

u⃗ : Θ = U0 → U1 → · · ·

with the absorption property, namely, for every n, for every
transition f : Un → Y there are m > n and a path g : Y → Um with
g ◦ f = umn , where umn is the path from Un to Um extracted from u⃗.

2 The colimit U∞ = lim u⃗ is determined uniquely (up to isomorphism)
by the absorption property.

3 U∞ is homogeneous with respect to paths between finite objects.
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Graphs

Definition

A natural graph is a graph G whose set of vertices is an initial segment
of ω (either ω or a natural number) and for each vertex n > 0 of G there
exists a homomorphism r : n + 1 → n that is the identity on n.

We use the set-theoretic convention: n = {0, . . . , n − 1}.
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Theorem (Geschke, G la̧b, K.)

There exists a unique natural graph W with the following extension
property:

(E) Given a finite induced subgraph A ⊆ W, given its one-point
extension B = A ∪ {v} and a projection p : B → A, there exists
w ∈ W with w > maxA, such that A ∪ {w} is isomorphic to B over
A and p(v) is the image of w under some projection of W onto A.

In other words, every one-point extension of a finite induced subgraph, in
the sense of embedding-projection pairs, is realized in W. Furthermore:

Theorem

Every natural graph can be embedded into W in such a way that there is
a projection onto its image.
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