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We focus on 2-enriched categories, i.e. preorders.
Let C be a set of states/contexts.
Thus, the propositions on C can be equated with (co-)presheaves [C — 2].

Via Day convolution, a monoidal product ® on C lifts to a new logical connective:

®p: [C— 2 = [C— 2]

Can we lift arbitrary operations on C to connectives on [C — 2]7



Profunctors

Definition
A profunctor A + B is a functor B°P x A — 2.

Profunctors A %> B and B 5 C compose via the
coend

beB
GoF(c,a):/ G(c, b) x F(b, 3),

yielding a bicategory Prof.



Profunctors

Definition
A profunctor A + B is a functor B°? x A — 2. Examples
Profunctors A - B and B % C compose via the e For a functor F: A — B,
coend
A BLA), B(1,F) B, B 2D, B(F,1) A
beB
G o F(c, a) :/ G(c,b) x F(b, a), e Prof(C,1) = [C — 2].

yielding a bicategory Prof.



Day extension |

Definition 1 (Robinson + W.)
Given an n-ary operation 0: C" — C, the Day extension

6p: [C—2]" = [C— 2]

acts by sending ¢1,...,¢n € [C — 2] to the composite

¢ SO, on erixen 4




Day extension |

Definition 1 (Robinson + W.)
Given an n-ary operation 0: C" — C, the Day extension

Op: [C—2]" = [C— 2]

acts by sending ¢1,...,¢n € [C — 2] to the composite

¢ SO, on erixen 4

Alternatively, this is the co-end:

C1y...,cn€C"
Oo(e1,. - on)(c) = / or(ct) % - X () x C(O(crs .

c s c
or the left Kan extension: <¢1""’¢">J, i
I v

2" — 5 2.

,C,-,),C),




Operads
Definition
A CAT-operad P consists of:
(1) a category P(n) of n-ary operations, for each n € N,
(2) awnitle P(1),
(3) and for each n, ki, ..., k, € N, a multi-composition functor
o: P(n) x P(ky) x -+ x P(ky) = P(ky + -+ + kn),

satisfying the equations:
fo(l,....,1)=60=106

and fo(Bro(0},...,00), .. 0,0(0%,....0%)) = (00 (b1,...,600))0(63,...

gkn).

rvn
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Operads
Definition
A CAT-operad P consists of:
(1) a category P(n) of n-ary operations, for each n € N,

(2) awnitle P(1),
(3) and for each n, ki, ..., k, € N, a multi-composition functor

o: P(n) x P(ky) x -+ x P(ky) = P(ky + -+ + kn),
satisfying the equations:
fo(l,....,1)=60=106
and fo(Byo(0},....00), .. 0,0(0%,....0%)) = (00 (b1,...,600)) 0 (0F,...,00).

Example
For any C, taking endomorphisms End(C)(n) = [C" — C] defines an operad.

Definition
A pseudo-morphism of CAT-operads w: P — @ consists of functors
wn: P(n) — Q(n), for each n € N, and coherent isomorphisms

wi(l) =1, wn(0) o (Wi (01), -+ s wk,(0n)) = Wiy trpk, (0 0 (01, ..., 60)).



Day extension Il

Theorem 1 (Robinson + W.)
The Day extension defines a pseudo-morphism of CAT-operads

(=)p: End(C) — End([C — 2])°P.

Equations are sent to pseudo-equations.
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Day extension Il

An n-ary partial operation 8: C" — C is a span

C”QDLC

where 7 is full.

Definition 2 (Robinson + W.)
Given an n-ary partial operation 8: C" — C, the Day extension is the total
operation

0p: [C—2]" = [C — 2]

that acts by sending ¢1,...,¢n € [C — 2] to the composite

c SOL, p EED, on erxxen 4




Partial operads

Definition

A partial CAT-operad P consists of:

(1) a category P(n) of n-ary operations, for each n € N,

(2) awnitle P(1),

(3) and for each n, ki,..., k, € N, a multi-composition partial functor
o: P(n) x P(ky) x -+ x P(kp)— P(ky + - + kn),

satisfying the equations:
fo(l,...,1)=0=100

and fo(Br0(0},...,00), .. 0,0(0%,....0%)) = (00 (br,...,600)0 (03, ..

whenever sensible.

o

rvn

)



Day extension IV

Theorem 2 (Robinson + W.)
The Day extension for partial operations defines a pseudo-morphism of partial
CAT-operads

(—)p: End(C)par = End([C — 2])°P.

Strong equality between partial terms is pseudo-preserved.



Sketch proof

Suppose 0o (01, ...,0,) exists, then:

C(0,1
e e
,i / icu i)
D D, —— C" Dy x -
1X X e L ((01, +On )1)
(/.1,-~-7in)‘[ (Ck1+<..+/<n(1,(,'1,..'7,'”))%
Chittkn Chatthn

AO%X'"XsDﬁ"f

1



Sketch proof

Suppose 0o (01, ...,0,) exists, then:

Dy x -+ x Dy, —— C"

(917 ’9)
(/1,...7i,,)l
Ckittkn
which yields
(9 o (9 PERC *en))D((fQ%7

as desired.

Ckl+"'+k"(17(i1""’in))i

c(,1
<(—H)(C

/\{ iC(l.i)

D;x--xD, «—+— C"
C"((01,-.,0n),1)

Chit+kn

@%X'”X@ﬁ"i

2 0p o (01p. .. 0np) (. -, 0")



Residuation

Proposition
For any 6: C" — C, the Day extension 0p: [C — 2]" — [C — 2] is residuated
in each variable.

That is, there is an operation Ré: [C — 2]" — [C — 2] such that

[C — 2](9D(901a o 7@”)7¢)) = [(C — 2](§OJ’ Ré(wa PLy -y Pj—15Lj+15- - - 7‘10n))'

The proof is given by taken Ré(w,gol, e s Pj—1, Pjt+1s - - -, Pn)(a) to be the end:

/Eetcn,aeu) |:((C"(5[3/Cj], d) x C(6(d, ), ¢j) x ngiq)) — ¢(Cj)] .

i#j



Residuation

Proposition
For any 6: C" — C, the Day extension 0p: [C — 2]" — [C — 2] is residuated
in each variable.

That is, there is an operation Ré: [C — 2]" — [C — 2] such that

0p(P1,---s0n) S <= ©; < RV, 01, -, 0j—1, Pjt1s- - -, Pn)-

The proof is given by taken Ré(w,gol, e s Pj—1, Pjt+1s - - -, Pn)(a) to be the end:

/E o [ €@/ 0) < 0. ). ) g@,(c,) (o)
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Composition via pullbacks?

We no longer require the domain to be full for a partial operation C” Lo dc
Why not define the composite 6 oPP (01,...,05) using pullbacks?

That is, define § oP® (6y,...,6,) as the outside span in:

A — D5 C
| I

Dy x--- an(m)C”

(i17...,i,,)J/

Ck1+"'+kn

This yields a (total) CAT-operad End(C)P%..



Exact squares
Pullback squares are not exact.

Definition (Guitart)
A commuting square is exact if the mate between profunctors is an isomorphism.

A—f.m a0
GJ( J{H (C(l,G)J’ \ fn(l,H)
C——D C++—D

K D(K,1)



Exact squares
Pullback squares are not exact.

Definition (Guitart)
A commuting square is exact if the mate between profunctors is an isomorphism.

A F.g B(Fl)
o | Wﬂ\f
CTHD) +—+— D

(,)

The diagrams below yield a morphism (6 oP® (01,....0,))p = 0p o (01p,....0np).

C(6,1
A D5 cC A 1 p &Y ¢
i I T~ fow
Dy x- - xD, —— C" Dy x---xD, +—+—=C"
(61,...,6n) C((61,...,0p),1)
(i17...,i,,)J( (Ckﬁ'““‘"(17(i1,...,i,,))f
Chkittkn Chattkn

Thus, (—)p: End((C)par — End([C — 2])°P is only a /ax morphism of CAT-operads.



Day extension V

Comma squares are exact.

Define a multi-composite on n-ary spans
G F
C"+—<D—=C
via the outside span in the comma square

GU(Fy,...,F) D—fscC

! J¢

Dy x -+ X D”(*)Fl,...,Fn)Cn
(Gl,...,G,,)l

(Ck1+'“+kn

yielding a CAT-operad Span(C).



Day extension V
Comma squares are exact.
Define a multi-composite on n-ary spans
céEphe
via the outside span in the comma square

GU(Fy,...,F) yD —~ C

l J¢

Dy x---xD, — cn
(F17 2] )
(Gl,...,G,,)l

(Ck1+'“+kn

yielding a CAT-operad Span(C).

Define Fp(¢1,-..,%n) as the composite

C (C(If,l) D C”(},G)

1X X
(OiaSaintab Ny

Then the diagram of profunctors pseudo-commutes

C(F,1)
GU(Fi,...,Fy) ¢+ D

i o fc\"ujc)

‘C”((Fl«,“”F”)‘l)
Cki+- +/<n )\L

and so (F o (Fy,

Thus, we obtain a pseudo-morphism (—)p: Span(C) — End([C — 2]°P.



Thank you for your attention
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