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Open cones
relation
r={(s,t): R »— X xX

Definition. R has open cones Spatially. R has oc iff 1, |
if s,¢#: R — X are open. preserve open subsets.

e.g. (R, <), interval
topology, ordered vector
spaces, spacetimes

s1 = s~ ! and H !
with Frobenius reciprocity

[Koc89] A. Kock, “A Godement Theorem for Locales”, 1989.
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The category of open cone relations

Definition. Define a category
with objects (X, R): locales X
equipped with oc R

roclL.oc

and morphisms
f:(X,R) — (¥, Q)

the monotone locale
mapsf: X — Y:

> fIR €O
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Conic frames?

rocLoc 7 1T ’ |[~Frm®

What should (L, A, V) € ~/Frm be?

%, | preserve joins, since 51, 5!, #, 1 do
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Parallelness

When do A, V come Spatially:
from one relation? x eyt = yet{x}
Lemma. If A, V are parallel, then: (ct. [JT51])

xANVy=1 <= AxNy=_1.

B w

[JT51] B. Jénsson et al., “Boolean Algebras with Operators. Part 1”7, 1951.
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Conic frames

Definition. A conic
frame (L, A, V) is a
frame L equipped with
join-preserving and
parallel A, V: L — L.

NFrm

A conic morphism
h: (L, A V) — (M, A,V)
is a frame map h: L — M:
Aoh < ho,
Voh<hoV.
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Conic frames

cone: rocLoc — ~Frm®
(X,R) — (0X,1,)
fr—f!
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Induced relation?

6)
Ry <+ (OX, A, V)

Idea: generate a congruence (~)
on the frame OX @ OX

by ~ defined on rectangles U®V
in terms of A, V
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Congruence on rectangles

ANVB=CAVD
ANMNB=ACAD
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Induced relation [MPP17]

[MPP17] M. A. Moshier et al., “Generating Sublocales by Subsets and Relations”, 2017.

Definition. Given (0X, A, V),
construct Ry via:

14/21



Induced relation [MPP17]

[MPP17] M. A. Moshier et al., “Generating Sublocales by Subsets and Relations”, 2017.

Definition. Given (0X, A, V),
construct Ry via:

Theorem. Ry is an oc localic relation

14/21



Induced relation [MPP17]

[MPP17] M. A. Moshier et al., “Generating Sublocales by Subsets and Relations”, 2017.

Definition. Given (0X, A, V),
construct Ry via:

Theorem. Ry i1s an oc localic relation with
T=A and | =V.
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Induced relation

rel: YFrm®® — rocLoc
(OX7 Aa v) — (Xn RN)

fle—f
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The adjunction

Theorem. There 1s an adjunction

cone
rocLoc ~ " SFrm®P

Y —
rel

The counit is £ = id, The unit n: (X,R) — (X, R;)

since cone orel = id is an inclusion R C R,

Corollary. R C Ry iff § < Aand | < V
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Fixed points

The counit is € = id,
since coneorel = id

The unit : (X,R) — (X,Ry)
is an inclusion R C R,

Proposition. The inclusion R C R, is (strongly) dense.

Corollary. If oc R is (weakly) closed then R = R.,.
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Fixed points

The counit is € = id, The unit 7: (X,R) — (X, Ry,)
since coneorel = id is an inclusion R C R,

Proposition. The inclusion R C R, is (strongly) dense.
Corollary. If oc R is (weakly) closed then R = R.,.

e.g. if g: X — Qis open, its kernel pair X X X is fixed
e.g. if R is an oc equivalence relation, R;, = X Xx/p X
Corollary ([Koc89]). Any weakly closed oc equivalence relation
is the kernel pair of its quotient map X — X/R.

[Koc89] A. Kock, “A Godement Theorem for Locales”, 1989. 1791
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Properties in terms of cones

Proposition. If an oc R is

e reflexive then id < 7 and id < |,
e transitive then $° < % and |° < |

e symmetric then T = |
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Properties in terms of cones

Proposition. anocR =R, 1s

e reflexive iff id < Tandid < |
e transitive iff $° < $and |° < |
e symmetric iff T =)
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[Tow97] C. Townsend, “Localic Priestley Duality”, 1997.

Preprint:
coming soon!
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