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Why ?
· Baby Step in a Non-commutative Algebraic Geometry
· replacing rings by Monads in the defn of schemes

·
For use in program Semantics ! Monad encodes program Syntax,

so monadic scheme encodes Syntax varying continuously
example ↑ over Semantics

Geometric techniques , e .g. cohomology for local-to-global
loop-kitty . PY program reasoning ?!
With open ("cute-kitty . Gif") as kitty :
contents = kitty. read() more drastic examples include
kitty . Write ( loop (contents ,50)) multi-language programs,e.g. inline

#Kitty not in scope anymore assembly in C.
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Algebraic Theories2 Monads on Set

- T : Set- Set
,

[operations 1 equations] =: TAXTB
*
->TB

,
return : A-TA

-m
I

t

syntax semantics t x= u = return a = d
Uz

Uz

Example Let 2=3
V
,

BA

↓ I [VbzB . b/2), b(c(x, y) , y) ...
e+ ]

Il for a + a
,

Mndu(set) TBA = Ed : A-> B//suppsdll <w , d(a)ndca) =+, da) =T)
"finitely supported A-indexed partitions"
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Let & e Top Retro
.

Define Monad /K :

↑ k(A)= Es : C
.

-> # xC , ) #EmA and dom(s(d) = c3
i

finite support
"

C

0
G >

Notice : if K
,
=K

, (identity maps only)
C

then T((2) = Co-2 2
a= Clop (Kol 993

3
so this subsumes Stone Duality .

i

Monad of Brownian Motions"
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The Topological Behaviou Category
naturality amounts to

From T's perspective, d B(t return a) = a This makes

⑦ BoT = [B : T- [d) B(+= r) = B(t)r(p(t)))]
VtETA

,
v : A->TB

topologized by [tI ·

S
BT ample

notice each [tra) isOpen.
② For B

,
T
,
from T's·existcome from T1

,
but subject to so BiT = E T1p

tx=u 1 t,
UCRCt

R
wi BEBoT

B & B ~B 3

-

[t]pl B(t))-)

Topologized as local homeomorphism corresponding
↓

to sheaf generated by global sections T1 . Bot Bot
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· BiT-Ida BoT determined by B2 :T2> 2
B

(ultrafilter)
so BoTESpec(B)

· T1E1 so BaTEBaT
.

Cidentity transitions only)
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The Topological Behaviou Category (Example)
W

For Tflip
,
BT E2 Since B(t) =B(flipflip),C flip -

with cantor space topology .

B
,TflipEC"xN since up counts number of flips along B-path .

BT

For Tuniflip , BotanitlipE2" (Stays the same)
·...

B,Turnstip= 2x(N + St
, 13t) +Y 1 T
...

/Xt
Now is a groupoid ! ·...



WORLD MAP

Stoneop

wasmaderag?!There ↓
↳op

Monad(Set) T
EF

&



Prescient Operations
The unit map :

flip ·...
of IBT (A)

ipT [2
/ ↑a,3 ...
flip ...

·
as

·Tas,a
, 92



Prescient Operations
The unit map :

· ...* 20 ef IBT (A)
Y Y

1# t ETpA Yay...
...

·T

Topology enforces finite information
,

but not consumption .



Prescient Operations
The unit map :

flip ·
90
,0
of IBT (A)

...,]

·ipag 93
, 8

/ #
= itDE =

190
G

...

flip 93 ...
·I · 2

.
O

a
, 92

Topology enforces finite information
,

but not consumption .

Idea : to each ETA, add E which predicts I without executing it .
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Prescient Operations
For Tuniflip each E already exists in T

,
so T>TBT

.

Def heTA is hyperaffine if
h return a = return a and hcz1a .

h=Xb
.

return (a
, b)

11-

h does nothing if you ignore its output" h= Xa
.

return (a , a)

T is hyperaffine-unary if in is idempotent"

V teTA .
J ! E hyperaffine. t = El=Xa .+X return a.

prop TpTBT iso iff T hyperaffine - unary .
-

theorem HaffUnMndw Ample Top Retroop.
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The Topological Behaviou Category (Bad ! )

Let T monad
.

· If fail -TO then BoT = BaT = 0
.

· If ceT2 commutative
,
i
.
e. !

then BoT = B1T = 0
.

· Also if T induced by
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Future Work

· BT is "Kripke Semantics" for a PDL on T

- interpret 4 as clopen sets on BoT

- [t]4 = EB/BE> B' and Bel3
TODO : axiomatise and prove meta-theorems

.

Q : What about the programs t,Utz , t*, 4 ?

( relatedly
· Hyperaffine-unary T is "like" a Kleene Algebra with Test(KAT)

(without +, *)
Can we tweak to get a duality subsuming KAT ?



Future Work

About t
, Utz and 4 ?



Future Work

About t
, Utz and 4 ?

In fact Open (B ,T) is a quantal frame with

viV = Gf ; g)f - V , g(V ,
cod(f) = dom(g)]!The composition of BT is a shadow of this.

A more general relationship with quantales ?



Future Work

About t
, Utz and 4 ?

In fact Open (B ,T) is a quantal frame with

viV = Gf ; g(f - V , geV cod(f) = dom(g)]S!The composition of BT is a shadow of this
.

A more general relationship with quantales ? -

property-free
theorem Monad

+o+,ac(Sett,IQuantale => localic categories"
-

[Nomadic Systems ,
2.f . Deleuze on
Nomadia Science)



Future Work

About t
, Utz and 4 ?

In fact Open (B ,T) is a quantal frame with

viV = Gf ; g(f - V , geV cod(f) = dom(g)]S!The composition of BT is a shadow of this
.

A more general relationship with quantales ? -

property-free
theorem Monad

+o+,ac(Sett,IQuantale => localic categories"
-

[Nomadic Systems ,
2.f . Deleuze on
Nomadia Science)

&: Relationship with Stone Duality ?
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Future Work
-
↓Monadaca(Set)-LocRet

-
& Both of these ought to be 2-dimensional ?
# Yes

,
in fact double categorical !

&
Can we get a double-adjunction version of this ?

Motivation The point of scheme theory is gluing.
But it seems the correct notion of gluing we want
is lax colimits (the computer science mandates this ...)
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O
->
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*

TflipA zuE

of winning
strategies winning strategies

Beginnings of a Girardian Monist Duality ?
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