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Background and Overview

Background (1/3)

Question

1 How to categorically blend linear maps and type dependency?

2 How to extend finitary graphical initiality to such a blend?

The world of linear maps is embodied by a linear category

(L!,×, 1,⇒) ⊥ (L,⊗,⊤,⊸, !), !1 ∼= ⊤, !∆⊗ !Γ ∼= !(∆×Γ),

and that of type dependency by a comprehension category

D : Cop → Cat, (Γ ∈ C, A ∈ D(Γ)) 7→ πA : Γ.A→ Γ,

f ∈ D(∆)(1,D(ϕ)(A)) ↔ ∆ Γ.A

Γϕ

⟨ϕ,f⟩

πA
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Background and Overview

Background (2/3)

Remark

Such an extant approach to dependency relies on cartesian categories.

Due to this problem, linearity and type dependency do not interact in
the standard method [Vákár, 2015]; esp. no linear dependent ⊗ or ⊸.

L! ⊥ L + Lop! → Cat

Problem

A categorical interaction of linearity with dependency is not established.

N. Yamada (CMUC) Graphical Linear Dependency July 29, 2026, Krakow 4 / 20
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Background and Overview

Background (3/3)

Nevertheless, syntactic linear dependency is achieved through graded
linear types [McBride, 2016, Atkey, 2018, Moon et al., 2021].

For instance, the term

x : N, y : ListN (x) ⊢ y : ListN (x)

is not linear, but the graded one

x0 : N0, y : ListN (x0) ⊢ y : ListN (x0)

is. The idea is to grade variables in types by zero [McBride, 2016], so
that they do not conflict with variables consumed by linear terms.
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Background and Overview

Overview

Categorically, grading refines SMCs into module categories, and
linear categories into graded linear categories. Inspired by graded
dependent types, I define dependent graded linear categories.

Results (where categories and graphical calculi influence each other)

1 A finitary graphical initial linear category [Yamada, 2026] yields
an initial graded linear category inherently (justifying grading);

2 (1) extends to a finitary graphical initial small dependent graded
linear category canonically (justifying dependency);

3 Every initial small dependent graded linear category can model
MLTT with dependent sums and products, WF-trees, identities
and a universe.
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Dependent Graded Linear Categories

Plan of the talk

1 Background and Overview

2 Dependent Graded Linear Categories

3 (A Sketch of) Graphical Initiality
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Dependent Graded Linear Categories

Module Categories (1/3)

Linear categories := SMCCs + additives + exponential

(Closed) module categories := SM(C)Cs graded by semiring elements

Graded linear categories := closed module categories

+ additives + exponential

Grading ( )n = n-times use of the same resource

A semiring is a one-object category enriched in a commutative
monoid, R = (R,+, 0), that satisfies

(p+ q)× r = (p× r) + (q × r), p× (q + r) = (p× q) + (p× r),

p× 0 = 0 = 0× p (p, q, r ∈ R),

where × is composition. We do not consider a (partial) order on R.
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Dependent Graded Linear Categories

Module Categories (2/3)

Let R0,+ be the discrete SMC of the commutative monoid structure,
and R1,× the monoid of the one-object category R.

Definition (module categories [Gaboardi et al., 2016])

A (closed) module category over a semiring R consists of

An SM(C)CM = (M, I,⊗);
A colax symmetric monoidal discrete functor R0,+ → [M ↪→M]
that forms a pseudo-functor R1,× → Cat that maps ⋆ 7→ M, where

ωΓ : Γ0 → I, κ[p, q]Γ : Γp+q → Γp ⊗ Γq, ϵΓ : Γ1 ∼−→ Γ,

δ[p, q]Γ : Γpq ∼−→ (Γp)q, ι[p] : Ip → I,

µ[p]Γ,∆ : (Γ⊗∆)p → Γp ⊗∆p (Γ,∆ ∈M, p, q ∈ R),

such that the following diagrams commute:
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Module Categories (3/3)

Γ0 I

(Γ0)r Ir

δ[0,r]

ω

ωr

ι[r]

Γ0 I

(Γr)0 I

δ[r,0]

ω

ω
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κ[p,q]r µ[r]
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κ[pr,qr]
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δ[r,p]⊗δ[r,q]
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Dependent Graded Linear Categories

Graded Linear Categories

Definition (graded linear categories)

If a module categoryM has

Finite products, then they are called additives;

For all n ∈ N the colax symmetric monoidal functors

!n :=
∏
i⩽n

( )i : (M, I,⊗)→ (M, 1,×) (at most n-times)

and the seq. limit ! := limn→∞ !n , then ! is called exponential,

and a graded linear category refers to a closed module category
with additives and exponential.

Proposition

Every graded linear category forms a linear category.
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Dependent Graded Linear Categories

Dependent Graded Linear Categories (1/4)

Idea (very important)

The following refines a comprehension category into a quantitative one.

For a module categoryM over a semiring R and an element r ∈ R,
LetM[r] ↪→M be the full subcategory of objects of the form Γr;

LetM[0]≃ be the WP-completion ofM[0], and ( )0≃ ↓ ( )≃ the
comma category of the functors ( )0≃ :M→M[0]≃ ←M[0] : ( )≃.

Thus, an object in ( )0≃ ↓ ( )≃ is a morphism A : Ω0 → ∆0 inM[0]≃,
and a morphism from A : Ω0 → ∆0 to B : Ξ0 → Γ0 is a pair (f, ϕ) of
those f : Ω→ Ξ inM and ϕ : ∆0 → Γ0 inM[0] such that

Ω0 Ξ0

∆0 Γ0

A

[f0]

B

[ϕ]

∆0 (Γ0.B)0

∆0 Γ0

id

[⟨ϕ,b⟩0]

B

[ϕ]

∆0 ⊢ ϕ : Γ0

Γ0 ⊢ B type

∆ ⊢ b : B[ϕ]

∆ ⊢ ⟨ϕ, b⟩ : Γ0.B
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Dependent Graded Linear Categories

Dependent Graded Linear Categories (2/4)

Problem

1 ( )0≃ ↓ ( )≃
cod−−→M[0]

( )≃−−→M[0]≃ itself is not suited for dependent
graded linear categories; e.g., comprehension is always strict.

2 Which types to consider? NNO, list types or WF-trees do not
come from linear logic, but they are necessary for set theory.

Definition (comprehension module categories)

A comprehension module category overM is a subfibration E of a
fibration ( )≃ ◦ cod : ( )0≃ ↓ ( )≃ →M[0]≃, and said to be small if it is
equivalent to the externalisation of an internal category inM[0]≃.

Idea (perhaps most important in this talk)

1 The creation & initiality of E canonically yield types and terms;

2 The smallness of E keeps our initial graphical calculus finitary.
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Dependent Graded Linear Categories

Dependent Graded Linear Categories (3/4)

A comprehension module category ι : E ↪→ ( )≃ ◦ cod over a module
categoryM is said to have (with Beck–Chevalley)

One 1 if dom ◦ ι creates identities, and top ⊤ if a section of ω;

Identities Id if dom ◦ ι creates diagonals, where

Γ ·A := (Γ⊗ (Γ0.A)).Id{idΓ⊗A} ∈M (Γ ∈M, A ∈ EΓ);

Dependent products Π if for any Γ ∈M and A ∈ EΓ
Eϖ : EΓ → EΓ·A (ϖ : (Γ ·A)0 −→ Γ0 ·A0 −→ Γ0 · I −→ Γ0)

has a right adjoint, and dom ◦ ι creates it;
Dependent sums Σ if dom ◦ ι creates compositions, where

Θ(A,B) := Σ(id0Γ.A ⊗B, IdΓ.A) ∈ EΓ (B ∈ EΓ.A);

Exponential ! if so does each EΓ, and dom ◦ ι creates it.
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Dependent Graded Linear Categories

Dependent Graded Linear Categories (4/4)

Definition (dependent graded linear categories)

A (small) dependent module category refers to a (small) full
comprehension module category ι such that dom ◦ ι creates (the
structure of) a module category, and called a (small) dependent
graded linear category if dom ◦ ι creates a graded linear category.

Theorem

Every small dependent graded linear category has identities, top, one,
dependent sums/products and exponential, and WF-trees if it is initial.

Proposition

Every fibre of a dependent module category is module, and similarly for
a dependent graded linear category.

The total category is not (sorry).
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(A Sketch of) Graphical Initiality

Initiality for Linear Categories (1/3)

Theorem ([Yamada, 2026])

The ℓ-calculus forms a finitary graphical initial linear category, in
which quantitative information is given inherently by colouring.

⊥[x], ⊥[y] ⊣⊢ ⊥[ŷ] ⊗ ⊥[x̂] ⊥[z] ⊗ ⊥[w] ⊣⊢ ⊥[ŵ] ⊗ ⊥[ẑ]

⊥[x], ⊥[y] ⊣ ς(⊥[ŷ] ⊗ ⊥[x̂], ⊥[z] ⊗ ⊥[w]) ⊢ ⊥[ŵ] ⊗ ⊥[ẑ]

![e] 1 ⊣⊢ ⊤[ẑ]

![f] ⊥[x], ![g] ⊥[y] ⊣⊢ ![e] ⊥[z]

![f] ⊥[x] ⊣⊢ ![e] ⊥[z]
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⊥[x], ⊥[y] ⊣ ς(⊥[ŷ] ⊗ ⊥[x̂], ⊥[z] ⊗ ⊥[w]) ⊢ ⊥[ŵ] ⊗ ⊥[ẑ]
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(A Sketch of) Graphical Initiality

Initiality for Linear Categories (2/2)

⊥[x], ⊥[y] ⊣ ς(⊥[ŷ] ⊗ ⊥[x̂], ⊥[z] ⊗ ⊥[w]) ⊢ ⊥[ŵ] ⊗ ⊥[ẑ]

↓ℓ

⊥[x], ⊥[y] ⊣ ς(⊥[ŷ], ⊥[z]), ς(⊥[x̂], ⊥[w]) ⊢ ⊥[ŵ] ⊗ ⊥[ẑ]

↓ℓ

⊥[x], ⊥[y] ⊣⊢ ⊥[ŵ] ⊗ ⊥[ẑ]
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(A Sketch of) Graphical Initiality

Initiality for Graded Linear Categories

Definition (the γℓ-calculus)

The γℓ-calculus is the extension of the ℓ-calculus with the construct
( )n for each n ∈ N that is the restriction of ! to n weighted colours.

⊥0
[x] ⊣⊢ 110 ⊥3

[x] ⊣⊢ ⊥1
[y] ⊗ ⊥2

[z]

1

2

(⊥3
[x])

2 ⊣⊢ ⊥1
[y] ⊗ ⊥2

[z] ⊗ ⊥3
[w]

1

2

3

⊤7
[x] ⊣⊢ ⊤1

[y]

7

Theorem

The γℓ-calculus forms a finitary graphical initial graded linear category.
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(A Sketch of) Graphical Initiality

Initiality for Dependent Graded Linear Categories

Definition (the δγℓ-calculus)

The δγℓ-calculus is the extension of the γℓ-calculus with a universe.

Theorem

The δγℓ-calculus forms a finitary graphical initial small dependent
graded linear category.
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