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Remark

Such an extant approach to dependency relies on cartesian categories. J

Due to this problem, linearity and type dependency do not interact in
the standard method [Vékar, 2015]; esp. no linear dependent ® or —o.

L) 4 L + E?p — Cat
v

Problem

A categorical interaction of linearity with dependency is not established.J
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Nevertheless, syntactic linear dependency is achieved through graded
linear types [McBride, 2016, Atkey, 2018, Moon et al., 2021].

For instance, the term
x: N,y : Listy(z) Fy : Listy(z)
is not linear, but the graded one
29 N9y : Listy(2%) -y @ Listy(20)

is. The idea is to grade variables in types by zero [McBride, 2016], so
that they do not conflict with variables consumed by linear terms.
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Categorically, grading refines SMCs into module categories, and
linear categories into graded linear categories. Inspired by graded
dependent types, I define dependent graded linear categories.

Results (where categories and graphical calculi influence each other)
@ A finitary graphical initial linear category [Yamada, 2026] yields
an initial graded linear category inherently (justifying grading);

© (1) extends to a finitary graphical initial small dependent graded
linear category canonically (justifying dependency);

@ Every initial small dependent graded linear category can model
MLTT with dependent sums and products, WF-trees, identities
and a universe.
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+ additives + exponential

‘Grading (1)™ = n-times use of the same I'esource‘

A semiring is a one-object category enriched in a commutative
monoid, R = (R, +,0), that satisfies
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Graded linear categories := closed module categories

+ additives + exponential

‘Grading (1)™ = n-times use of the same I'esource‘

A semiring is a one-object category enriched in a commutative
monoid, R = (R, +,0), that satisfies

(p+q) xr=(pxr)+(gxr), px(g+7r)=(@xq)+(pxr),
px0=0=0xp (p,q,r€R),

where x is composition. We do not consider a (partial) order on R.
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Let Ro,+ be the discrete SMC of the commutative monoid structure,
and R1,x the monoid of the one-object category R.

Definition (module categories [Gaboardi et al., 2016])

A (closed) module category over a semiring R consists of

e An SM(C)C M = (M, I,®);

@ A colax symmetric monoidal discrete functor Rg 4+ — [M — M]|
that forms a pseudo-functor Ry x — Cat that maps x — M, where

wp: Y — 1, Klp.qlr : TPT - TP @ 'Y, er: TP 35T,

lp.qlr : TP 5 (17", pl : 1P 1,

pplra : T AP TP @ AP (I,A € M,p,q € R)

such that the following diagrams commute:

y
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Graded Linear Categories

Definition (graded linear categories)
If a module category M has
o Finite products, then they are called additives;

e For all n € N the colax symmetric monoidal functors

I = H(,)i (M I,®) = (M, 1,x)  (at most n-times)

<n

and the seq. limit ‘ = lim,, 00 !n |, then ! is called exponential,

and a graded linear category refers to a closed module category
with additives and exponential.

Proposition

Every graded linear category forms a linear category.

v
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The following refines a comprehension category into a quantitative one.

For a module category M over a semiring R and an element r € R,
e Let M[r] — M be the full subcategory of objects of the form I'";
e Let M[0]~ be the WP-completion of M[0], and (1)L | (1)~ the
comma category of the functors (1) : M — M[0]~ < M[0] : (U)~.
Thus, an object in (1) | ()~ is a morphism A4 : Q0 — AY in M|[0]~,
and a morphism from A : Q% — A% to B: 2% = I'V is a pair (f, ¢) of
those f: Q — Zin M and ¢ : A — T'” in M[0] such that

0 0 .70
0o (/] =0 A0 L0 (1. B)" ATk ¢:T
- ' I'’ - B type
Al B idl I At b: Blg)
0 0 0 0
AY T A T At (¢,b): T0.B
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graded linear categories; e.g., comprehension is always strict.
© Which types to consider? NNO, list types or WF-trees do not
come from linear logic, but they are necessary for set theory.
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Problem

Q@ ()Y ()~ <od, M0] 1OEN M(0]~ itself is not suited for dependent

graded linear categories; e.g., comprehension is always strict.
© Which types to consider? NNO, list types or WF-trees do not
come from linear logic, but they are necessary for set theory.

Definition (comprehension module categories)
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dependent sums/products and exponential, and WF-trees if it is initial.
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The vyl-calculus forms a finitary graphical initial graded linear category.

a (CMUQ) Graphical Linear Dependency July 29, 2026, Krakow 19 /20



(A Sketch of) Graphical Initiality

Initiality for Dependent Graded Linear Categories

N. Yamada (CMUCQC) Graphical Linear Dependency July 29, 2026, Krakow 20 /20



(A Sketch of) Graphical Initiality

Initiality for Dependent Graded Linear Categories

Definition (the §vy¢-calculus) J

The d~£-calculus is the extension of the v/-calculus with a universe.

N. Yamada (CMUC) Graphical Linear Dependency July 29, 2026, Krakow 20 /20



(A Sketch of) Graphical Initiality

Initiality for Dependent Graded Linear Categories

Definition (the §vy¢-calculus)

The d~£-calculus is the extension of the v/-calculus with a universe.

v

Theorem

The 6ve-calculus forms a finitary graphical initial small dependent
graded linear category.

N. Yamada (CMUCQ)

Graphical Linear Dependency July 29, 2026, Krakow 20 /20



[ Atkey, R. (2018).
Syntax and semantics of quantitative type theory.
In Proceedings of the 33rd Annual ACM/IEEE Symposium on
Logic in Computer Science, pages 56—65.

[§ Gaboardi, M., Katsumata, S.-y., Orchard, D., Breuvart, F., and
Uustalu, T. (2016).
Combining effects and coeffects via grading.
ACM SIGPLAN Notices, 51(9):476-489.

[§ McBride, C. (2016).
I got plenty o’nuttin’.
In A List of Successes That Can Change the World: Essays
Dedicated to Philip Wadler on the Occasion of His 60th Birthday,
pages 207-233. Springer.

[@ Moon, B., Eades III, H., and Orchard, D. (2021).
Graded modal dependent type theory.
In Furopean Symposium on Programming, pages 462-490. Springer.

N. Yamada (CMUC) Graphical Linear Dependency July 29, 2026, Krakow 20 /20



[ Viakér, M. (2015).
A categorical semantics for linear logical frameworks.
In International Conference on Foundations of Software Science
and Computation Structures, pages 102-116. Springer.

[§ Yamada, N. (2026).
A Graphical Calculus for Linear Categories.
Talk presented at the Lectures on Logic and its Mathematical
Aspects Seminar Series.
Institute for Logic, Language and Computation, University of
Amsterdam.

a (CMUQ) Graphical Linear Dependency July 29, 2026, Krakow 20 /20



	Background and Overview
	Dependent Graded Linear Categories
	(A Sketch of) Graphical Initiality
	References

