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distributive lattices Ě Boolean alg. coherent categories Ě Boolean coh. cat.

prime filters: homomorphisms L Ñ 2 models: coherent functors C Ñ Set

pSpecpLq,ďq CohpC,Setq

dcpo accessible category with directed colimits

dcpo completion

P
Ó

ãÝÑ rP Ď DownpPq

Ind-completion

D Y
ãÝÑ FlatpDop,Setq Ď SetD

op

frame of Scott open upsets Scott topos SωpAq

ideal completion IdpLq classifying topos ShpCq

canonical extension UppSpecpLqq topos of types ShpSpecpCq, τsatq

frames are injective in Lat^ Grothendieck toposes are injective in Lex
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Coherent categories

Def pMq: cat. of H-def. sets

Mpxq

Mpyq

φpxqM

ψpyqM

µpx , yqM Ď Mpxq ˆ Mpyq

M |ù T ù category CT of formulas,

evM : CT Ñ Def pMq Ď Set well-def,

def. limits and colimits live in CT .

Type spaces

C SubC
ÝÝÝÑ DLatop

Spec
ÝÝÝÑ Spec Ď Set

rφpxqsM rψpyqsM
rµpx , yqsM

rDx : µpx , y 1qsM

rDx : µpx , y 1q ^ y 1 “ y sMrµpx , y 1qsM

(Boolean) coherent category

§ finite limits

§ pb-stab. eff. epi - mono
factorization

§ pb-stab. finite unions

§ (subobjects are complemented)
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Grothendieck toposes:

ShpX q, SetD, ShpB, τcanq, ShpC, τcohq, SωpAq “ rA,Setsfilt. colim

Internal models:

sorts ù objects,
funct. symb. ù arrows,
rel. symb. ù subobjects
formula constructors ù limits and colimits

Equivalently: CohpC, Eq.

When E “ ShpX q: internal model “ continuous family of models

Motivation:

§ Model theory of such things.

§ Nice class of accessible categories: some compactness remains.
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A sheaf of structures

Example: Contp´,Rq

U

R

V

X

Definition

L signature. A sheaf of L-structures
on X is a functor

M : OpenpX qop Ñ StrL

s.t. the gluing condition holds.

Stalk at x .

XMx “

colimtU Q xuopMpUq

Definition

T Ď Lgωω. A sheaf of L-structures
M : OpenpX qop Ñ StrL is a model
of T , if for each x P X we have
Mx |ù T .
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Ultraproducts.
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I is a set, U Ď PpI q is an ultrafilter.
ś

i XiäU is given by

. . .

. . .

rpxi q i P I s

rpyi q i P I s

P U

This is a directed colimit of products:

ś

iPJ Xi

ś

iPJ1 Xi

ś

iPJXJ1 Xi

xπiyiPJXJ1

xπiyiPJXJ1

. . .

ś

iPIXiäU “ colimJPU

ś

iPJ Xi
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Remark

CohpC,SetDq Ď rC,SetDs is closed under ultraproducts:
M : C Ñ SetD is coherent iff each Md “ evd ˝ M is coherent,
and ultraproducts are computed pointwise.

Question: Is it true that CohpC, ShpX qq Ď rC, ShpX qs is closed under
ultraproducts? (No.)

7 / 18



Remark

CohpC,SetDq Ď rC,SetDs is closed under ultraproducts:
M : C Ñ SetD is coherent iff each Md “ evd ˝ M is coherent,
and ultraproducts are computed pointwise.

Question: Is it true that CohpC, ShpX qq Ď rC, ShpX qs is closed under
ultraproducts? (No.)

7 / 18



Example 1

a ^ b

a b

a _ b

0

1

C “

ShpRq

Mi

b0, b1, . . .

R

a0

a1

...

Ť

JPU

Ş

iPJpai Y biq Ş
Ť

JPU

Ş

iPJ ai Y
Ť

JPU

Ş

iPJ bi

where Mi paq “ ai P SubShpXqp1q “ OpenpRq and Mi pbq “ bi P OpenpRq.

Motto for Example 1

In ShpX q, infinite intersections do not interact well with finite unions.
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Example 2

§ B is an arbitrary infinite Boolean algebra, U Ď Ppωq is non-principal.

§ M : Setfin Ñ ShpB, τcohq is the unique coherent functor.

§ In particular Mp1 \ 1q “ 1 \ 1.
Note that 1 \ 1pJq “ ShpBqp1, 1 \ 1q “ Sub␣ShpBqp1q “ B.

§ ShpSpecpBqq Ď SetSpecpBq
op

is closed under limits and filt. colim.

§ Hence ultraproducts are pointwise. In particular

pM
ω
äUqp1 \ 1qpJq “ pMp1 \ 1qpJqqωäU “ Bω

äU ‰ B.

Motto for Example 2

The ultraproduct of parametrized families (each living over
X “ SpecpBq) is parametrized over a larger space.
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Realizing types.

10 / 18



Can we prescribe which statements to hold in which stalks?

J

φ ψ

φ^ ψ

φ_ ψ

K

X

ppφq

ppφ^ ψq

ppψq

p

Closed Form.

Mx |ù φ

x

Definition: E can realize types, if

for any small coherent cat. C and coherent functor p : SubCp1q Ñ E ,
there is a coherent lift:

SubCp1q E
p

C

M
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Remark

If ShpSubEp1q, τcohq can realize types, then E can realize types.

Proof.

SubCp1q

C

p0

M0

ShpSubEp1q, τcohq ESubEp1q Ď

So it suffices to treat toposes of the form ShpL, τcohq where L is a frame.

(frame = complete distributive lattice with a ^
Ž

i bi “
Ž

i pa ^ bi q)
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Theorem

Let L be a distributive lattice and let Q be a well-founded forest.
Assume that L is a lax retract of the lattice of upsets pUppQq,Ďq.
Then ShpL, τcohq can realize types.

proof.

I. Q-indexed families: SetQ can realize types.

Mq

Pq

Mq1

Pq1

Ď
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II. prime products: ShpUppQqq can realize types.

Mpxq : UppQqop Ñ Set sends J to limqPJ Mqpxq.

Stalk at P P SpecpUppQqq: colimJPP limqPJ Mq, prime product.

Coherent:

§ finite limits ✓
§ effective epis: already preserved on opens,
i.e. limqPJ Mqpxq ↠ limqPJ Mqpyq eff. epi (Q w-f forest!)

§ finite unions:

a

a1

a2

pai qi P limqPJ Mqpu Y vq

ñ

rpai qi s P colimJ limqPJ Mqpuq

rpai qi s P colimJ limqPJ Mqpuq

or

14 / 18
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III. lax retracts: ShpLq can realize types.

SubCp1q ShpLq

p

ShpUppQqq ShpLq

j˚ r˚

C
M

Two missing ingredients for

“Every Grothendieck topos can realize types”.
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Let L be a (bounded) distributive lattice. Its canonical extension is

L ãÑ pUppSpecpLqq,Ďq

which sends x to the up-set tP : x P Pu.

Question

Let L be a frame. Does the canonical extension lax-split?

If L is De Morgan, then yes:
L

L␣ “ B

2SpecpBq

B

L

r

ď

“

Corollary: every De Morgan topos can realize types

Rodrigo Almeida’s remark:

A frame L is lax-injective iff it is De Morgan. /

If L is completely distributive, then yes:

The canonical ext. is the free completely distributive lattice over L.
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C is a small coherent category, pQ,ďq is a poset.

Given a Q-indexed diagram in SpecpCq

xi

xj

pi

pj

and y ↠ 1, can we find lifts

xi

xj

pi

pj

xi ˆ y

xj ˆ y

qi

qj

π

π

making every map continuous?

Remark

If Q is a well-founded forest: yes.
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Thank you,
and grant ERC 101170308.
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