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prime filters: homomorphisms L — 2
(Spec(L), <)
dcpo

dcpo completion
P <5 P < Down(P)

frame of Scott open upsets
ideal completion Id(L)
canonical extension Up(Spec(L))

frames are injective in Lat,

coherent categories 2 Boolean coh. cat.
models: coherent functors C — Set
Coh(C, Set)
accessible category with directed colimits

Ind-completion
D <% Flat(D, Set) < Set””

Scott topos S, (A)
classifying topos Sh(C)
topos of types Sh(Spec(C), Tsat)

Grothendieck toposes are injective in Lex
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Coherent categories

Def (M): cat. of J-def. sets

M(y)

)™ = M(x) x M(y)

>

M |= T v~ category Ct of formulas,
evy : Ct — Def (M) < Set well-def,
def. limits and colimits live in Ct.
Type spaces

¢ 2, pLat® %, Spec < Set

[1(x,y)]

X}\ %Ayy

[3x @ p(x,y")

(Boolean) coherent category

> finite limits
> pb-stab. eff. epi -
factorization

mono

> pb-stab. finite unions
> (subobjects are complemented)
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Grothendieck toposes:

Sh(X), Set?, Sh(B,7can), Sh(C,Teon), Su(A) = [A,Set]si. colim

Internal models:

sorts v~ objects,
funct. symb. wA> o arrows,
rel. symb. v~ subobjects

formula constructors ~~s  limits and colimits

Equivalently: Coh(C,¢&).

When & = Sh(X): internal model = continuous family of models

Motivation:

» Model theory of such things.

> Nice class of accessible categories: some compactness remains.
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Example: Cont(—,R)

—

Definition
L signature. A sheaf of L-structures
on X is a functor

X

M : Open(X)°P — Str,
s.t. the gluing condition holds.
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A sheaf of structures
Example: Cont(—,R)
&

Definition

X

L signature. A sheaf of L-structures
on X is a functor

M : Open(X)°P — Str,

s.t. the gluing condition holds.

Stalk at x.

~

/_7—\

—

M, = X
colimyy 5 xyoe M(U)

"

Definition

T < L8,. A sheaf of L-structures
M : Open(X)°° — Str, is a model
of T, if for each x € X we have
M, =T.
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l'is aset, U< P(I) is an ultrafilter. [1:Xi/ is given by

[(6) i el
[(vi) iei]
° . ° °
eV
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l'is a set, U < P(/) is an ultrafilter. HIX"/U is given by
[(xi) i e ]

[(vi) iei]

\—U/

This is a directed colimit of products:

[ ZE'X"/U = colimyey [ ies X

{Tidicsnr
[[ie; X ——————= [liecjs Xi —————>

%&ieJmJ’

HieJ’ Xi
6/18



Remark

Coh(C, Set”) c [C, Set”] is closed under ultraproducts:
M : C — Set® is coherent iff each My = evy o M is coherent,
and ultraproducts are computed pointwise.
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Remark

Coh(C, Set”) c [C, Set”] is closed under ultraproducts:
M : C — Set® is coherent iff each My = evy o M is coherent,
and ultraproducts are computed pointwise.

Question: Is it true that Coh(C, Sh(X)) < [C, Sh(X)] is closed under
ultraproducts? (No.)

7/18



Example 1

1

@ = avb

PN
/

anb

0

where M;(a) = a; € Subsp(x)(1) = Open(R) and M;(b) = b; € Open(R).

M;
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b Sh(R)

N bg, by, ...
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Example 1

1

M;
@ = avb
a/ \ /\

b Sh(R)

7

anb

0

where M;(a) = a; € Subsp(x)(1) = Open(R) and M;(b) = b; € Open(R).

Motto for Example 1

N bg, by, ...

€ 5 %
— 2

Useu Nies(@i v b)) 2 Usey Miesai v Useu Ny bi

In Sh(X), infinite intersections do not interact well with finite unions.
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Example 2

» B is an arbitrary infinite Boolean algebra, U < P(w) is non-principal.
» M : Sets, — Sh(B, Tcon) is the unique coherent functor.

» In particular M(1u1)=1u01.

Note that 1 L 1(T) = Sh(B)(1,1 1 1) = Subg,

Sh(B) (1) = B.

> Sh(Spec(B)) = Set*P*(®)” is closed under limits and filt. colim.

» Hence ultraproducts are pointwise. In particular

M pauym = MAuDM)* 4 - B, « B,
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Example 2

» B is an arbitrary infinite Boolean algebra, U < P(w) is non-principal.
» M : Sets, — Sh(B, Tcon) is the unique coherent functor.

» In particular M(1u1)=1u01.
Note that 1L 1(T) = Sh(B)(1,1 L 1) = Subg, (1) = B.

v

Sh(Spec(B)) < Set**(B)” is closed under limits and filt. colim.

» Hence ultraproducts are pointwise. In particular

M pauym = MAuDM)* 4 - B, « B,

Motto for Example 2

The ultraproduct of parametrized families (each living over
X = Spec(B)) is parametrized over a larger space.
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Can we prescribe which statements to hold in which stalks?

Closed Form.
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Can we prescribe which statements to hold in which stalks?

T
% v L\ Closed Form. 5%
R NG p
Y _—
= /‘/
@A L/
1

Definition: & can realize types, if
for any small coherent cat. C and coherent functor p : Subc(1) — &,

there is a coherent lift:

Sube(1) o
/
c
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Remark
If Sh(Subg (1), Teon) can realize types, then £ can realize types.

Proof.

Sube(1 —> Sube(l) S Sh(Subg(1),7con) —> €&

1/

So it suffices to treat toposes of the form Sh(L, 7con) where L is a frame.

(frame = complete distributive lattice with a A \/; bj = \/;(a A b;))
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Theorem

Let L be a distributive lattice and let Q be a well-founded forest.
Assume that L is a lax retract of the lattice of upsets (Up(Q), <).
Then Sh(L, Tcon) can realize types.
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Theorem

Let L be a distributive lattice and let Q be a well-founded forest.
Assume that L is a lax retract of the lattice of upsets (Up(Q), <).
Then Sh(L, Tcon) can realize types.

proof.

|. Q-indexed families:  Set? can realize types.
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Il. prime products:  Sh(Up(Q)) can realize types.

M(x) : Up(Q)°P — Set sends J to limgey Mg(x).
Stalk at P € Spec(Up(Q)): colim jep limgey Mg, prime product.

Coherent:
> finite limits v/
> effective epis: already preserved on opens,
i.e. limgey Mg(x) — limgey Mg(y) eff. epi (Q w-f forest!)
> finite unions:

(a7); € limgey Mq(1ru v)
=

[(ai)i] € colimy limgey Mq(u)

or

[(2i)i] € colimy limgey Mq(u)
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IIl. lax retracts:  Sh(L) can realize types.

Subc(1) ——— Sh(L —> Sh(Y, —> Sh(L)

1
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IIl. lax retracts:  Sh(L) can realize types.

Subc(1) ——— Sh(L —> Sh(Y, —> Sh(L)

1

Two missing ingredients for

“Every Grothendieck topos can realize types”.
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Let L be a (bounded) distributive lattice. Its canonical extension is
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Let L be a (bounded) distributive lattice. Its canonical extension is
L — (Up(Spec(L)), <)
which sends x to the up-set {P : x € P}.

Question

Let L be a frame. Does the canonical extension lax-split?

If L is De Morgan, then yes:

. L
\ N /
=B ———— B

Spec(B) /

Corollary: every De Morgan topos can realize types

Rodrigo Almeida’s remark:

A frame L is lax-injective iff it is De Morgan. ®

If L is completely distributive, then yes:

The canonical ext. is the free completely distributive lattice over L.
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C is a small coherent category, (Q, <) is a poset.
Given a Q-indexed diagram in Spec(C)

-
Xi
\ pj

X

and y — 1, can we find lifts

P <— 0
Xi Xy
\ qj \

xxy <]

=

Xj

making every map continuous?
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C is a small coherent category, (Q, <) is a poset.
Given a Q-indexed diagram in Spec(C)

-
Xi
\ pj

X

and y — 1, can we find lifts

P <— 0
Xi Xy
\ qj \

xxy <]

=

Pi
Xi /
\ pi

Xj

making every map continuous?

Remark
If Q is a well-founded forest: yes.
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Thank you,
and grant ERC 101170308.
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