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Lattices with complementation

A lattice with complementation is a complemented lattice with a fixed complementation
x — x’ (as a unary operation). Formally: an algebra L = (L, V, A,’, 0, 1) such that ... J
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A o SgMn(a;) = M, for every a;
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Lattices with complementation

A lattice with complementation is a complemented lattice with a fixed complementation
x — x’ (as a unary operation). Formally: an algebra L = (L, V, A,’, 0, 1) such that ... J

J = the class of modular lattices with complementation
M pyr = the class of modular lattices with complementation satisfying De Morgan’s laws

(xVvy)' =x"Ay and (xAy) =x"Vvy
Example: M,, = (M, V, A,”, 0, 1) for every integer n > 2

1 Nice properties:

A o SgMn(a;) = M, for every a;

a,,_1 e ConM,, ={A,V}forn>3

0

JK On varieties of modular lattices with complementation



@ Lattices with complementation; the M,,’s
© Congruence properties of Jl and M py
. Some subvarieties of M ppy

@ Axiomatization of V(M,) forn > 3

‘ Free algebras in V(M,,) forn > 3

«O» 4« Fr «=r «=)>»

DA



Congruence properties of Jl

The variety Jl of modular lattices with complementation is

o arithmetical (congruence distributive and permutable),

Consider the term

m(x,y,z) = (x AyAz) V(x A(x Ay)) vV (zA(zAy)).
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Congruence properties of Jl

The variety Jl of modular lattices with complementation is
o arithmetical (congruence distributive and permutable), and

@ regular (every congruence 6 is determined by each of its blocks [a]g).

Consider the terms
ti(x,y,z) = (x®y)Vz and h(xyz)=(x®y) Az
where @ is any ‘symmetric difference’ for JL, i.e., any binary term such that, in J(,
XOY=y®x, x®0=x, x®1=x', and x®dy=0 & x=y;
for instance, x @ y could be

(xVy) A(xAy)' or (xVy A Vy'), butnot (xAy)V(x' Ay).
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For every L € Mpy,
@ the complementation is injective;

[m]
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Congruence properties of Jlpy

For every L € Mpy,
@ the complementation is injective;

@ ConL = ConlL, i.e., the congruences = the lattice congruences.
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Congruence properties of Jlpyy

For every L € JMp,
@ the complementation is injective;

@ ConL = Conl, i.e., the congruences = the lattice congruences.

The variety M py is ideal determined; the terms

t(xy,y2) =xA(y1 Vyz) and tr(xg,x2,y) =x1 A (2 Vy) A (x1 Ax2)

form a basis of ideal terms for Ml py,.
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Number of subvarieties of M py,

The lattices M,, (n > 3) generate only countably many varieties of modular lattices:

V(M) c V(M) C--- CV(M,).
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Number of subvarieties of M py,

The lattices M,, (n > 3) generate only countably many varieties of modular lattices:

V(M) c V(M) C--- CV(M,).

The lattices with complementation M,, (n > 3) generate 2% subvarieties of Mlpy,.

Forevery @ # S C {3,4,5,... },let S = V(M; | s € S). The map S — § is injective:
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Number of subvarieties of M py,

The lattices M,, (n > 3) generate only countably many varieties of modular lattices:

V(M3) C V(M4) c---C V(Mw)

The lattices with complementation M,, (n > 3) generate 2% subvarieties of Mlpy,.

Forevery @ # S C {3,4,5,... },let S = V(M; | s € S). The map S — § is injective:

Suppose M,, € S but n ¢ S, for some n > 3. Then M,, € HSPy(M; | s € S), i.e.,

M,, € H(K) where K € S(L) where L € Py(M; | s € S). Neither K nor L is a boolean
algebra. Since the M; are lattices of length 2 and width > 3, so is L. Hence L = M} for
some A > 3. Since K is not a boolean algebra, K = M, for some k > 3. Then K is a simple
algebra, so M,, € H(K) must be isomorphic to K € S(L). However, since n ¢ S, none of
the M; has a subalgebra isomorphic to M,,, and hence neither does L; a contradiction.
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Some subvarieties of Ml py

} Mppr
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A6 1
modular ortholattices ao as
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Some subvarieties of Ml py
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Some subvarieties of Ml py
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the variety generated by
all L with L = M),

T V(0M,,)
| kM, = the horizontal
: sum of k copies of M
V(2M,,)
\
V(M) ?
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Axiomatization of V(M,,) forn > 3

JONssON (1968): For every integer n > 3, the variety generated by the lattice M, is
axiomatized, relative to modular lattices, by the equations

unN(xV@yr2)A(yvz) <xV(uAy V(unz) f))
and
Xo A /\ (x; Vxj) < \/ (%0 A x3). (M)
1<i<j<n 1<i<n

Note: (J) is redundant for n = 3.
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, let ¥, be the subvariety of Ml py defined by (J) and (M,,).
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, let ¥, be the subvariety of Ml py defined by (J) and (M,,).

e J=V(Ms).
@ If n > 4, then ¥, is generated by all L € MMpy such that L = M, with3 < p < n;
hence V(Ms,...,M,,) C %,..
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@ If n > 4, then ¥, is generated by all L € MMpy such that L = M, with3 < p < n;
hence V(Ms,...,M,,) C %,..

Suppose L € ¥, \ & is subdirectly irreducible. Since ConL = Con L, the lattice L is
a subdirectly irreducible member of V(M,), and hence L = M, for some 3 < p < n.
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, let ¥, be the subvariety of Ml py defined by (J) and (M,,).

e J=V(Ms).
@ If n > 4, then ¥, is generated by all L € MMpy such that L = M, with3 < p < n;
hence V(Ms,...,M,,) C %,..

Suppose L € ¥, \ & is subdirectly irreducible. Since ConL = Con L, the lattice L is

a subdirectly irreducible member of V(M,), and hence L = M, for some 3 < p < n.
For n =3, up to isomorphism, there is only one De Morgan complementation, and so
L = M;:

A |
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Axiomatization of V(M,,) forn > 3

For example, ¥4 = V(Ms, My, MO3) D V(M3, My):
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, we consider the term

Th(x) = /\ (xVx(k))

2<k<n
where x®) is a shorthand for x””" with k occurrences of ’. Thus,

3(x) =x VvV x”,

(x) = (x VX)) A (x V"),
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, we consider the term

Th(x) = /\ (x\/x(k))

2<k<n
where x®) is a shorthand for x””" with k occurrences of ’. Thus,

3(x) =x VvV x”,

(x) = (x V") A (x VX",

In a lattice L, an element a € L is neutral if, for all b, ¢ € L, the sublattice generated by
{a, b, c} is distributive. In a complemented modular lattice, an element is neutral iff it
has a unique complement.
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Axiomatization of V(M,,) forn > 3

In M, with p > n we have

a<ken 1 fora#0.

(@) = /\ (aVa(k))z{O fora =0,
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Axiomatization of V(M,,) forn > 3

In M, with p > n we have

a<ken 1 fora#0.

(@) = /\ (aVa(k))z{O fora =0,

In M, with 3 < p < n we have 7,(a) = a for every a.

1

SN

0

JK On varieties of modular lattices with complementation



Axiomatization of V(M,,) forn > 3

In M, with p > n we have

0 fora=0,
m@= A\ (ava®)={"
a<k<n ora+0.

In M, with 3 < p < n we have 7,(a) = a for every a.

1

‘\ For My, the following are equivalent:

@ p=n
(7N ap_l
o the elements 7,(a) are neutral;

0 @ M, satisfies the equation

xA(YyV(2)=(xAy) V(xA rn(z)).)
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, V(M,,) is axiomatized, relative to #lpys, by the equations

A N\ xvx) <\ (Ax) (Mn)
1<i<j<n 1<i<n
and
xA(yVa(2)) = (x Ay)V (x A 1n(2)). (Tn))
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, V(M,,) is axiomatized, relative to #lpys, by the equations

A N\ xvx) <\ (Ax) (Mn)
1<i<j<n 1<i<n
and
x A (Y V1a(z)) = (x Ay) V (x A 1p(2)). (Tn))

Suppose that L € Mpy \ B satisfies (M,,) and (T,,) and is subdirectly irreducible.
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Axiomatization of V(M,,) forn > 3

For every integer n > 3, V(M,,) is axiomatized, relative to #lpys, by the equations

xoA N\ (avax) <\ (% Axi) (Mn)

1<i<j<n 1<i<n
and
x A (Y V1a(z)) = (x Ay) V (x A 1p(2)).

(Tn)

Suppose that L € Mpy \ B satisfies (M,,) and (T,,) and is subdirectly irreducible.
Then

@ Neutr L = {0, 1}, since ConL = ConL and L = [0, a] X [a, 1] for any a € Neutr L.

In fact, L = [0,a] x [a, 1], where x” = x’ A a for x € [0,a] and x* = x’ V a for
x € [a,1].
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Axiomatization of V(M,,) forn > 3

@ By (T,), the element 7,,(a) = Az<k<n (@ V a(k)) is neutral for every a.
Hence 7,,(a) = 1 for every a # 0, so

avad =avad' =---=ava™? =1,
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Axiomatization of V(M,,) forn > 3

o By (T,), the element 7,,(a) = Ag<k<n (a V a'®) is neutral for every a.
Hence 7,,(a) = 1 for every a # 0, so

avad =avad' =---=ava™? =1,

@ For every a # 0, the following copy of M, is a sublattice of L:
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Axiomatization of V(M,,) forn > 3

o By (T,), the element 7,,(a) = Ag<k<n (a V a'®) is neutral for every a.
Hence 7,,(a) = 1 for every a # 0, so

avad =avad' =---=ava™? =1,

@ For every a # 0, the following copy of M, is a sublattice of L:

o L is of length 2, hence L = M) for some A > n.
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Axiomatization of V(M,,) forn > 3

o By (T,), the element 7,,(a) = Ag<k<n (a V a'®) is neutral for every a.
Hence 7,,(a) = 1 for every a # 0, so

avad =avad' =---=ava™? =1,

@ For every a # 0, the following copy of M, is a sublattice of L:

o L is of length 2, hence L = M) for some A > n.
@ By (M,), A < n, hence L = M,.
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Axiomatization of V(M,,) forn > 3

o By (T,), the element 7,,(a) = Ag<k<n (a V a'®) is neutral for every a.
Hence 7,,(a) = 1 for every a # 0, so

avad =avad' =---=ava™? =1,

@ For every a # 0, the following copy of M, is a sublattice of L:

o L is of length 2, hence L = M) for some A > n.
@ By (M,), A < n, hence L = M,.

@ Finally, a™ =g andsoL = M,,.
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Axiomatization of V(M3) again

In particular, V(M3) is axiomatized, relative to M pys, by

xo A (1 V x2) A (x1 Vx3) A(x2Vx3) < (x Axy) V (x0 Axg) V(X0 A X3), (M3)
xA(yvzvzZ')=(xAy V(xA(zVZz")). (T3)

We known that V(Ms) = %, i.e., (T3) is redundant, but it is not straightforward to get
(T3) from (M3): If L € %3, then

o foreverya €L, a € NeutrL iff a =a";
@ L satisfies the equation x vV x”" = (x vV x”)";

@ hence the elements a V a@”’ are neutral, and so L satisfies (T3).
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Without Jonsson’s equations

For every integer n > 3, consider the term

on(x,y) = /\ (xVy(k)).

1<k<n

Note that
on(x,x) =1a(x) = A\ (x v x ),

2<k<n
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Without Jonsson’s equations

For every integer n > 3, consider the term

on(x,y) = /\ (xVy(k)).

1<k<n

Note that
on(x,x) =1a(x) = A\ (x v x ),

2<k<n

Relative to Ml pyy,

@ V(M,) is axiomatized by op11(x, y) = x and (T,).
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Without Jonsson’s equations

For every integer n > 3, consider the term

on(x,y) = /\ (x\/y(k)).

1<k<n

Note that
on(x,x) = 1,(x) = /\ (x Vx(k)).

2<k<n

Relative to Ml pyy,
@ V(M,) is axiomatized by 0,,+1(x, y) = x and (T},).
o V(wM,) is axiomatized by 7,41 (x) = x and (T,).

JK On varieties of modular lattices with complementation



@ Lattices with complementation; the M,,’s
@ Congruence properties of Jl and M py
. Some subvarieties of M ppy

@ Axiomatization of V(M,) forn > 3

© Free algebras in V(M,,) forn > 3

«O» 4« Fr «=r «=)>»

DA



Free algebras in V(M,) forn > 3

For every integer n > 3, the variety V(M,,) is a discriminator variety. The term

tx,y,z) = ((x0y V(xey ) Ax) vV ((xey) vV (x® y)")’ A z)
is a discriminator term for the algebra M,,, i.e.

a ifa#b,

Ha,b,c) = {c ifa="b

Here @ is any ‘symmetric difference’ for Mpy, e.g, x ®y = (x Vy) A (x Ay)'.
Only forn =3 we may takex @y = (x Ay’) V (x" A y).
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Free algebras in V(M,) forn > 3

For every integer n > 3, the variety V(M,,) is a discriminator variety. The term

tx,y,z) = ((x0y V(xey ) Ax) vV ((xey) vV (x® y)")’ A z)
is a discriminator term for the algebra M,,, i.e.

a ifa#b,

Ha,b,c) = {c ifa="b

Here @ is any ‘symmetric difference’ for Mpy, e.g, x ®y = (x Vy) A (x Ay)'.
Only forn =3 we may takex @y = (x Ay’) V (x" A y).

For every integer n > 3, the automorphism group of My, is isomorphic to Z,,.
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Free algebras in V(M,) forn > 3

For any k > 1 and n > 3, the free k-generator algebra in V(M,,) is
FV(M,,)(k) = an X Bzr = an X ng,(k)

(n+2)k—2k
n

where q = and r = 2k,

The exponents are
number of valuations of xy, ..., xx

number of automorphisms
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THANK YOU!
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