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Substructural Logics

LJ - is a sequent calculus for intuitionistic logic. (order and multiplicity of
hypotheses do not matter)

FL - Obtained by removing the structural rules of exchange, weakening,
and contraction. (FL is resource sensitive)

Substructural logics are axiomatic extensions/restrictions of FL.
Examples: Relevance logic, linear logic, many-valued logic.

L (FL without v and A) was introduced by Lambek in the context of
mathematical linguistics .

Lambek also introduced nL (removes associativity) to capture linguistic
contexts in which association of words matter.
Ex: Let's eat Grandma! vs Let's eat, Grandma!

nFL is FL without associativity.
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Residuated Lattices

A not necessarily associative residuated lattice (nRL) is an algebraic
structure R = (R, v, A, -, \,/,1) so that (R, v, A) is a lattice, (R,-, 1) is
a groupoid and the /aw of residuation holds: For all x,y,z € R,

ry<z < y<a\z < x<z/y

where < is the induced lattice order.
If we restrict (R, -, 1) to be a monoid, then R is a residuated lattice.
Examples Boolean algebras, Heyting algebras, MV-algebras, ¢-groups.

Varieties of (n)RLs serve as the algebraic semantics (in the sense of Blok
and Pigozzi) for substructural logics.

Recall that a quasi-equation is the universal closure of implications of the
following form:

s1i=t1 &..&s,=t, = s=t
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Theorem [Chvalovsky JSL 2015]: The deducibility problem problem for
nFL is undecidable. (The quasi-equational theory for nRL is undecidable)
We extend this result to all logics in the interval from nFL to FL.

A 2-tag system consists of a finite alphabet 7 = {a1,...,a,} and a
function 7 : T — T*.

Define the 1-step computation relation v~>; for words of length at least 2
by a;a;u v~~>1 ur; where a;,a; € T and ue T*.

ww:= reflexive and transitive closure of vwq.

We say that w € T* is accepted if there exists some a € T U {€} for which
w v~ a. Denote the set of accepted words by Acc(T).

Fact: The halting problem for 2-tag systems is undecidable. In fact, there
exists a 2-tag system for which Acc(7) is undecidable.
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Let 7 := {a1, a2,a3}, 7 := agag, 72 := a1, and 73 := aja;.
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Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = a1a1a9:

aijaiaz w1 41871020203
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Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = a1a1a9:
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Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = a1a1a9:

aja1ag w1 GET020203 = 420203
W doé70301 = 4301
Y Q36T010] = A10]
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aja1ag w1 GET020203 = 420203
W doé70301 = 4301
Y Q36T010] = A10]
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Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = a1a1a9:

aja1ag w1 GET020203 = 420203
W doé70301 = 4301
Y Q36T010] = A10]
Yl Q4ETG203 = (203

wo asaza) = a1 €T

Therefore, ajajas € Acc(T).

In fact, azasas, azar, aiar, azas, ay € Acc(T).
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Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = aijagasg:

a102a3 1 0367030203 = 430203
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a102a3 1 0367030203 = 430203
vl 4367030101 = (301071

wr 0367010101

August Sangalli Undecidable Deducibility for Exts. of nFL TACL 2026 6/15



2-Tag Systems
ocoeo

Examples

Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = aijagasg:

a102a3 1 0367030203 = 430203
vl 4367030101 = (301071

Wl 4367010101 = 101071
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Examples

Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = aijagasg:

a102a3 > A14&7030203 = 30203
W 0367030101 = (30101
vl 4367010101 = 101071

W A3ETA10203
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Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = aijagasg:

a102a3 > A14&7030203 = 30203
W 0367030101 = (30101
vl 4367010101 = 101071

W 41671010203 = A1G0203
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Examples

Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = aijagasg:

a102a3 > A14&7030203 = 30203
W 0367030101 = (30101
vl 4367010101 = 101071

W QpaTG10203 = G1G203 VW] ...
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Examples

Let 7 := {a1,az2,as}, 7 := agas, T2 := a1, and 73 := aja;. For the word
w = aijagasg:

a102a3 > A14&7030203 = 30203
W 0367030101 = (30101
vl 4367010101 = 101071

W QpaTG10203 = G1G203 VW] ...

Therefore, ajasas ¢ Acc(T).
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{-, v} Term Rewriting System

[ Jelelele]

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
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However, our rewrite system will be on right associated - terms.
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Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).
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Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).
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In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%
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{-, v} Term Rewriting System

[ Jelelele]

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
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{-, v} Term Rewriting System
©0000

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.
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Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

ajasa3 = a%ag aoa3a1ay = a%a% .
We expand the alphabet to include symbols a and represent each word

weT* by w.
Our 2-tag derivation becomes a?ag v agag.

We assume that every word below is right associated.

E a2a2a3a tands f 2(.2(.3 F Il 2 4 6 :2(4(6 ))
8. ajazajas stands for aj(az(ajaz)). Formally afasasar = aj(as(azay

August Sangalli Undecidable Deducibility for Exts. of nFL TACL 2026 8/15



{-, v} Term Rewriting System

[ Jelelele]

Pairing Convention & Appending Rules
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We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.
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E a2a2a3a tands f 2(.2(.3 F Il 2 4 6 :2(4(6 ))
8. ajazajas stands for aj(az(ajaz)). Formally afasasar = aj(as(azay

Applying the naive rule e < 7;
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{-, v} Term Rewriting System
©0000

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.

We assume that every word below is right associated.

E a2a2a3a tands f 2(.2(.3 F Il 2 4 6 :2(4(6 ))
8. ajazajas stands for aj(az(ajaz)). Formally afasasar = aj(as(azay

Applying the naive rule ¢ < 7; gives a%a;g < a%—l%
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{-, v} Term Rewriting System
©0000

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.

We assume that every word below is right associated.

E a2a2a3a tands f 2(.2(.3 F Il 2 4 6 :2(4(6 ))
8. ajazajas stands for aj(az(ajaz)). Formally afasasar = aj(as(azay

Applying the naive rule e < 7; gives aa3 < a?m1a3 = alalas.
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{-, v} Term Rewriting System
0oo

[ Jel

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

ajasa3 = a%ag aoa3a1ay = a%a%
We expand the alphabet to include symbols a and represent each word

weT* by w.
Our 2-tag derivation becomes a?ag v agag.
We assume that every word below is right associated.
2.2 3 2(.2(,3 2 4 6 2,406
E.g. ajazajas stands for af(a3(ajaz)). Formally ajazasar = aj(as(azar))

Applying the naive rule e < 7; gives aa3 < a?m1a3 = alalas.
We represent aa3 by afazX and introduce the rule a; X < a;7;X:
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a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.
We assume that every word below is right associated.
s>
E.g. aZa2alay stands for a?(a2(a3az)). Formally afajalar; = a?(aj(alaz))

Applying the naive rule e < 7; gives aa3 < a?m1a3 = alalas.
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[ Jel

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.
We assume that every word below is right associated.
s>
E.g. aZa2alay stands for a?(a2(a3az)). Formally afajalar; = a?(aj(alaz))

Applying the naive rule e < 7; gives aa3 < a?m1a3 = alalas.
We represent aa3 by afazX and introduce the rule a; X < a;7;X:
a%ay,X < a%angX = a%agagX
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{-, v} Term Rewriting System
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[ Jel

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.
We assume that every word below is right associated.
s>
E.g. aZa2alay stands for a?(a2(a3az)). Formally afajalar; = a?(aj(alaz))

Applying the naive rule e < 7; gives aa3 < a?m1a3 = alalas.
We represent aa3 by afazX and introduce the rule a; X < a;7;X:
alazX < ddazm X = a%agagX Formally: a?(a3X)
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[ Jel

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azag) <? The issue here is that a; - ag is not a subterm of a; - (a3 - as).

aiasasz = a%ag a2a30109 = a%a%

We expand the alphabet to include symbols ag and represent each word
weT* by w.
Our 2-tag derivation becomes a?ag v agag.
We assume that every word below is right associated.
s>
E.g. aZa2alay stands for a?(a2(a3az)). Formally afajalar; = a?(aj(alaz))

Applying the naive rule e < 7; gives aa3 < a?m1a3 = alalas.
We represent aa3 by afazX and introduce the rule a; X < a;7;X:
adazX < ddazm X = ala3az X Formally: a?(a3X) < a?(a3(aszX)).
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{-, v} Term Rewriting System
0oo

[ Jel

Pairing Convention & Appending Rules

In the previous 2-tag system, ajasas w1 agasas.
However, our rewrite system will be on right associated - terms.
a1 (azas) <7 The issue here is that a; - ag is not a subterm of a; - (a2 - as).

ajasa3 = a%ag aoa3a1ay = a%a%
We expand the alphabet to include symbols a and represent each word

weT* by w.
Our 2-tag derivation becomes a?ag v agag.
We assume that every word below is right associated.
2.2 3 2(.2(,3 2 4 6 2,406
E.g. ajazajas stands for af(a3(ajaz)). Formally ajazasar = aj(as(azar))

Applying the naive rule e < 7; gives aa3 < a?m1a3 = alalas.
We represent aa3 by afazX and introduce the rule a; X < a;7;X:
adazX < ddazm X = ala3az X Formally: a?(a3X) < a?(a3(aszX)).

Similarly, applying the naive rule a'g < ¢ would allow us to delete any pair.
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{-, v} Term Rewriting System
o

[e] le]e]

Full {-, v} Rewrite System

w € T* is represented by ew X
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Full {-, v} Rewrite System

w € T* is represented by ewX (formally ewX)

o To control the alterations of appending and deleting, we introduce
the letters e, ¢’ and X, X',
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w € T* is represented by ewX (formally ewX)

o To control the alterations of appending and deleting, we introduce
the letters e, ¢’ and X, X',

o We use the convention of append first then delete.

o We introduce 30 rewrite rules (instructions) denoted by P.
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[e] le]e]

Full {-, v} Rewrite System

w € T* is represented by ewX (formally ewX)

o To control the alterations of appending and deleting, we introduce
the letters e, ¢’ and X, X',

o We use the convention of append first then delete.
o We introduce 30 rewrite rules (instructions) denoted by P.

o Utilize v to branch off into parallel computations that verify a rule
has been applied correctly.
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{-, v} Term Rewriting System
o

[e] le]e]

Full {-, v} Rewrite System

w € T* is represented by ewX (formally ewX)

(+]

To control the alterations of appending and deleting, we introduce
the letters e, ¢’ and X, X',

We use the convention of append first then delete.

©

©

We introduce 30 rewrite rules (instructions) denoted by P.

©

Utilize v to branch off into parallel computations that verify a rule
has been applied correctly.

©

For a given 2-tag system 7: T — T* let R, designate our {-, v}
rewrite system.
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{-, v} Term Rewriting System

[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 7 = asag, 72 = a1, 73 = aja1. Note: azaz w1 ap

eas X
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{-, v} Term Rewriting System

[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 7 = asag, 72 = a1, 73 = aja1. Note: azaz w1 ap
(26) : a?X < a?riX’ v a?Ai

eas X < e(aya1 X' v asAy)
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[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 7 = asag, 72 = a1, 73 = aja1. Note: azaz w1 ap
(26) : a;?X < CL?TZ‘X/ v afAi

easX < e(aya1 X' v asAy)

=eada; X' v ea3 Ay
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{-, v} Term Rewriting System

[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 7 = asag, 72 = a1, 73 = aja1. Note: azaz w1 ap
(26) : af X < afri X' v akA; (2) :ea]A; < eA

easX < e(aya1 X' v asAy)
=eada; X' v caj A,

easar X' v e A

N
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} Term Rewriting System

{5 Vv
[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 71 = agas, 7o = a1, 73 = a1a1 Note: asaz v~ aq
(26) : af X < af TZX’vakA (2):eal Ay <eA (29):al <¢ v d

easX < e(aya1 X' v asAy)

easa1 X' v ea3 Ay

easa; X' v eA
e(e/ vd)a X' veA

NN
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v } Term Rewriting System

{
[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 71 = agas, 7o = a1, 73 = a1a1 Note: asaz v~ aq
(26) : a <aJTZX’vakA (2):eal A; <eA (29):al < vd
(10): X' < D'

easX < e(aya1 X' v asAy)

easa1 X' v ea3 Ay

easar X' v eA

e(e vd)a X' veA
eea1 X' veda X veA
eela1 X' vedarD veA

NN

N
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v } Term Rewriting System

{
[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 71 = agas, 7o = a1, 73 = a1a1

(26) : a <aJTZX’vafA (2):eal A; <eA (29):al < vd
(10): X' < D" (6): da; D’ < d'D’

eas X <

e(asa1 X' v asAy)

=eada; X' v ea3 Ay

NN

NN

August Sangalli

easar X' v eA

e(e vd)a X' veA
eea1 X' veda X ved
eela1 X' veda D veA
eela1 X' vedD veA

Undecidable Deducibility for Exts. of nFL TACL 2026

Note: asaz v~ aq

10/15



v } Term Rewriting System

{
[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 71 = agas, 7o = a1, 73 = a1a1

(26) : a <aJ7'zX’vafA (2):eal A; <eA (29):al < vd
(10): X' < D' (6) : da;D' <d'D' (5): ed' D' < oA

<
N

eas

<elada1 X' v a3Ay)

=eada; X' v ea3 Ay

NN

NN N
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Correctness of Rewrite System

Recall the 2-tag system where 7 = asagz, 7o = a1,73 = a1a1 Note: asaz v~ aq
(26) : af X < afr X' v afA; (2): eal Ay <eA (29):al < vd
(10): X' < D" (6):d'a;D' <dD’ (5) ed’D’ <eA (24) ea; X <X’

easX < e(aya1 X' v asAy)
=eada; X' v ea3 Ay
easar X' v eA
e(e vd)a X' veA
el X' veda X' veA
ee’a1 X' veda D veA
eela1 X' vedD veA
ec’a1 X' vedAveA
e’ X' vedveA
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Correctness of Rewrite System

Recall the 2-tag system where 7 = asagz, 7o = a1,73 = a1a1 Note: asaz v~ aq
(26) : af X < afr X' v afA; (2): eal Ay <eA (29):al < vd

(10): X' < D" (6):d'a;D' <dD’ (5) ed’D’ <eA (24) o X <X’
(23) r e/ X' < eX

easX < e(aya1 X' v asAy)
=eada; X' v ea3 Ay
easar X' v eA
e(e vd)a X' veA
eea1 X' veda X ved
ee’a1 X' veda D veA
eela1 X' vedD veA
ec’a1 X' vedveA
e/ X'veAdveAd<eX veAveA

August Sangalli Undecidable Deducibility for Exts. of nFL TACL 2026 10/15

NN

INCINCIN N



{-, v} Term Rewriting System

[e]e] lele]

Correctness of Rewrite System

Recall the 2-tag system where 7 = asagz, 7o = a1,73 = a1a1 Note: asaz v~ aq
(26) : af X < afr X' v afA; (2): eal Ay <eA (29):al < vd

(10): X' < D" (6):d'a;D' <dD’ (5) ed’D’ <eA (24) o X <X’
(23):ee’ X' <eX

easX < e(aya1 X' v asAy)

=eada; X' v ea3 Ay

<

<ele vd)a X' veA

=ee’a1 X' veda X' veA

ee’a1 X' veda D veA

eela1 X' vedD veA

ec’a1 X' vedveA

e X' veAveA<eX veAveAd= ea3X € Acc(R,)
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{-, v} Term Rewriting System
o

[eJele] 1

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.

August Sangalli Undecidable Deducibility for Exts. of nFL TACL 2026 11/15



{-, v} Term Rewriting System
o

[eJele] 1

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

ajas w1 arazas which implies ajas € Acc(T).
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{-, v} Term Rewriting System
o

[eJele] 1

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).

Double appending glitch:
ajaz
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{-, v} Term Rewriting System
o

[eJele] 1

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).
Double appending glitch:
a1ag w1 a162a3
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{-, v} Term Rewriting System
o

[eJele] 1

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).
Double appending glitch:
aijaz w1 ajaza3 > 110203030303
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{-, v} Term Rewriting System

[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).
Double appending glitch:
aiaz w1 a1a2a3 > 10203030303 N> 47036430303
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{-, v} Term Rewriting System

[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).
Double appending glitch:

ajaz w1 a1a2a03 > 10203030303 > Apa7036430303 N> .

August Sangalli Undecidable Deducibility for Exts. of nFL TACL 2026 11/15



{-, v} Term Rewriting System

[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).
Double appending glitch:
ajaz w1 a1a2a03 > 10203030303 > Apa7036430303 N> .

Detection in rewrite system:

eat’ X
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{-, v} Term Rewriting System

[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).

Double appending glitch:

ajaz w1 a1a2a03 > 10203030303 > Apa7036430303 N> .

Detection in rewrite system:
(26) : a?X <o X' v a;?Ai

ea? X < eafaz X’ v eatAy
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} Term Rewriting System

i Vv
[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.

Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).

Double appending glitch:

aijaz w1 a1a2a3 > 10203030303 > 448703430303 NN
Detection in rewrite system:

(26) : aé?X <o X' v aé?Ai (27) 1 a; X' < @7 X v ajA;

eatX < ealazX' v ea?A

<
<eatadaiX v eatas Al v eal A
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{-, v} Term Rewriting System
°

[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:

aiaz v~~1 arazas which implies ajas € Acc(T).

Double appending glitch:

ajaz w1 a1a2a03 > 10203030303 > Apa7036430303 N> .
Detection in rewrite system:

(26) : akX < (LjTiX/ \% aé“AZ (27) : CLJ’X/ < CLjTiX \% CL]'Ai

(13) : a3 kaj Al < akA'

eatX < ealazX' v ea?A;

<
<eatadaiX v ealas Al v eat Ay
<

eatasa3 X v eal Al v eat A
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{-, v} Term Rewriting System
°

[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:
aiaz v~~1 arazas which implies ajas € Acc(T).
Double appending glitch:
aijaz w1 a1a2a3 > 10203030303 > 448703430303 NN
Detection in rewrite system:
(26) : aé?X <o X' v al?A4 (27) 1 a; X' < @7 X v ajA;
(13) : aha A} < af A] (12) dal Al < >A

ea? X < eafazX' v eatAy

<eatadaiX v eatas Al v eal A

<eatadaiX v eal Al v eat A <77
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{-, v} Term Rewriting System

[e]ele] lo]

Rewrite System Does Not Over Compute

Consider the 2-tag system where 71 := a3, 7 := a9, and 73 := asasas.
Correct derivation:
aiaz v~~1 arazas which implies ajas € Acc(T).
Double appending glitch:
ajaz w1 a1a2a03 > 10203030303 > Apa7036430303 N> .
Detection in rewrite system:
.k = k . o
(26) : af X < a@m X' v ajA; (27) ca; X <a;mX voaji;
(13) : a?alAg < al?A’» (12) : €'al A} < €'A
ea? X < eafazX' v eatAy

<eatadaiX v eatas Al v eal A

<eatadadX v eat A v eat Ay <77
Similarly, the auxiliary configurations from the deletion rules
(29) : @] <€ vd and (30) : a] < e v d prohibit deleting before appending.
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Rewrite System Successfully Simulates Accepted Words

[o] =1
(6): d'a; D’

<
(7): dalD' <

d'D’

(5): ed D' < eA

A, (ee))edvX’

A

(ee')meA

(3): b A; < akA;
(4) : abaj" A; < ak A;

mealud;

8): alapD’ < alD
(9) : alal. D’ <a]D’

Jol = 1
(16) : da; D < dD
(17) : dalD < dD

V2 Svyop: (1)

re’A<eA

(1)

5 ¢ (ee)mee' A

(18) : alay
(19) : alal;

[SIV]
NN
GRS

August Sangalli
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13) : abaq A’ < ak A’
(13) : aja;
(14) : aja;"A[ <ajA;
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{ Term Rewriting Sys:
0oo00e

Rewrite System Successfully Simulates Accepted Words

o] =1
(6): d'a;,D’' < d'D’
(1) :dalD’ <

(3): b A; < akA;
(4) : abaj" A; < ak A;

(5):edD' < eA (2) : cal d; < ed
As: () ed'vX! (e yredoD )

(8): alaxD' < alD’
(9) : alal. D’ <a]D’

Ve Svyope: (1)
ree’ A< eA

Jol = 1
(16) : da; D < dD
(17) : dalD < dD

(200: X <D :
e dv X A : (ed/)mee'dvD A : (ec')mee' A

(1)

(18) : alaxD < a]D (13) : afaq A’ < ak A’
(19) : a}aD < a]D (14) : abap A < ak A

ea3 X < eada1 X' v ea3 Ay
—_—— =

Main Aux:Ao
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Term Rewriting System

Rewrite System Successfully Simulates Accepted Words

o] =1
(6):da;D' <d'D
(1) :dalD’ <d'D'

(5): ed D' < eA

A, (ee))edvX’ As : (ee/)"ed'vD’

(3): dbard; <ahA;

()

(2): cald; < eA
A (ee!)meA

o Fapr A; < ak A

(ee')meaivA;

8):alayD' < alD'
(O
(9) : alal. D’ <a]D’

Jol = 1
(16) : da; D < dD
(17) : dalD < dD

(200: X <D

As: (ce')mecdvX A;: (e¢') e dvD

(15) : ¢'dD < ¢'A

re’A<eA

V2 Svyop: (1)

(1)

(12): eal A" < 'A;
As : (ee)mee' A -

ymee'alv Al

(18)
(19) : ala!

ralapD < alD

LD <alD

ea3 X < eadar X' v ea3 Ay <
e

Main Aux:Az Main

August Sangalli
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(13) : afaq A’ < ak A’
(14) : aka A} < ab A

ey X' veda X' veadAy
— Y ——

Aux:Ay Aux:Ao
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1)
[e]ele]e] )

o] =1
(6):da;D' <d'D
(1) :dalD’ <d'D'

(5): ed D' < eA

} Term Rewriting System

Rewrite System Successfully Simulates Accepted Words

(3): b A; < akA;
(4): u’fu;"A,sajA,

(2):eald; < eA

Ay (ec)medvX! Ay : (ce')med'vD! ee!)MealvA;

A (ee!)meA A,

(8): alaxD' < alD’
(9):alaf,D' < alD’

re’A<eA

Jol = 1
(16) : da; D < dD
(17) : dalD < dD

V2 Svyop: (1)

(1)

(20): X <D (15) :
A;: (e¢') e dvD

edD < ¢'A

(12): eal A" < 'A;

As: (ce')mecdvX A : (ce/)mec' A

(18) : aJaxD < alD
(19) : alal,D < alD

(13) : afaq A’ < ak A’
(14) : akamA/ <a Al

ealX <eada1 X' veadAy < eday X' veda X' veadAs
e — =

Main Aux:As Main Aux:Ay Aux:Ao

Fact: Let 7: 7 — T* be a 2-tag system: w € Acc(7) iff ewX € Acc(R,).
TACL 2026
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Encoding in nRL
®00

Overview

2-tag systems

Y

{-, v} rewrite system

A

nRL
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Encoding in nRL
®00

Overview

2-tag systems

Y

{-, v} rewrite system

A

nRL
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Main Result

Theorem: Let V be an variety in the interval [RL,nRL] and 7: T — T* a 2-tag
system. Then for each w e T*:

w € Acc(T)
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Main Result

Theorem: Let V be an variety in the interval [RL,nRL] and 7: T — T* a 2-tag
system. Then for each w € T*:

w € Acc(7) iff ewX € Acc(R,)
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Main Result

Theorem: Let V be an variety in the interval [RL,nRL] and 7: T — T* a 2-tag
system. Then for each w € T*:

w € Acc(r) iff emX € Acc(R,) iff V = (&P — ewX < eX v eA).
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Main Result

Theorem: Let V be an variety in the interval [RL,nRL] and 7: T — T* a 2-tag
system. Then for each w € T*:

w € Acc(r) iff emX € Acc(R,) iff V = (&P — ewX < eX v eA).
Soundness: nRL [= the above quasi-equation.
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Main Result

Theorem: Let V be an variety in the interval [RL,nRL] and 7: T — T* a 2-tag
system. Then for each w € T*:

w € Acc(r) iff emX € Acc(R,) iff V = (&P — ewX < eX v eA).

Soundness: nRL [= the above quasi-equation.

Completeness: Define Wg_ := (X*,5* x ¥* Ng_,0,¢) where

xNg, (y,2) < yz2 € Acc(T) for z,y,z € ¥*, ¥ is the alphabet of R,,
(X*,0,¢) is the free monoid over X.

August Sangalli Undecidable Deducibility for Exts. of nFL TACL 2026 14 /15



Main Result

Theorem: Let V be an variety in the interval [RL,nRL] and 7: T — T* a 2-tag
system. Then for each w € T*:

w € Acc(r) iff emX € Acc(R,) iff V = (&P — ewX < eX v eA).
Soundness: nRL [= the above quasi-equation.

Completeness: Define Wg_ := (X*,5* x ¥* Ng_,0,¢) where

xNg, (y,2) < yz2 € Acc(T) for z,y,z € ¥*, ¥ is the alphabet of R,,
(X*,0,¢) is the free monoid over X.

Wk, is a residuated frame which implies that WET e nRL.
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Main Result

Theorem: Let V be an variety in the interval [RL,nRL] and 7: T — T* a 2-tag
system. Then for each w € T*:

w € Acc(r) iff emX € Acc(R,) iff V = (&P — ewX < eX v eA).

Soundness: nRL [= the above quasi-equation.

Completeness: Define Wg_ := (X*,5* x ¥* Ng_,0,¢) where

xNg, (y,2) < yz2 € Acc(T) for z,y,z € ¥*, ¥ is the alphabet of R,,
(X*,0,¢) is the free monoid over X.

Wk, is a residuated frame which implies that WET e nRL.

T* x T*

Ty

(5%, 0.

=
SN

=~

Corollary: Any variety in [RL,nRL] has an undecidable word problem /quasi-eq.
theory. (Any logic in [nFL, FL] has an undecidable deducibility problem)
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Future Work

o Extending to nRL + (zy = yz) + (z < 2?) (nFLec)
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Future Work

o Extending to nRL + (zy = yz) + (z < 2?) (nFLec)
o What other structural rules can be added while maintaining
undecidability? (E.g. knotted rules, simple equations, etc)
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Encoding in nRL
ocoe

Future Work

o Extending to nRL + (zy = yz) + (2 < 2?) (nFLec)
o What other structural rules can be added while maintaining
undecidability? (E.g. knotted rules, simple equations, etc)

o Can we obtain undecidability of the equational theory for certain
subvarieties of nRL?

. - L 1 o
2 V"
N
:
I ™
A -

Thank Youll
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