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- We identify the broadest class of balanced residuated po-

emigroups admitting a direct-system representation.




e identify the broadest class of balanced residuated po-semigroups

admitting a direct-system representation (we also compare it with the
BGJPS Plonka-sum method).
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+ We identify the broadest class of balanced residuated po-

semigroups admitting such a representation.

+ We generalize the theory beyond the residuated setting to po-
' semigroups.

the general theory collapses

- We show that, in the finite totally ordered monoid setting,

to a rigid direct-system
representation, closely connected with Clifford-type ordinal sums.




+ We identify the broadest class of balanced residuated po-

semigroups admitting such a representation.
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- local unit function: T: X — Id+(X) Tix) =X > %

- Layer stratification: u—{xe X ‘c(x) u}

Inducéddirect system: (LU1 pu - V) , ',ou - V("X):xv

, Reconstructlon the product by the P}onka-sum constructlon the order by the directed- '
lex1c0graph1c order rule. The res1dua1 operat10n is determlned by these - '
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1(xy) = 1(x) v 1(y)

thxy) —tely) tlxy) = t(x) v oly)

tx\y) =1tly)  1(x\y) =1(x) v o(y)

w(x/y) =t0n(y)  1x/y) = (%) v ©(y)
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- The topic of tod

» We identify the broadest class of balanced residuated po-
semigroups admitting a direct-system representation.

to admit a direct system

‘representation
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From primitive exactness to quotient-level

oherence




- Definition For a skeleton partition ® and a block A€®, put

Ma = {xeM : 1(x) €A}. _ 
This is a union of primitive t-layers




and let A,B € ©. The operation-output set of the pair (A,B) is

Oute(A,B) = {1(xy), 1(x\y), 1(x/y) : xeMa, yeM3 }.

» It records, at the level of t-values, where multiplication, the

left residual, and the right residual send pairs of elements
whose input t-values lie in A and B.




finition (t-multiplication and t-residuation coherence) A skeleton

partition © is t-residuation-coherent

if, for every pair of blocks A,Be®),

Oute(A,B) = {t(xy), t(x\y), 1(x/y) : xeMa, yeM3

is contained in a single ®-block.

s t-multiplication-coherent if, for every pair of blocks A,Be0, the set

i . OUt@)(A,B): {’[(Xy) . XEMA, YEMB }
is contained in a single ®-bloc




be a skeleton partition of S. Define a graph on the set of blocks

- Definition (Residual connected-component coarsening) Let ®

of ® by joining two distinct blocks C,D € ® whenever there
exist blocks A,B €0 such that C,DeOute(A,B).

-~ We denote by CC(®) the skeleton partition obtained by

merging precisely those blocks that lie in the same connected
component of this graph




Construction (The canonical w-limit t-residuation closure) Let ®¢ be the singleton

partition of S. Define recursively '
' - Ons1- CCr(®n) (n<m),
and let =, be the equivalence relation on S whose classes are the blocks of ©,. Since
every step only merges blocks, the relations =, form an increasing sequence. Set

e =, fiff e =, f for some n<o.
The union relation =1, is an equivalence relation (because an increasing union of
equ1va1ence relations is again an equlvalence relat1on) Deﬁne

C(M) :=5/= .

We call Cr(M) the canonical r—reszduatzon coherent partztzon of S= Sk(M) or the reszdual
coherentzzatzon of S. ‘ . N '




- Proposition The partition C/(M) is t-residuation-coherent.

Moreover, C.(M) is the finest t-residuation-coherent skeleton

partition of S. Equivalently, every t-residuation-coherent

skeleton partition O satisfies
(M) <.

(M) is also t-multiplication-coherent.
The tient S/ C:(M) is a join-semilattice.
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Components, quotient skeleton, and

shadows




- Let Q := C,(M). For each block AeQ, define

Ma = {xeM : 1(x) € A}. These stratify the algebra.

The t-residuation coherence of Q implies that Ma is closed

under multiplication and under both residuals. Thus the

canonical residual components are again balanced residuated
partially ordered semigroups with the inherited operations.

Ma = (Ma,=a, 4, \A,




+ The quotient skeleton is the join-semilattice

Skao(M) := Sk(M) / Q.
The elements of Q are the positive-idempotent blocks.

+ The order is the join order:

A<qB & AvB=B.




+ Definition (Product and residual shadows) Let A,C eSko(M) with A<o C, and
let g €C. For xeMa, define

AACo(x) 1= - NACH(x)

* When the source and target are clear, write simply Aq(x) = xq, nq(x) = x/q.
The family {Aq : q €C} is the product-shadow family from A into C, and
the family ﬂq q eC}is the residual-shadow family from A into C.
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- Canonical resolved two-shadow system

_ The reconstruction data are
D, (M) := (Sky(M), {La: A€ Sk (M)}, {NC : A<q C, geCH{n“:A<aC, qeC}),

where
Skr(M) — SkCr(M) (M)7

- and <q denotes the order of this residual quotient skeleton, and, for z € L 4,

A O (@) =zq,  nC(z) =2x/q.




SN
=AY r
e e S

Let xeMa and yeMs, and put C= AvB. The resolved product

candidates are
[Ic (x,y) := {AACq(x) AB.Co(y) : geClSMc.

Proposition (Product recovery) The product xy is the least

element of Ilc (x,y):

xy= min Ilc (x,y).




- Theorem (Resolved order-completeness) Every t-residuation-
coherent skeleton partition satisfies the resolved order

formula: for all x € Ma and y € Mg, with C=AVB,

x<y < 3qeC: xq=cy/q

- Corollary (Order recovery for the residual coherentization)

| ! R .

For Q = C(M) the above holds.




e
o »\»’ s

¥ :'S_::’:‘f S T

- If every block has a least element and these satisfy a natural

monotonicity condition, then the shadow data are no longer
needed.

- The two-shadow s
presentation

- More precisely: A two-shadow system collapses to a two-

transition direct system.




Theorem (Resolved t-residuation-coherent decomposition-reconstruction) Let M be a bal-
anced residuated ordered semigroup, and let 2 = Cr(M). Then M is recovered, up to the evident
isomorphism, from the following data:

(1) the quotient skeleton Sky(M);

(2) the component ordered semigroups M 4, for A € Sky(M);

(3) the product shadows \q(x) = xq, where q ranges over the target block;

(4) the residual shadows nqg(x) = x/q, where q ranges over the target block.

The product is reconstructed as a least product-shadow value. The order is reconstructed by the resolved
two-shadow formula. The residuals are then reconstructed, on their own, as the residuals determined
by this recovered ordered semigroup.
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Comparison with the BGJPS Ptonka-

sum method
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- aly) =t00ely)  tlxy) =00 v x(y)

(x\y) =t0)t(y)  1(x\y) =1(x) v 7(y)

t(x/y) =1(x)t(y) T(x/y) =1(x) v 7(y)

+ Under these assumptions, residual coherentization collapses to the

BGJPS method: the canonical t-residuation-coherent partition of

Id"(M) becomes the partition into singletons, the two shadow

systems reduce to two ordinary transition systems of direct systems,

\

and the general recovery formulas specialize to the BGJPS formulas.







Theorem (First-level comparison with subsemilattice-steady decompositions)
Let A be a balanced residuated partially ordered semigroup, and let

[ cSk(A)
be a nonempty subsemilattice over which A is steady in the sense of [BGJPS].

_r(A) <Py,
where < denotes refinement of partitions.
- Equivalently, every component of the first-level Ci-decomposition is
contained in a component of the subsemilattice-steady decomposition over I
In partiCular, if Sk(A) is finite, then '
[T




- Definition (Frontier partitions of an iterated decomposition) Let a decomposition
procedure be iterated on a balanced residuated partially ordered semigroup A. A
component is terminal for the procedure if one more application of the procedure

produces no proper refinement of that component. The frontier partitions
FO,F1,F2,... are defined as follows. Put

Fo = {A}.
Given Fy, each nonterminal component is replaced by the components produced by
one application of the decomposition procedure inside it, while each terminal
component is carried forward unchanged. The resulting partition of the original
carrier is Fn:1. Thus F, is not the set of vertices at graph-theoretic depth n. It is the
current front1er after n rounds of reﬁnement In partlcular term1na1 leaves remain
present 1n all later frontier partitions. " L ’




* Theorem (Frontier comparison for the residual tree) Let A be a balanced residuated po-semigroup. Let (Rn)n=0
and (Sn)n=0 be the frontier partitions of two iterated decompositions of the original carrier. Assume that (Rn)n-0 is
obtained by iterating the residual coherentization C,. Assume that (Sn)n-0 is obtained by iterating
subsemilattice-steady decompositions in the sense of [BGJPS]: at each nonterminal step, a steady subsemilattice
of the positive-idempotent skeleton of the current component is chosen, it is required to be steady over that
subsemﬂattlce and the current component is replaced by the corresponding steady fibres. Then

Rn < Sn (n=0).
Consequently, whenever the frontier part1t10ns are finite, IRy 1>1S,1 (n=0).
If the subsemilattice-steady iteration terminates with terminal front1er Sn, and the residual iteration also
terminates with terminal frontier Ry , then Ry <Sn. < |
Equivalently, every terminal residual-coherent component is contained in a unique terminal subsemilattice-
steady component, and every terminal subsemilattice-steady component is the disjoint union of the terminal
residual-coherent components contained in it. In particular, each such terminal residual-coherent component is
an induced balanced residuated component subalgebra of the terminal subsemilattice-steady component whlch
contams it ‘ ‘
Consequently, Whenever the frontier partltlons are ﬁmte | RM | > | SN |
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* Let A be the direct product B x D, where B is the complex residuated
lattice of the two-element group, and D is the complex residuated lattice
of the three-element residuated chain whose product is maximum.

Then, at the frontier level, ’
-C:(A) has four blocks, whereas the subsemilattice-steady method

~ yields only two, .. _
- C(D) has two blocks, whereas D is indecomposable for the

subsemilattice-steady method.




- Instead of imposing restrictive identities that lead to a narrow scope, we work with the
whole class of balanced residuated po-semigroups. ’

- We form the canonical t-residuation-coherent partition (the residual coherentization).

- From this partition we obtain the component semigroups, the quotient skeleton, and the
product and residual shadows; together these form the resolved two-shadow system.

The original algebra is recovered by the product-recovery rule, the resolved order-recovery
rule, and the determinacy of the residuals from the recOveredproduct and order.

 For every balanced residuated po-sem1group, the canonical residual coherentization yields
a decompos1t10n refining every subsemﬂattlce steady BG]PS decompos1t10n on su1tab1e
subclasses the refmement is strict. N o -




» Scope: monoidal

» Cm(M) - multiplicative coherentization

- rigid (single-transition) direct system




—
b
-3
o

10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27
1

—
[
o

oD P W N A e W N -

L S S T T
S I e
R - T I U SR
- - I ™
I - R I
I I - T B SR
O W N D U B BN =
I - N I I I
© W N e e s W N =
R R - I N
Do v o oasww -
AR S B - T R R U
Do N o e s N -

—
<o
[
<
=
S
—_
o
[
-1
—
~3

21
21
21
21
21
21
21
21
21
21
21
21 21 21
22 22 22
23 23 23 23 23
24 24 24 24 24 24
» 25 25 25 25 25 25
26 26 26 26 26 206
2T 27 27 27 27 27 27
28 28 28 28 28 28 28
29 29 29 29 29 29 29

-
]
[3v]
V]
o

~J
x
]
]
]
w

i
[v)
[
.—l
[
[
(=
P
e
| v}
[
(w5}
[
|
P
¢ 4]
[}
[ ov)

G v v O
L
- -~
- =
| =
= =
O e
| el
(=3 )
b
-1 -
e
o
[ =T )
N N

o
(=1
'—l
=
-~
—
W
[
>
b
5]
[
20
b
o

[y
o
.—l
<
.—l
<
[
fwn]
[
-1
[
o0
[ ]
v

9
1
2
3
4
5
G
7
8
9
g
9
g
9
9
9
g
a9

-4
-3
-~
-
al]
el
]
[\~

e T % S S =
= o 9 W
NN =
- O W
[ I T
- S W oo
NN~
- O D o
NN e
- o v
R T B
= o v ©
R % N N N
NN NN

[ o)
o
N
Lo
3"
L]
o
[ V]
[ 3]
V]
v
w

323 23 23
24 24 24

5 25 256 25 25
6 3 26 26 26 26
a 27 27T 27 27 27 27 27 27
4 28 28 28 28 28 28 28 28 28
29 29 29 29 29 29 29 29 29 29 29 29

]
w
]
w

o o e e o e e e e oo e W N =
L
b
LY
-~

N A N S N N N N N N N N O I I
= I B T T B B B B B NS B B RE T TS S - S~ S N U C R
® M o T o b 0 0 0 00 M 0 W O % M D DO oA W K =
v
on
b
)

o
(o>
(3]
(o]

NN NN R NN N NN R R RN RNRBNRRERNIERR-RKNRK —|N
N
~l

o
o

N
e

.\ o




R

1 2 3 4 5 6 7 8 9 1011121314 1516 17 18 19 20 21 22 23 24 25 26 27 28
i1jr1 1111 11111 11 1 1 1 1 1 11 1 1 1 1 1 1 1
211 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2
3fr 2 2 2 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 4
411 2 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4
51 2 3 4 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 5 28
6l 2 3 4 5 6 6 b 6 6 6 6 6 6 6 6 6 6 6 6 6 € 6 6 6 6 27 28 2t
71L 2 3 4 5 6 6 6 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 7 8 8 2728
8L 2 3 4 5 6 6 6 8 8 8 8 8 8 8 8 8 8 8 8 8 & 8 8 8 8 27 28
9I1L. 2 3 4 56 6 7 8 9 9 9 9 9 9 9 9 9 9 9 20 21 22 23 24 256 26 27 28
10j1 2 3 4 5 6 7 8 9 1010 10 10 10 10 10 17 17 19 20 21 22 23 24 25 26 27 28
11j1 2 3 4 5 6 7 8 ¢ 1011 11 11 11 11 16 17 18 19 20 21 22 23 24 25 26 27 28
121 2 3 4 5 6 7 8 9 1011 11 11 12 13 16 17 18 19 20 21 22 23 24 25 26 27 28
131 2 3 4 5 6 7 8 Y 1011 11 11 13 13 16 17 18 19 20 21 22 23 24 25 26 27 28 .
141 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28
151 2 3 4 5 6 7 8 9 1011 13 13 1515 16 17 18 19 20 21 22 23 24 25 26 27 28
16j]1 2 3 4 5 6 7 8 ¢ 1016 16 16 16 16 16 17 18 19 20 21 22 23 24 25 26 27 28
17|11 2 3 4 5 6 7 8 9 17 17 17 17 17 17 17 19 19 19 20 21 22 23 24 25 26 27 28
18/]1 2 3 4 5 6 7 8 @9 1818 18 18 18 18 18 19 19 19 20 21 22 23 24 25 26 27 28
191 2 3 4 5 6 7 8 9 191919 1919 19 19 19 19 19 20 21 22 23 24 25 26 27 28
2011 2 3 4 5 6 7 8 2020 20 20 20 20 20 20 20 20 20 20 21 22 23 24 25 26 27 28
2111 2 3 4 5 6 7 R 21 21 21 21 21 21 21 21 21 21 21 21 21 22 23 24 25 26 27 28
22|11 2 3 4 5 6 7 8B 2222 22 22 22 22 22 22 22 22 22 22 22 23 23 24 25 26 27 28
23|11 2 3 4 5 6 7 8 23 23 23 23 23 23 23 23 23 23 23 23 23 23 23 24 25 26 27 28
24|11 2 3 4 5 6 T 8B 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 25 26 27 28
25|11 2 3 4 5 6 8 8 25 25 25 25 25 25 25 25 25 25 25 25 25 25 25 25 25 26 27 28
26|11 2 3 4 5 6 8 8B 26 26 26 26 26 26 2€ 26 26 26 26 26 26 26 26 26 26 26 27 28
27|10 2 3 4 5 2T 27 2T 2T 27 27 27T 27 27T 27 27T 27 27 27 27T 27 27 27 27 27 27 27 28
28|11 2 4 4 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28§
29|11 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29




1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
1(1 1 1 1 1 1 11111111111 111111111111
211 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 29
311 2 2 2 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 3 4 29
411 2 2 2 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 29
511 2 3 4 5 5 5 5 5 5 &8 5 5 5 5 53 5 5 5 5 5 5 H 5 5 H 5 2829
6|1 2 3 4 5 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 6 27 28 29
711 2 3 4 5 6 6 6 7 v 7T v v 7 7 vV °7 7 7 7 7 7 7 7T 8 8 27 28 29
811 2 3 4 5 6 6 6 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 8 27 28 29
911 2 3 4 5 6 7T 8 9 9 9 9 9 9 9 9 9 9 9 20 21 22 23 24 25 26 27 28 29
1011 2 3 4 5 6 7 8 9 1010 10 10 10 10 10 17 17 19 20 21 22 23 24 25 26 27 28 29
1111 2 3 4 5 6 7 8 9 1011 11 11 11 11 16 17 18 19 20 21 22 23 24 25 26 27 28 29
1211 2 3 4 5 6 7 8 9 1011 11 11 12 13 16 17 18 19 20 21 22 23 24 25 26 27 28 29
13]1 2 3 4 5 6 7 8 9 1011 11 11 13 13 16 17 18 19 20 21 22 23 24 25 26 27 28 29
14]1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
15|11 2 3 4 5 6 7 8 9 1011 13 13 15 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29
161 2 3 4 5 6 7 8 9 1016 16 16 16 16 16 17 18 19 20 21 22 23 24 25 26 27 28 29
1711 2 3 4 5 6 7 8 9 17 17 17 17 17 17 17 19 19 19 20 21 22 23 24 25 26 27 28 29
1811 2 3 4 5 6 7 8 9 18 18 18 18 18 18 18 19 19 19 20 21 22 23 24 25 26 27 28 29
191 2 3 4 5 6 7 8 9 18 19 19 19 18 19 19 19 19 19 20 21 22 23 24 25 26 27 28 29
2011 2 3 4 5 6 7 8 2020 20 20 20 20 20 20 20 20 20 20 21 22 23 24 25 26 27 28 29
2111 2 3 4 5 6 7T 8 212121 21 21 21 21 21 21 21 21 21 21 22 23 24 25 26 27 28 29
22|11 2 3 4 5 6 T 8B 2222 22 22 22 22 22 22 22 22 22 22 22 23 23 24 25 26 27 28 29
23|11 2 3 4 5 6 7 8B 23 23 23 23 23 23 23 23 23 23 23 23 23 23 23 24 25 26 27T 28 29
24|11 2 3 4 5 6 T 8 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 24 25 26 27 28 29
251 2 3 4 5 6 8 8 25 25 25 25 25 25 25 25 25 25 25 25 25 25 25 25 25 26 27T 28 29
26|11 2 3 4 5 6 8 8 26 26 26 26 26 26 26 26 26 26 26 26 26 26 26 26 26 26 27 28 29
27|11 2 3 4 b 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 28 29
2811 2 4 4 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 28 29
29|11 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29 29

29 28 27 28 27 26 24 26 19 16 15 14 15 14 15 16 16 16 19 20 21 21 23 24 25 26 27 28 29

1111 1° gooonoab iy R SR (RN gL b b by
122446 111233 111223

iii:g 1234586 [1] ;zi 111333 111333 11

12345 144666 33 3 123456 1234486 12

13355 155666 133556 123456

) ) L1 6 6 66 6_ L1 3366 6. L1 3 366 6.




+ SJ, A canonical rigid direct-system representation of finite
local-unit-aligned totally ordered monoids

- §J, Canonical resolved-transport decomposition and

reconstruction of local-unit-aligned ordered semigroups

SJ, Residual coherentization of balanced residuated partially
ordered semigroups
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- That is all




