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What Semantics There Are (and Aren’t)

» Fine’s incompleteness result for “the most straightforward constant domain
semantics. [1]

» Add a constant domain to the ternary relational semantics
» a,f EVxAiffa,fld/x]E Aforalld € D

» Other semantics have been developed.

Currently no “hard” algebraic semantics (except Ferenz and Lin’s forthcoming
paper on Polyadic De Morgan Monoids).
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Polyadic Relevant Algebras



Relevant Algebras

Definition (Relevant Algebras)

A relevant algebra is a tuple A = (A, A, V, 0,—,—,1) where
(r1) (A, A, V) is a distributive lattice;

(r2) ao(bVec)=(aob)V (aoc);

(r3) (bVc)oa= (boa)V (coa);

(rd) =(aVb)=—-aA-b;

(r5) =(aAb) =—-aV b

) loa=ua;

(r7) aob <ciffa<b—g

where < is the lattice ordering defined as usual.
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Polyadic Relevant Algebras I

Definition (Polyadic Relevant Algebras)

Let I be a non-empty set. By a polyadic (I)-relevant algebra we mean an algebra of
the form:
A= (A, AN,0,-,-,1, (9,3 | ] Cu D), (S0 | 0 € 10))
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Polyadic Relevant Algebras I

Definition (Polyadic Relevant Algebras)
Let I be a non-empty set. By a polyadic (I)-relevant algebra we mean an algebra of
the form:
A= (A NV, 0,—,,1,(Y,3|] Cu D), (Ss | o € IDY)
satisfying the following equations (where J,K C, I, Qf € {V},3;} and o, T C I (I)):l
(PAg) S;1=1;
(PA1) Ssx = x;
(PA2) S¢(Stx) = Sorx;
(PA3) ScO(x1,...x50) = O(Sy(x1),...55(x40)), for O € {~,A,V,—,0};
(PA4) SyQpx = S:Qjx, when ¢/, T;
(PAs) QjSex = 5,Q,- X, where ¢ is one-to-one on ¢~ 1J;
(RA) The equalities (r1)—(r7) defining relevant algebras; and (NEXT SLIDE)
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Polyadic Relevant Algebras II: More Equalities
(Q0) x < yimplies Spx < Spy;
(Ql) V]l =1= 3]1,’
(Q2) Vox =x = Jox;
(Q3) Vjukx = VjVkx;
(Q4) Fukx = F3kx;
(Q5) Vix < x;
(Q6) x < dix;
(Q7) Vi(x Ay) =Vix AV
(Q8) F(xVy) =TV Iy
(Qg) VJV]X = V]x = EUV]X,'
(QlO) 3]3]}(‘ = Elfx = vjﬂ]x;
(Q11) V](‘v’]x — V]y) = V]x — V]y = HI(V]X — V]y)
(Q12) V] (V]x o V]y) = V]x o V]y = 3] (V]x o V]y)
(Q13) V](V]x — V]y) = V]X — V]y = HI(V]X — V]y)
(Q14) V]—N’]x = —|V]x = 3]—|V]x
(Q15) x < yimplies x < Vjy, where x = Vjx = Jjx;
(Q16) x <y implies dx < vy, where vy = Vv = Fy; 6/26



Polyadic Relevant Algebras III: Some Special Algebras

As polyadic relevant algebra is said to be confined when it satisfies the following
equalities (EC1) and (EC2).
(EC1) Vj(xVy) =xVVyy; (where x = Vjx = Jjx)
(EC2) F(xAy) =xATy; (where x = Vjx = Jjx)
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P (We are interested in relevant logics as a set of theorems)

Theorem
For any first-order formula ¢, and suitable mappings v:

1 <ov(¢) in every PRA iff Fgopm ¢
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P (We are interested in relevant logics as a set of theorems)

Theorem
For any first-order formula ¢, and suitable mappings v:

1 <ov(¢) in every PRA iff Fgopm ¢

Proof.

Sketch: (1) The Lindembaum-Tarski algebra (using the congruence from provable
bi-conditionals) for QBM is a polyadic relevant algebra. (2) Every proof in QBM
of ¢ can be turned into a proof of 1 < v(¢). O

8/26



First Representation Theorem



RA of truth values

Definition
We define a Relevant algebra of truth values to be an algebra

A= (A,NA VA, oA A A A 1A vA A

where (A, A2, VA, oA A A A 14) ig a relevant algebra, and
VA, 34 o(A) — Ais a partial operation from p(A) to A.
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Functional Polyadic Relevant Algebras

Definition (Functional Polyadic Relevant Algebras)

Given two sets D, I. A partial functional polyadic relevant algebra (FPRA) A is of the
form

<ADI AN YA A A A A A JA SA>
where the type/arity of each arguments and the operators including

QA,: Pu(I) — [AP', AP"] for Q € {V,3} and S : I' — End(A) are defined as

follows:

(f1) Some stuff for the non-quantifiers.

() (QFp)(F) = QA({p(F) : 31.7)), forall Q € {¥,3},p € AP, ] C, I, and
X,y € DY

(f3) (SAp)(X) = p(% - 0) where (¥ - 0) is the composition of X with ¢ (and therefore
of type D).

with the following further required conditions:

€D vA({p@) : 2.7} = AUp@) : .73); 32 {p@) : F.5}) = V{pH) : 1.7}
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Functional Representation Theorem

Theorem
Every locally finite polyadic relevant algebra (of infinite dimension I) is
isomorphic to a (function-representable) polyadic relevant algebra.

1. Pigozzi and Salibra’s functional representation theorem for abstract variable
binding calculi [3]

2. Used by Pigozzi and Salibra to give functional representation theorem for
polyadic non-classical logics based on Rasiowa’s standard implicational
calculi [2]

11/26



Second Representation Theorem



Representation by Set-based Relational Frames

» PRAs are (multi-)Gaggles
» Gaggles are nicely represented by relational frames.
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Representation by Set-based Relational Frames

» PRAs are (multi-)Gaggles

» Gaggles are nicely represented by relational frames.
» Generalizing Jonson and Tarski’s BAOs

» Goldblatt’s “Varieties of Complex Algebras’

» In general: the relation between certain algebras and topological structures
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Notes on Notation

» RjBa: we evaluate Jj at o
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Meaning of Relations

» RjBa: a contains at least all the instances of each Vja €
» RjBa: a contains at least all the Jja where a € B.
» Rs, Ba: a contains at least all the Sa for eacha €
and
> Rs_Ba means Rs_Ba and for all 7, Rs_ya implies y < B.
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PRA frames I

Definition (PRA-Frames)
A frame for polyadic relevant I-algebras (or simply an I-Frame) is a tuple

§ = (W,N,Ro, %, {Rg(1) }rcrn ARy }jc,1)
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A frame for polyadic relevant I-algebras (or simply an I-Frame) is a tuple
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where N is a non-empty subset of W, R, € W%, Rs_,R; C W?2 for each such
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PRA frames I
Definition (PRA-Frames)

A frame for polyadic relevant I-algebras (or simply an I-Frame) is a tuple

§ = (W,N,Ro, %, {Rg(1) }rcrn ARy }jc,1)

where N is a non-empty subset of W, R, € W%, Rs_,R; C W?2 for each such

appropriate T and J, and the following conditions are satisfied:

>

vVVYyVYyVvYVYyVvYYVvYyYy

a < Bmeans 3y € N(Royap)

a < Bimplies B* < a*

N is an <-upset, and R, |}

Rg,Ba and & < y imply Rg_By

Rg Bathen B € Niffa € N

Rs,Buiff p < a

If Rg, Ba then Iy such that B < v, R, §a, Rg, §*a*
for each T and & € W, we have 3B(Rg_Bu)

If 3B(Rg, Bor) then IyRg_Ju

(S-Tonicity)
(S-Logicality)
(S-Identity)
(S-—-Dist)?
(S-Seriality)
(S-Maximality)
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PRA Frames II: More Conditions

> If Rg_yy then Roa’ B'y" iff 3By(RoaBy and Rg_B'B and Rg_ 7' 7y) (R-S-Invariance)
> 3a/(Rg.a'x and Rop'v'a’) if and only if
3Bv(RoBya and Rs g5 and Rg_ 1) (R-S-Invariance 2)
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> If Rg_yy then Roa’ B'y" iff 3By(RoaBy and Rg_B'B and Rg_ 7' 7y) (R-S-Invariance)
> 3a/(Rg.a'x and Rop'v'a’) if and only if

3Bv(RoBya and Rs g5 and Rg_ 1) (R-S-Invariance 2)
> Rg, le, Rs. q&, and Ryyyy imply R;Bn, when o], T (CPALY)
> Rg, le, Rs, qa, and Rynp B imply Ry, when o/, T (CPA43)
> JB(Rjpa and Rs,7p) if and only if IB(Rs, e and R(,-177B,

when ¢ is one-to-one on o~1J (CPA53)3

» When o is one-to-one on ¢~ 1J:
(1) 3B(Rs, fa and R(y-1y) By only if 3B(Rjap and Rs,vB), and
(2) 3B(Rjap and Rsufy,B)only if 3/3(1?50/51)( and R;-1) By (CPA5Y)
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PRA Frames III: Even More Conditions

» Rjbcand a < band ¢ < dimply Rjad —ie. Ry |1 (Tonicity)
» RjBaxand f € Nimplya € N (Logicality)*
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PRA Frames III: Even More Conditions
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PRA Frames III: Even More Conditions

vVvVYyVvVvYvYyVYVYYVY Y

Rjbcand a < band ¢ < d imply Rjad —i.e. Ry |1

RjBxand B € Nimply a € N

Roabiffa < b

Ryukab iff c(Rgac and Rjcb)

Rjab and Rjbc imply Ryac

Ryoee

Jy(Rapy and R;jye) implies 3o/, B (R’ B'e and Rjan’ and RjBB’)°
3v(RapBy and Rjep) implies 3a’, 7' (Ra’ey’ and Rjan’ and Rjy'y)

(Tonicity)
(Logicality)*
(Vacuity

(Union Transitivity
(Transitivity
(Reflexivity

(KY

)
)
)
)
)
K3)
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PRA models |

Definition (PRA-Models)

A polyadic relevant algebra model for polyadic relevant algebra A with generators P is a tuple
M = (FA,v) where § is a PRA-frame and v: P — p(W)T, extended by:

(vl) v(1) =N (v6) v(aob) =v(a)ov(b)
(v2) v(-a) = —o(a) v7) v(Vja) = Vo

(v3) v(aAb) =v(a)No(b (vje) = vjola)
(v4) v(aVb) =o(a) Uo(b) (v8) v(3a) = Jyv(a)

(v5) v(a — b) =v(a) — v(b) (v9) v(Sca) = Scv(a)

where the operations on the right-hand-side are defined by: (NEXT SLIDE)
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PRA models II: ‘Lifted” Operations

“X={acW|a*¢&X}
X—=Y={acW|VB,ve€W(Rapyand g € Ximply y € Y)}
XoY={acW|3B,vy€W(RByxand p € Xand y € Y)}
ViX = {a € W| VB(Rjap implies B € X)}
X ={ac W|3IB(RjBaxand B € X)}
S:X={aeW|3IB(Rs,frand B € X)}

and where the following (NEXT SLIDE) model conditions are satisfied.
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PRA models III: Model Conditions

Where a = Vja = Jja:
(vl) a € v(a) and Rjap imply B € v(a)
(v2) a € v(a) and R;pa imply B € v(a)
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PRA models III: Model Conditions

Where a = Vja = Jja:
(vl) a € v(a) and Rjap imply B € v(a)
(v2) a € v(a) and R;pa imply B € v(a)

Fora,b € A, we say that the equation a = b is true in a model 9t whenever
v(a) = v(b) in the model, that a = b is valid on a frame when it is true in every

model on that frame, and that a = b is valid on a class of frames whenever it is valid
on every frame in the class.
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Representation Theorem (Soundness)

Theorem

LetA = (A, A V,0,—,7,1, (Y, 3 |]Cu I),(So | o € I(I)>> be an arbitrary but
fixed polyadic relevant algebra. If 91 is a model for A with frame §, then the
equations characterizing A as a polyadic relevant algebra are true in 9.
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Canonical Frame

Definition (Canonical Frames)
Let A = (A, A\, V,0,—,—,1,(Y,31 | ] Co I),(Sy | o € ID)) be a polyadic relevant
algebra. The canonical frame for A is given as

(W NS RS, {RG (1) Frer, AR }icur)

where (for T € ID,] C,, I):
1. W€ is the set of prime filters on A;
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4. a ={A| -Aga}
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Definition (Canonical Frames)
Let A = (A, A\, V,0,—,—,1,(Y,31 | ] Co I),(Sy | o € ID)) be a polyadic relevant
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(W NS RS, {RG (1) Frer, AR }icur)

where (for T € ID,] C,, I):
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O LD

22/26



Canonical Frame

Definition (Canonical Frames)
Let A = (A, A\, V,0,—,—,1,(Y,31 | ] Co I),(Sy | o € ID)) be a polyadic relevant
algebra. The canonical frame for A is given as

(W NS RS, {RG (1) Frer, AR }icur)

where (for T € ID,] C,, I):

1. W€ is the set of prime filters on A;
N¢ is the set of regular prime filters on A;
RSapy iff Va,b(a € . and b € Bimplyaob € v);
W ={A|-A¢a}
RS Bu iff Va(a € B implies Sza € a);
RfBu iff Va(a € B implies Jja € a);

A
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Key Squeeze Lemma

Lemma (Polyadic Squeeze)
LetA = (A A V,0,—,2,1(V,3|]Cu ), (Se |0 € IM)) be a polyadic relevant
algebra.
(i) If R, Bya and w is a prime theory, then there are prime theories p’ and 7/
where B C B/, v C 9/, and RSB 7.
(ii) If Rg Ba and a is a prime theory, then the set v = {A | S:A € a} is a prime
theory and R§_a.

(iii) R}[Soc and and « is a prime theory, then there is a prime theory p’ where g C g
and Rjpu
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Embedding Theorem (Completeness)

Theorem

LetA = (A, AV, 0,—, 7,1V, 3 |]Cu I),(So | o € I(I)>) be an arbitrary but
fixed polyadic relevant algebra. Then there is a model 9t on frame § for A such
that the algebra of sets of § is isomorphic to A. That is, there is a valuation v, that
is an injective homomorphism from A into the algebra of sets of § : v.(a) = v.(D)
iffa =bin A.
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Embedding Theorem (Completeness)

Theorem

LetA = (A, AV, 0,—, 7,1V, 3 |]Cu I),(So | o € I(I)>) be an arbitrary but
fixed polyadic relevant algebra. Then there is a model 9t on frame § for A such
that the algebra of sets of § is isomorphic to A. That is, there is a valuation v, that
is an injective homomorphism from A into the algebra of sets of § : v.(a) = v.(D)
iffa =bin A.

Sketchiest of Sketches.
Letvc(a) = {a | a € a and « is a prime filter on A} O
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Fine’s Incompeteness Result



Fine’s Incompleteness

The formula
[(P — JxEx) AVx((P — Fx) V (Gx — Hx))] —

— {[Vx((Ex NFx) = Q) VVx((Ex — Q) VGx)] — [3xHx V (P — Q)]}

is valid in the obvious constant domain semantics, but not a theorem of RQ.
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Fine’s Incompleteness

The formula
[(P — JxEx) AVx((P — Fx) V (Gx — Hx))] —

— {[Vx((Ex NFx) = Q) VVx((Ex — Q) VGx)] — [3xHx V (P — Q)]}

is valid in the obvious constant domain semantics, but not a theorem of RQ.

1. (Apparently,) according to Fine: the formula appears naturally in the process
of trying to prove completeness. (We find this to be false. . .)

2. The problem appears more general: proving completeness for first-order
relevant logics weaker than those for which Fine’s result applies appear
problematical

2.1 Similar to the case of classical first-order modal logic
2.2 Tension between (1) witnessing a theory and (2) ensuring counterexamples to
false ‘modal’ operators (here, the conditional)
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Why Fine’s Incompleteness result? (WIP)

Conjecture

The polyadic relevant algebras do not admit the residuals of every substitution
operator, and there is frame incompleteness analogous to the first-order modal
classical logic.
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THANKS!



[3 KitFine.
Incompleteness for quantified relevant logics.
In J. Norman and Richard Sylvan, editors,
Directions in Relevant Logic, pages 205-225.

Kluwer Academic Publishers, Dordrecht, 1989.

Reprinted in Entailment vol. 2, §52, Anderson,
Belnap, and Dunn, 1992.
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