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Topological space: (X,T) with T C P(X) closed under finite
intersections and arbitrary unions (in particular @, X € T)

® Topological completeness: S4 with [ interpreted as interior
[Oe]l =U{U € T | U C [¢]} [McKinsey & Tarski 1944]

e Evidential perspective: open sets U € T represent observable
properties or evidence [Abramsky 1991, Smyth 1992, Vickers 1989]

® Topological Evidence Logic (TEL): P C X is justified iff U C P
for some dense U € T. It is known at x if additionally x € U.
[Baltag et al. 2016/2022, Ozgiin 2017]

Our Goal: Expand TEL with a model of resource constraints.
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Motivation: Resource-Awareness

Knowledge rarely comes for free. Obtaining evidence requires
resources and agents operate on strict resource budgets.

e E.g. time, space, energy, qualification, money, PhD students, ...
® Represented by elements of some resource semiring a € K

® [, states ‘there is factive evidence of ¢ available for a'

e Completeness & decidability for logic S4x and extensions £

Outline of this talk:
® Semantics via semiring-annotated topological spaces (seats)
® Completeness for seat-based logics

® Expansions with global modality, weighted knowledge operators

® Some sufficient conditions for decidability
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Example:
Observing Binary Streams

® Observations = {tw | w € {0,1}<¥} <
® Observable property U C {0,1}“:

if ve U, then Jfinitew <v:tw C U
® Space: {0,1}“ with Scott topology 7 of observable properties.

Making observations requires resources, e.g. time:
e the time needed for finite w is |w| € N

e time n is sufficient for U € T iff 3 finite w: tw C U & |w| < n.
In this case write n — U

(i) if n— U, thenn+m— U

(i) if n— U and UC V, then n — V
(iii)

)

(iv) ifn—Uand m— V,then n+ m— UNYV

if n,m — U, then min(n, m) — U
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® a®b ‘a together with b’
° 1 ‘no resource’ (LGa=a®1l=a)
® apb ‘aorb

° ‘strongest resource' (a0 = a)
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Resource Semirings
Semiring (K, ®,®,0,1):

(K,®,1) monoid (K,@®,0) commutative monoid

(resource combination) (resource choice)

a(b®c)=ab® ac (a® b)c = ac® bc 0a=0=a0

Examples
® Tropical semiring (N U {co}, min, +, 0o, 0) (discrete resources)
e Viterbi semiring ([0, 1], max,-,0,1) (probabilities)
e } ukasiewicz semiring ([0, 1], max, ®,0,1) (truth degrees)
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Fix (X,7) and semiring K. Read a = U as ‘resource a € K is
sufficient to obtain evidence U € T in state x € X'.
Natural assumptions:
(i) Resource strengthening: if a = U, then a® b = U
(if a is sufficient for U, then ‘a together with b’ is sufficient)
(i) Evidence weakening: if a~> U and U C V, then a = V
(if a is sufficient for U, then it is sufficient for weaker evidence V')
(iii) Resource choice: if a = U, b= U, then a® b 5 U
(if a and b are both sufficient for U, then ‘a or b’ is sufficient)
(iv) Resource combination: if a U, bS5V, thenabS UNV
(if a sufficient for U, b sufficient for V, then ‘a and b’ sufficient for U N V)

(v) Available tautologies: 0 = X
(tautological evidence X can be obtained)
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Semiring-Annotated Topological Spaces (seats)

Seat: S = (X,T,Ak) where
(X, T) is a topological space, K = (K,®,®,0,1) is a semiring and

Ak T x X = P(K)
satisfies the following (for all a € K, all U,V € T, and all x € X):
ae Ak(U,x) & be K = ab, ba € Ax(U, x) (
UCV = Ak(U,x) C Ak(V,x) (2
a,be Ak(U,x) = ad® be Ax(U,x) (

ac Ax(U,x) & be Ax(V,x) = abe Ax(UNV,x) (4
0 € Ax(X,x) (5
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Language: For each countable semiring K, define (p € Prop, a € K)
p = ploeleAe|Op|Fap

Model: M = (X, T, Ak, V) where V: Prop — P(X).
e Mx=Op iff U:xeUeT & UC [4]

e M x =F,p iff 3U:ae Ax(U,x) & U C [¢]

Oep ‘there is factive evidence for ¢’

Fap
Uap =UOp AF, 0

‘there is evidence for ¢ available for a € K'

‘there is factive evidence for ¢ available for a'
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Logic of all K-Seats

S4 is the extension of S4 with:

Fap = (Fapp A Frap) (A1)
F.,po — F,0p (A2)

Fap NFptp = Fagp(Op V OY) (A3)
Fap ANFptp = Fap(o A9) (A4)
FoT (A5)

P2 Y (Mon,)

Fap = Fay
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S4 is the extension of S4 with:

Fap = (Fapp A Frapp) (A1)
Fa.p = F,0p (A2)
Fap AFpth — Fagp(Dp vV OY) (A3)
Fap AFptp — Fap(p A1) (A4)
FoT (A5)

—
R ﬁaw -

Theorem (Strong Completeness)
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Logics of special K-seats
We call say the seat (X, T, Ak) is
® bounded: 1 € Ak(X,x) and 0 € Ax(0, x)
® uniform: Ak (U, x) = Ax(U,y)
e strong: a® b e Ax(U,x) = a,b e Ak (U, x)

Fi: T AFgL (Ab)
(Fap = F1F,p AOF,0) A (-F20 — F1-Fap AO-Fap)  (Au)
Fagpp — Fap AFpp (As)

Theorem (Strong Completeness)
r st ¢ iff T | @ isvalid on all b-seats.
r }—54.;(" ¢ iff T = isvalid on all bu-seats.
r Psm’,(us ¢ iff T = is valid on all bus-seats.
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Completeness: Proof Sketch

Canonical Model M3% = (X, T, Ak, V), where

® X is the set of all maximal S4x-consistent theories [ C £x
we write |p| :={lF € X | p €T}

® T is the topology generated by the basis {|Ty| | ¢ € £k}
(standard for topo semantics e.g. [Aiello et al. 2003])

e A(U,T)={ae K |TJp:Fapel & |Op| C U},
* V(p) = |pl.
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Canonical Model M3% = (X, T, Ak, V), where

® X is the set of all maximal S4x-consistent theories [ C £x
we write |p| :={lF € X | p €T}

® T is the topology generated by the basis {|Ty| | ¢ € £k}
(standard for topo semantics e.g. [Aiello et al. 2003])

e A(U,T)={ae K |TJp:Fapel & |Op| C U},
* V(p) = Ipl.
This is a seat (use axioms A1-A5) and Truth Lemma [¢] = |¢|.

Bounded and strong go through easily via corresponding axioms.

Uniformity is more tricky. We anchor the canonical model in m.c.s. A:
XN = the set of [ € X that agree with A on all F,¢

10/17



Motivation: Expansions with Global Modality

Expanded Language by global modality A
p = plwleAe|Op|Fap|Ap

11/17



Motivation: Expansions with Global Modality

Expanded Language by global modality A
p = plwleAe|Op|Fap|Ap

[Ap] = X iff [¢] = X.
[AC] = X iff CI([¢]) = X iff [¢] is dense.
[AOOp] = X iff U C [¢] for some dense open iff ¢ is justified.

11/17



Motivation: Expansions with Global Modality

Expanded Language by global modality A
p = ploeleAe|[Op|Fap | Ap

[Ap] = X iff [¢] = X.
[AC] = X iff CI([¢]) = X iff [¢] is dense.

[AOOp] = X iff U C [¢] for some dense open iff ¢ is justified.

Bby = AO,Opyp

(‘there is b-evidence for ¢ consistent with all a-evidence'")

K2¢ = Upp A By
(‘there is truthful b-evidence for ¢ consistent with all a-evidence')
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Interesting Notions

Bl = A0 Opp

(‘there is b-evidence for ¢ consistent with all a-evidence')

For a ‘small’ € € K:
® Superficial justification: Bfp
(‘there is cheap evidence for ¢ consistent with all cheap evidence')

® Susceptibility to disinformation: Bfy A Oy
(‘¢ can be justified superficially but there is no factive evidence for it')

® Bias: Bjy

(‘evidence for o is easily accessible, but it survives attacks of level a')
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Logic: Expansion with Global Modality

The logic S4%S is the extension of S4%S with

Ap = ¢ (V1)

Ap — AAyp (V2)

o — AEp (V3)

Ap ANAY — A(p AY) (V4)
Ap - Op AFpp (V¥5)

e (Neca)

Ap
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Logic: Expansion with Global Modality

The logic S4%S is the extension of S4%S with

Ap— (V1)

Ap = AAp (V2)

v — AEp (V3)
ApANAY — A(p A1) (V4)
Ap - Op AFrp (V5)
Ai; (Necy)

Theorem (Strong Completeness)

r stu\; ¢ iff T |= ¢ is valid on all bus-seats.
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Decidability
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Decidability

Semiring K is ideally checkable if membership of finitely generated
ideals is decidable, i.e. whether a € ld({a1,...an}) is decidable.

Examples: All finite K, tropical N and Q>¢, polynomials with
coefficients in N or Q>9, and finite products of such semirings.

Theorem (Decidability)

S4, S4%, S4B are decidable for commutative ideally checkable K.
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Step 1: Bounded finite model property via filtration

Equivalence relation ~5y on model M = (X, T, A, V)
We require X closed under subformulas and Fop e ¥ = Op € ¥

Filtration is given by quotient topology on X/~y with
AR(V, %) = Ax(x7H(V), r(X))

where r is some fixed right-inverse of 7

(i.e. r(x) is some representative of X)

Note that bounded FMP does not immediately yield decidability!
(If K is infinite there are still infinitely many models to check)

Step 2: Show it suffices to check finitely many ‘Y-quasi models’
These generate enough relevant models for checking satisfiability

15/17
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Conclusion

® TEL + Resources for a (more) realistic logic of evidence

® Semantics on semiring-annotated topological spaces (seats)
Fa.p and O, express availability of evidence on budget a € K

e Expansion with global modality to define B2y and K2¢
E.g. to model superficiality, bias, susceptibility of dlsmformat|on

e Strong completeness for S4x, S4%, S4% S4bus S4KV7S b“S

* Decidability of S4x, S4%, S4% for ideally checkable K
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Future Research

® More (un)decidability and complexity
Decidability for expansions with global modality, complexity relative to K

® Dynamic extensions
Continuous transition functions (dynamical systems)

Subspace restrictions (Public announcements, Dynamic Epistemic Logic)

e Multi-agent extensions
Cooperation of agents with combined budgets

® Completeness w.r.t. R, definability, proof theory... a lot to do!

Thanks for your attention!

Preprint available here.
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