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Open Problem

In 2007 Sankappanavar, following the tradition of expanding classical
logic to intuitionistic logic, has proposed a new generalization of
intuistionistic logic via algebraic methods. This proposed class of
algebras is called the class of semi-Heyting algebras. Along with
formulating them and showing some important properties,
Sankappanavar put forth some open problems. One of them, problem
14.3, calls for

Problem 14.3. Axiomatize the three-valued semi-Heyting log-

ics Lo — L19 from the logical point of view.
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Definition (Heyting Algebra)

An algebra £ = (L, Vv, A,—,0,1) is a Heyting algebra if the following
conditions hold:
(H1) (L,v,A,—,0,1) is a lattice with 0, 1.
(H2) xA(x > y)=XxAY.
H3) xA(y = 2)=xA[(XAy)— (XA 2Z).
(H4) (xAy)—=x=1.

Definition (semi-Heyting Algebra)
An algebra £ = (L,Vv,A,—,0,1) is a semi-Heyting algebra if the
following conditions hold:

) (L,Vv,A,—,0,1) is a lattice with 0, 1.

) XA(X = Y)=XAY.

) XAy = 2)=xA[(XAY) = (XA 2)].
SH4) x —» x ~ 1.
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For both Heyting and semi-Heyting algebras the following hold:
@ The variety is arithmetical.
@ Algebras are distributive.
© Congruences of algebras are determined by filters and vice versa.

Hence, semi-Heyting algebras preserve some ‘nice’ properties of
Heyting algebras (from perspective of algebraizable logics).

Sebastian Stoktosa (Jagiellonian University) Semi-Heyting 3-element logics TACL 2026



Lemma (semi-Heyting)

@ 1—-a~a
Lemma (Heyting) @ a< bimplies
@ 1—-a~a a<a-—b,
@ a<biffa<a—b, @ a< bimplies
@ a<b—a, . agi_)?" .
@ a—brtiffa<b, :sz implies
) HSTZDUERES o @ x<a— bimplies
@ 0—-1~1. ) SAEE
@ a<0-—1iff
a<0—a
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Definition

We will call A € SH a semi-Heyting chain (in symbols: S#°) if the
lattice reduct is totally ordered.

We will call A € SH a Stone semi-Heyting (in symbols: SSH) if
A= x* Vv x** ~ 1. Where x* = x — 0 is a pseudo-complement of x.

SHE C SSH
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- |0 a 1 - 10 a 1
1 1
0 1 1 1 0 1 a 1
a a
Ly alo 1 1 Lz alo 1 1
0 110 a 1 0 110 a 1
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— 0 a 1 — 0 a 1
1 1
0 1 1 1 0 1 a 1
a a
La alo0o 1 a L4 alo 1 a
0 110 a 1 0 110 a 1
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- 10 a 1 - 10 a 1
1 1
0| 1 a a 0 1 1 a
a a
Ls alo 1 1 Ls alo 1 1
0 110 a 1 0 110 a 1
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- 0 a 1 - 0 a 1

1 1
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a . a
Lo alo 1 1 Lo alo 1 a
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Let A = (A, Fa) and B = (A, Fp) be algebras with the same underlying
set A, but with possibly different signatures.

Definition (Term-equivalence)

The algebras A = (A, F4) and B = (A, Fg) are term-equivalent if there
are maps

7 : Fa — Term(Fg), o : Fg — Term(Fa),

such that the following holds.

@ |If f € Fais n-ary, then 7(f) is an n-ary Fg-term such that for all
ay,...,an €A,

fA(aq,...,an) =7(HPa,...,an).

@ |If g € Fgis m-ary, then o(g) is an m-ary Fa-term such that for all
ay,...,am€E€ A,

gB(ah--wam) = a(g)““(a1,...,am).
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Proposition

If A and B are term-equivalent, then congruences and universes of
subalgebras of A and B are the same.

Proposition

For every Fa-quasi-equation e,
A=e << BEr7(e).
Similarly, for every Fg-quasi-equation q,

BEq <« AEoJ(9).
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Define 6g = 7(c(9))(x1, ..., Xn) = g(X1, ..., Xn) and let
Ap = {d0g : g € Fg}. Then:

Let E be a basis of Q(A). Then 7(E) U Ag is a basis of Q(1).
Equivalently,
Q(B) = Mod(7(E) U Ag)
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Definition
A sentential logic is S = (F,F), where F is the absolutely free algebra
generated by countably many variables, and FC P(F) x F satisfies

@ r-oifper.

@ lfr-¢andTl C A, then A ¢.

@ Ifr-¢and AFT,then A ¢.

@ Iflr'-¢ando:F — Fisahomomorphism, then o[ - o ().

S is finitary if whenever I' - ¢ there is a finite [ C I such that 'y - ¢.
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Definition
The sentential logic S = (F,+) is equivalential if there is a set E(x, y)
of formulas in two variables x and y such that

Q@ FE(p)

E(p,¢) F E(¢, )

E(p,v), E(¥,9) - E(p,9)

E(p1,91), - - E(pn, ¥n) = E(f(@1,- .- 0n), (1, ..., 9n)) for any
connective f.

@, E(p,¥) F o
S is algebraizable if in addition there are ¢, 6 such that

Q@ E(e(v),6(9)) - ¢.

Q@
Q@
=4
Qe
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Definition
A logical matrix is a pair (A, D) where A is an algebra, and D C Ais a
subset of designated elements. The matrix (A, D) is a model for the
sentential logic S = (§, ) if

N-¢ = VheHom(F, A (h[r] C D= hly) € D)

A class M of matrices is complete for S (provides a matrix semantics
for S) if

lFe & V(A D)eM Vhe Hom(F, A) (h[l € D= h(y) € D)
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Proposition

For any non-empty class K of semi-Heyting algebras (§,tk) is an
algebraizable logic with

E(x,y) ={x =) Ay =x)}, elp)=wv, dp)=1.

For any non-empty class K of semi-Heyting algebras the largest class
of algebras for which (§, k) is complete is SP(K).

In particular, for a finite semi-Heyting algebra A, the quasi-variety
Q(.A) provides the equivalent algebraic semantics for - 4.
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Definition

Let A= (§,Fa) and B = (§F, p) be two logics having the same
formulas §. A and B are deductively equivalent if there exist two
translations o4 from A to B and o5 from B to A such that for all
ru{e} C3,

()T Fa ¢ iff o1(F) Fg o1(¢), where o1(F) := {o1(¢) : ¢ € T}

(i) o1(o2(¢)) -5 ¢.
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Figure: Connections between the logics and algebras

term-equivalence
L; a Li

algebraization algebraization

deductive-equivalence
i g SL;
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Throughout different kinds of implication symbols are used:
— means general semi-Heyting implication.
= means Heyting implication and is used when describing L.
L with j € {2,...,10} means implication of the corresponding algebra
L;, for example - is the implication of Lg.
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Algebras L1 = (A, V,A,=,0,1) and L; = (A,V, A, —,0,1) for

i €{2,3,4,9,10} are term-equivalent by the maps r and o;, where:
V, A, 0 and 1 are mapped to themselves.

T (X=>y) - (X5 (XAY).

o2: (X 3 y) = (Y V(X = y) A (Y = X))

o3: (x> y)— (yV(x=0)).

o4 (X2 y) = (x=0)Ay)V((Xx = y)A (¥ = X))).

o9: (X > y) = (X = ¥) A ((x=0) = (y = 0))).

a10: (X 3 y) = (X = ¥) A (Y = X))

©©066 606 66:6
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V(H3) = Q(Ha)-

The logic SL1 = (F,F1), axiomatized by:

¢ = (Y= 9).

(0= (¥ =x))=(¢=17)=(¢=x))

PNy = 9.

PAY = 1.

o=V

Y=9Vo.

(0=x)=((v=x)= (6V¥=X)).

1 = 0.

and the rule Modus Ponens, is algebraized by L1 = Hs.

©000©006060606
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The logic SL> = (F,F2), axiomatized by:

¢ > (9 AL > (b A P)]).

[¢ 5 (¢ Al 5 A0 = ([qsf OGNS @A DIALG S
(BAY) D162 (@A) A (S (6 A X))
SAY D (pAYA Q).

dAY S (AP A1)

¢ = (oA (¢ V1))

PSP AWV P)).

(65 (9AX)) > [(qbf (BAY) AL = (A X)) = (% >
WA X)) AL(D V)= (V) AXDII-

L3 (LAg).
o(x 3 y)) < (x 5 y).

and the rule Modus Ponens, is algebraized by L.

©6 60060606 ©0°-e6
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Lg and L4 are not term-equivalent.

They have different subalgebras. Ol

Sebastian Stokiosa (Jagiellonian University) Semi-Heyting 3-element logics TACL 2026



The quasi-variety Q(Lg) is a set of algebras satisfying:

A set of equations defining the variety of semi-Heyting algebras.
X*V(Xx—=y)=(XVy)—=y,

XVyv(x—=y)=xV[x—y) —1].

0—1=0impliesx ~ y.

©©e©e606e

0—1~1impliesx~y.
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The logic SLg = (F,Fe), axiomatized by:
Axioms of bounded lattice

XA (x> y)] e (XAY).

XA (Y2 2)] & (XAI(XAY) S (XA 2)]).
X > x.

X*V X*E.

[V (x 2 y)] < [(xVy) =yl

©006 06066

XVyv (xSl e xvixSy) STl
and the rules:

@ Modus Ponens.

@ (L3T)e Ligxey.

@ (L3T)eThex<y.

is algebraized by Lg.
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el ... |
Algebras Lg = (A,V,A,~,0,1) and L5 = (A, V, A, >,0,1) are
term-equivalent by the maps t and o, such that:
@ v, A, 0and 1 are mapped to themselves.
Q@
T(X DY) = VX)) > xSyl
(©)

o (XSY) = (x2S AXVY V(Y-S X))
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Algebras Lg = (A,V,A,~,0,1) and Lg = (A, V, A, ~,0,1) are
term-equivalent by the maps v and o, such that:
@ v, A, 0and 1 are mapped to themselves.

Q

8

T (X2 y) = [[(0 3 O)V(O0 S y) S (xay)] = (031) S (x > )
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el ... |
Algebras Lg = (A,V,A,~,0,1) and L7 = (A, V, A, ,0,1) are
term-equivalent by the maps t and o, such that:
@ v, A, 0and 1 are mapped to themselves.
Q@
xSy xS WA KxDS YY)
Q

o (xSy)= xSV Sx)S0)).
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The logics algebraized by L; for i € {5,6,7,8} are deductively
equivalent.
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@ Among 10 3-element semi-Heyting algebras there are two
non-term-equivalent varieties.

@ Sankappanavar’s definition of semi-Heyting algebras does not
simplify to just intuitionistic logic.

@ Open problem: For given set of n-element semi-Heyting chains,
how many non-term-equivalent varieties can be generated by the
set of these algebras?
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Thank you for your attention!
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