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SOME MOTIVATION

J. Isbell (1972): defined a locale as metrizable if it admits a countably
generated uniformity.

A. Pultr (1984): this is equivalent to a genuinely metric point-free
structure, given by a metric diameter.
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BACKGROUND: (Dia)Metric locales [Pultr, 1984]

A diameter on a locale L is a mapping

6: L — [0,+00]
such that
(D1) 6(0) =0,
(D2) a<b = 6(a) < 6(b),
(D3) aAnb#0 = 06(aVb)<o(a)+ o(b),
(Dyg) for everyp >0, Ug ={ael]|o6(a) <p} isacoveroflL.

Diametric locale: (L, 6) with an admissible diameter 0 i.e.
Vael,a=\/{b]| Ugb < a for some p > 0}.

Star-additivity: Vae€L,VS C LsuchthataAns#Oforallse S,
(extension of (D3)) 6(av\/S) < o(a) +sup{d(x) +d(y) | x,y € S}.

e Then {U;,@5 | p > 0} is a basis for a countable uniformity ;.
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entourages: E € L®Lsuchthat\/{ael|a®acE}=1. (EntL,C)

EoF=\/{a®b|JcelL\{0}:a®cCE,c®bCF}

(caution: unions are not necessarily saturated, the join is typically bigger.)

E-'=\{b®a|(ab)cE}

& = system of entourages b<za=|FE€&:Eo(b®b)Caw®a

Uniform locale (L, &): non-void filter & of entourages such that

(1) E€& = E'€&.
(E2) VE€€3AFe&: FoF CE.
(E3) Vael,a=\{bel|b<ga}l.
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Metric distances ~» countable entourage uniformities

Pre-distance on L: localicmap d: L ® L — 2(RY’) with left adjoint

d': eRY) > LeL Ag =\ Ag
q<p

defined on generators by [0, p) — Ag € L ® L such that

(M1) Vp e Qy, Ag is an entourage of L.
(M2) Vp,q€Q, AGoAJCAS, .
(M3) Vp € Qs, (A9)™" = AZ.

Distance on L: if it is admissible on L, that is,

Vael,a=\/{b|b<ga}

where b<ga= ElpeQ+:AgO(b®b)Qa®a




Diameters v distances

Let6: L — [0, +o0] be a diameter on L. Define hs: L(RY) — L ® L on
generators by

[0,p) — E) = \V{u®v | 6uVv)<p}.



Diameters v distances

Let6: L — [0, +o0] be a diameter on L. Define hs: L(RY) — L ® L on
generators by

[0,p) — E) = \V{u®v | 6uVv)<p}.

It is a frame homomorphism: hs([0,p)) = E‘S \ Ed \/ hs([0,9))
q<p a<p
so we have a localic map

ds = (hs)e: L& L — LRY)



Diameters v distances

Let6: L — [0, +o0] be a diameter on L. Define hs: L(RY) — L ® L on
generators by

[0,p) — E) = \V{u®v | 6uVv)<p}.

It is a frame homomorphism: hs([0,p)) = E‘S \ Ed \/ hs([0,9))
q<p a<p
so we have a localic map

ds = (hs)e: L& L — LRY)

Lemma. If (x,x) € E) and x Ay # 0 thenx < UJ - y.

Proposition. d; is a distance on L.



Diameters v distances

Let6: L — [0, +o0] be a diameter on L. Define hs: L(RY) — L ® L on
generators by

[0,p) — E) = \V{u®v | 6uVv)<p}.

It is a frame homomorphism: hs([0,p)) = E‘S \ Ed \/ hs([0,9))
q<p a<p
so we have a localic map

ds = (hs)e: L& L — LRY)

Lemma. If (x,x) € E) and x Ay # 0 thenx < UJ - y.

Proposition. d; is a distance on L.

The correspondence is monotone.  (ds < dy

& EY CES,Vp)
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Distances ~~» diameters

Letd: L®L — £(RY) be a distance on L. Define 64: L — [0, +00] by

dq(a) =inf{p € Q, |a®a C AJ}.

Lemma. 0y is a star-additive diameter such that

Od d Od
Ep - Ap CE

ope for every p € Q4 and ¢ > 0.

(so d and 64 induce the same uniformity &.)

The correspondence is monotone.

Proposition.
(1) For each metric distance d, d < ds,.
(2) For each diameter 6, 64, < 0.
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Galois adjunction: Diameters «» distances

Corollary. 64 < 6 if and only if d < d.

Dist(L): the poset of (admissible) metric distances in L

Diam(L): the poset of (admissible) star-additive diameters in L

Theorem. The maps @, = (d - 6q4): Dist(L) — Diam(L) and
W, = (6 — ds): Diam(L) — Dist(L) are in a Galois adjunction ®; 4 ;.

Moreover:

13ds, <d <dp, | (nd)[0,p) = A,

Ogs < 0 < 30g, (since x ® x C Eg = 0(x) < 3p)
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alocalic map f: L — M is nonexpansive [Pultr] if
(Ve >0)(Vael:6(a)<e)(TbeM: ac<f(b),oulb) < ¢).

Metric locales (L, dy), (M, du):
alocalic map f: L — M is nonexpansive if dy (f ® f)(E) < d.(E), VE
thatis, A C (f ® f)'(AX) ¥p € Q..

Proposition 1. If f: (L, 6,) — (M, du) is a nonexpansive map between
diametric locales then f: (L, ds,) — (M, d5,,) is a nonexpansive map.

Proposition 2. If f: (L,d;) — (M, dy) is a nonexpansive map between
metric locales then f: (L, 0q,) — (M, dg4,,) is @ nonexpansive map.

Lemma. For any cover U, if x® y C \/{u®u | u € U} with y # 0, then
x < Uy.
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The non-symmetric setting: quasi-metrics and quasi-uniformities

quasi-uniform locale: drop the symmetry axiom E€& = E '€ &.
admissibility: Vx € L, x = \/{y | y <z x} (*)

where € is the filter of entourages generated by E U {E™" | E € £}.

& induces JEe& Eo(b®b)Ca®a

JdEe€E, b®b)ocECa®a

b<}a
b<Za

and two subframes of L:
L&) ={xelL|x=V{ael] a<1i€x}} (i=1,2).

The admissibility condition (x) is equivalent to saying that

the triple (L, L1(£), L2(€)) is a biframe




Quasi-metrization theorems

quasi-distance: drop the symmetry axiom and extend admissibility to
&q-



Quasi-metrization theorems

quasi-distance: drop the symmetry axiom and extend admissibility to
. ) induces . . d €a-
(L, d) quasi-metric frame ~~~aanr o &y with basis {AJ | p € Q4
The substance of the metrization theorem is in the existence of a
suitable quasi-distance once one has the countably based

quasi-uniformity while the implication above is trivial.



Quasi-metrization theorems

quasi-distance: drop the symmetry axiom and extend admissibility to
. ) induces . . d €a-
(L, d) quasi-metric frame ~~~aanr o &y with basis {AJ | p € Q4
The substance of the metrization theorem is in the existence of a
suitable quasi-distance once one has the countably based

quasi-uniformity while the implication above is trivial.

We have the asymmetric counterpart to the metrization theorem for
uniform frames [Pultr, 1984]:

Theorem 1. Let (L, £) be a quasi-uniform frame. Then £ has a countable
basis if and only if there is a quasi-distance d on L such that £ = &;.



Quasi-metrization theorems

quasi-distance: drop the symmetry axiom and extend admissibility to

induces Ea-
(L, d) quasi-metric frame ~~ s £y with basis {Ag | pe Q).
The substance of the metrization theorem is in the existence of a
suitable quasi-distance once one has the countably based

quasi-uniformity while the implication above is trivial.

We have the asymmetric counterpart to the metrization theorem for
uniform frames [Pultr, 1984]:

Theorem 1. Let (L, £) be a quasi-uniform frame. Then £ has a countable
basis if and only if there is a quasi-distance d on L such that £ = &;.

Theorem 2. Let (L,L1,L2) be a regular biframe. Then (L,L1,Ls)
admits a countably generated quasi-uniformity if and only if it
admits a countably generated quasi-nearness.
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