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Introduction



Introduction

Clifford semigroup = Pasting of its maximal subgroups
along its (meet) semilattice of idempotents via a family of
transition homomorphisms.

Goal of the paper

Interplay between global topological and differentiable prop-

erties of Clifford semigroup and that of its components.
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Three central themes:

1. Topologies on a Clifford semigroup.

e Disjoint union topology (strong semilattice of
topological groups) isolates fibers (discreteness of
idempotents);

e Compact Hausdorff case (Yeager & Bowman
topologies);

e Metrizability (Bokalo conjecture);

e Constructive solution (Bowman case).

2. Hilbert fifth problem for Clifford semigroups. When
all the maximal subgroups are Lie groups?

3. A rigidity result. C! regularity at idempotents implies
strong semilattice of topological groups.
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Semilattice directed system

Let Q be a plural algebraic language.

A semilattice directed system of Q-algebras A is a functor
¢ 1= Algg.
e ®(i) = A fiber;

o &(i <j)=yji: Aj — A; transition homomorphism.




A Ptonka sum over such a semilattice directed system is a 7-

algebra A with universe A = |_| A; such that the operations
i€l
are computed as follows (f € Q,):
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A Ptonka sum over such a semilattice directed system is a 7-

algebra A with universe A = |_| A; such that the operations
i€l
are computed as follows (f € Q,):

i applied
—— Ai(pij(a), - - - Pinj(an))

J=haANi A A



e An identity a = (3 is regular if Var(a) = Var(p);

e A variety V is strongly irregular if V = p(x,y) ~ x,
where p binary term s.t. Var(p) = {x,y};

e R(V) = variety axiomatized by all the regular identities
holding in V.

J

Theorem (J. Ptonka 1969)

R(V) = class of Ptonka sums of algebras in V), if V is strongly
irregular.




An important example: Clifford semigroups

Inverse semigroup = semigroup S s.t.

Vx € S,3ly € S: xyx = x and yxy = y.

Clifford semigroup = inverse semigroup S s.t.

SExxtrxIx

Theorem (A. H. Clifford, 1941)

Clifford semigroups = Ptonka sums of groups.




Topologies on a Ptonka sum



Disjoint Union Topology

Let 7 be a compatible topology on a Ptonka sum A. TFAE:

e 7 is (isomorphic to) the disjoint union topology;
e A; €T forevery i €l

e the quotient topology (w.r.t 7) on | is the discrete
topology.

~N




The compact hausdorff case

Theorem (D.P Yeager, 1976)

There exists at most one topology turning a Clifford semi-
group into a compact Hausdorff topological semigroup.




The compact hausdorff case

Theorem (D.P Yeager, 1976)

There exists at most one topology turning a Clifford semi-
group into a compact Hausdorff topological semigroup.

Theorem (Bonzio, Loi, Z., 2026/2027)

.

Let A € R(V), where V is a strongly irregular variety. There
exists at most one topology turning A into a compact Haus-
dorff topological algebra.

J

This topology is called Yeager topology. It is referred to as
the Bowman topology if | is a perfect semilattice (w.r.t.

the quotient topology induced by ).

J




Metrizability: the Bokalo Conjecture




The Bokalo Conjecture

Conjecture (B. Bokalo)

The Yeager topology of a Clifford semigroup is metrizable iff
its semilattice and every fiber are metrizable.




The Bokalo Conjecture

Conjecture (B. Bokalo)

The Yeager topology of a Clifford semigroup is metrizable iff
its semilattice and every fiber are metrizable.

Theorem (T. Banakh, 2001)

The Bokalo conjecture is independent of ZFC-axioms:
e True under MA + —CH;
e False under CH.




The Bokalo Conjecture

Theorem (T. Banakh, 2001)

The Bokalo conjecture holds true for the Bowman topology
of a Clifford semigroup.
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The Bokalo Conjecture

Theorem (T. Banakh, 2001)

The Bokalo conjecture holds true for the Bowman topology
of a Clifford semigroup.

Theorem (Bonzio, Loi, Z., 2026/2027)

Let V be a strongly irregular variety. The Bokalo conjecture

holds true for the Bowman topology of a Ptonka sum in R(V).
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Domain Theory: Core Concepts

The Way Below Relation (<)

Let (P, <) be a poset. We say x < y (x way below y) if for

every non-empty up-directed subset D C P whose supremum
exists:

y<supD = x <d forsomedeD.
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exists:
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DCPOs and Domains

e A poset (P, <) is a DCPO if every nonempty
up-directed subset D C P has a supremum;

e A DCPO P is a domain if

x =sup{y € P |y < x}, for every x € P.
\_ J




The Lawson Topology & Bases

Definition (Lawson Topology)

Let P be a domain. The Lawson topology on P is the

topology generated by the sets of the form

(1) \ (TF),

where x € P, F € Z(P), and fx={y € P | x < y}.
\_ )
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Definition (Lawson Topology)

Let P be a domain. The Lawson topology on P is the

topology generated by the sets of the form

(1) \ (TF),

where x € P, F € Z(P), and fx={y € P | x < y}. y

J

A subset B C P is a basis if for every x € P the set By, =
{b€ B| b < x} is up-directed and x = sup By.

Theorem (Gierz et al.). A domain P admits a countable
basis <= it is second countable w.r.t. the Lawson

topology.
\§ J 1




Lawson and Perfect Semilattices

e An Hausdorff topological semilattice S is a Lawson
semilattice (Lawson, 1969) if S admits a basis

consisting of open subsemilattices.

e A Perfect semilattice (Bowman, 1971) is a compact

Lawson semilattice.

- J




Lawson and Perfect Semilattices

e An Hausdorff topological semilattice S is a Lawson
semilattice (Lawson, 1969) if S admits a basis
consisting of open subsemilattices.

e A Perfect semilattice (Bowman, 1971) is a compact

Lawson semilattice.

- J

Fundamental Theorem of Compact Semilattices (Gierz
et al.)

Perfect semilattice = S Compact Hausdorff domain

equipped with the Lawson topology.
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Explicit metric

Theorem (Bonzio, Loi, Z., 2026/2027)

Let V be a strongly irregular variety and A € R(V) a compact

Hausdorff topological Ptonka sum with a Lawson metrizable
semilattice and metrizable fibers. Then A is metrizable.

14



Explicit metric

Theorem (Bonzio, Loi, Z., 2026/2027)

Let V be a strongly irregular variety and A € R(V) a compact
Hausdorff topological Ptonka sum with a Lawson metrizable
semilattice and metrizable fibers. Then A is metrizable. y

~

\_

1) Fix a compatible metric 0 < p <1 on I;

2) | compact metrizable = | second countable = | admits a
countable (domain theoretic) basis B = {b;};>1;

3) For each b € B fix a compatible metric 0 < d, < 1 on
A,, a basepoint ¢, € A, and a countable dense subset

Dp = {tpk}k>1 C Abp.

14



Explicit metric

For every i € I and g # hin A;, there exists b € Bs.t. b < i
and ¢;,5(g) # wib(h).

Proof. It follows by the fact that B; = {b € B | b < i} is
up-directed and such that \/ B; =i, and ¢ : | — Alggq is ILP.

15



Explicit metric

Lemma

For every i € I and g # hin A;, there exists b € Bs.t. b < i
and ; 5(8) # ¢i,b(h).

Proof. It follows by the fact that B; = {b € B | b < i} is
up-directed and such that \/ B; =i, and ¢ : | — Alggq is ILP.

g 4) Define ap : | — [0,1] as ap(i) = p(i, !\ 1b) for every b
be B\ {0}, and ap = 1.
\ J
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g 4) Define ap : | — [0,1] as ap(i) = p(i, !\ 1b) for every b

J

ap(i) >0 <= bk Ii.




Explicit metric

\

5) For i € | and b € B, define the extended transition
homomorphism ¢;p : A; — Ap such that ¢;p = @jp if
b <, @i = cp otherwise;

6) For b € B and (i,g), (j, h) € A, define

P((i,8), U, h)) = lan(i) — ap(j) |+

+ > 27 ap(i)db(@i6(8), to k) — a6(i)d(Fi b(h), thk)l;
k>1

7) Define

d((i,&), G, h)) = p(i.J) + > _ 277 Py ((i, &), (i, h)).-

jz1
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Explicit metric

Theorem (Bonzio, Loi, Z. 2026/2027)

The function d is a metric on A compatible with the topology
of A.

We prove identity of indescirnibles.

Suppose d((7,8),(J,h)) =0 = p(i,j) =0=i=J;

e Suppose by contradiction g # h, then there exists
beBst b<iandyp(g)# »jb(h);

b < i = ap(i) >0, hence Py((i,g), (i, h)) =0 implies
dp(i b(&), thk) = db(wi b(h), tp k) for every k > 1;

By density of {tp x}k>1, we deduce ¢; p(g) = @i n(h),
a contradiction.

. J




Explicit metric

Theorem (Bonzio, Loi, Z. 2026/2027)

Let V be a strongly irregular variety and A € R(V) be a
compact Hausdorff topological Ptonka sum with a metrizable
semilattice, metrizable fibers and isometric (w.r.t to fixed
compatible metrics) transition homomorphisms. Then A is
metrizable.

Proof. Fix a compatible metric p on | and a compatible
metric d; for every A;. Define

d((i, &), U, h)) = p(i,J) + dini(iini(g), ©jini(h))

Then d is a compatible metric on A.

18



Thank you!
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Yeager and Bowman topologies

Suppose @ : | — Algg is an ILP semilattice directed system.

Let 7y and 7; be compact Hausdorff topologies on I and A;
(for every j € I), respectively, and suppose transition homo-
morphisms are continuous.

Foreach U€ Ty, j € U, V € Ta,, we define

WG,V = U (@) H(V).

ieun(ty)
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Yeager and Bowman topologies

Definition: Yeager's Topology, 7y C Z(A) (D.P. Yea-

ger, 1976)

For every O € P(A) : O € Ty <= for every (i,a) € O,
there exists U € 7, such that:
l.ie U,
2. For every j € UN i, there exists V € Ta, such that:
(i) (i,a) € W(U,(,V)) € O;
(ii) For every (z,b) € W(U,(j,V)) and k € U N ]z, there
exists W € Ta, such that (z,b) € W(U, (k, W)) C O.

Definition (T.T. Bowman, 1971)

Bowman topology = Yeager topology for a Ptonka sum over

a perfect semilattice. o1
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