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Double Heyting algebra

Definition

An algebra A = (A, V,A\,—,<,0,1) is called a double Heyting algebra
if (A,V,A,—,0,1) is a Heyting algebra and (A, V,A,<,0,1) is a dual
Heyting algebra.

More precisely, A is a double Heyting algebra if (A, V,A,0,1) is a bounded
lattice and the operations — and < satisfy the following equivalences:

XNy <z<=y<x—2z

XVy>z&y>2zZ+X.
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Preliminaries

Equivalential algebra

Definition

By an equivalential algebra we mean an algebra (A, <+) that is a
(+>)-subreduct of a Heyting algebra, where the operation < is defined by:

Xy =x—=y)A(y —x).
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Preliminaries

Equivalential algebra

Definition

By an equivalential algebra we mean an algebra (A, <+) that is a
(+>)-subreduct of a Heyting algebra, where the operation < is defined by:

Xy =x—=y)A(y —x).

Axioms (Kabziriski and Wroriski, 1975)
Q xy =y,
@ xyzz = (x2)(y2),
Q (xy)(xzz)(xzz) = xy.
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By an equivalential algebra we mean an algebra (A, <+) that is a
(+>)-subreduct of a Heyting algebra, where the operation < is defined by:

Xy =x—=y)A(y —x).

Axioms (Kabziriski and Wroriski, 1975)
Q xy =y,
@ xyzz = (x2)(y2),
Q (xy)(xzz)(xzz) = xy.

We denote this class by £.
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Preliminaries

Equivalential algebra
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Preliminaries

Equivalential algebra

1l:=aa
xy =1iff x=y.
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Equivalential algebra

1l:=aa
xy =1iff x=y.

Definition
An algebra (A, -,0) with one binary operation - and one constant 0 is

called an equivalential algebra with zero if (A, ) is an equivalential
algebra and A satisfies the identity:

x00yy = x00.
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Double equivalential algebra

Double equivalential algebra

Definition

Let A= (A,-,0,1,0) be a (-, 0)-subreduct of a double Heyting algebra.
Thus, A is an (A, ) is an equivalential algebra and (A, o) is a dual
equivalential algebra. Then A is called a double equivalential algebra.
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Definition

Let A= (A,-,0,1,0) be a (-, 0)-subreduct of a double Heyting algebra.
Thus, A is an (A, ) is an equivalential algebra and (A, o) is a dual
equivalential algebra. Then A is called a double equivalential algebra.

We denote the class of double equivalential algebras by DE.
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Double equivalential algebra

Double equivalential algebra

Definition

Let A= (A,-,0,1,0) be a (-, 0)-subreduct of a double Heyting algebra.
Thus, A is an (A, ) is an equivalential algebra and (A, o) is a dual
equivalential algebra. Then A is called a double equivalential algebra.

We denote the class of double equivalential algebras by DE.

Remark
DE is 1-regular and 0-regular.
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Double equivalential algebra

Double equivalential algebra

Definition

Let A= (A,-,0,1,0) be a (-, 0)-subreduct of a double Heyting algebra.
Thus, A is an (A, ) is an equivalential algebra and (A, o) is a dual
equivalential algebra. Then A is called a double equivalential algebra.

We denote the class of double equivalential algebras by DE.

Remark
DE is 1-regular and 0-regular. (

Remark
DE is not congruence orderable. (
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Orderings

< < <d

e

x<ey < y€ e XKLy & xry=x x<gy <= x€ Wl

Double Equivalential Algebras

<4

XKLygy < xoy=y
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Double equivalential algebra

Failure of local finiteness

Theorem
DE is not locally finite.
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Double equivalential algebra

Failure of local finiteness

Theorem
DE is not locally finite.

R={0,1}U{ri: ke N}, where r; = x, rn = x-0, rpy1 = r2p o rp_1,
Ppt2 = Ppt1 ° Pp—1 for n = ]., 2, e
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Double equivalential algebra

Some basic properties

d(x) :=(xo01)-0,
)

g(x):=(x-0)ol.
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Double equivalential algebra

Some basic properties

d(x) :=(xo01)-0,
g(x):=(x-0)ol.

Theorem

Let A € DE and let a,b € A. Then:

Q@ (aol)aa=aol, aloaoa=al,

@ a(aol)(aol)=a, ao(a0)o(a0)=a,

© (a0o0a)-0=0, ((aol)-a)ol=1,

Q (a0o0a)-a=a00, ((aocl)-a)oa=aolol,
@ (a0)-(aol)=a-d(a), (a0)o(aol)=aog(a),
Q ifa<< b, then b0 =0 and g(b) = 1.

Stawomir Przybyto Double Equivalential Algebras July 28, 2026

8/16



Double equivalential algebra

Congruences

Theorem

Let A € D&, and let ¢ € Con A. Then:
Q@ xcl/piffxole0/yp,
@ xycl/piffxoyec0/piff(xoy)-0€1/p,
Q@ xel/piffd(x) €1/,
Q0/p={xcA:x0e€1/p},
Q@ 0/p={xoy:x,y€l/p}.
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Linear double equivalential algebras

Linear double equivalential algebra

Let n € N. We denote by n the (-, 0)-reduct of an n-element double
Heyting algebra whose underlying set forms a chain.
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Linear double equivalential algebras

Linear double equivalential algebra

Let n € N. We denote by n the (-, 0)-reduct of an n-element double
Heyting algebra whose underlying set forms a chain.

In particular, 3= ({0 < x < 1},-,0,1,0) and 2 = ({0 < 1},-,0,1,0).
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Linear double equivalential algebras

Linear double equivalential algebra

Let n € N. We denote by n the (-, 0)-reduct of an n-element double
Heyting algebra whose underlying set forms a chain.

In particular, 3= ({0 < x < 1},-,0,1,0) and 2 = ({0 < 1},-,0,1,0).
Remark
If A € V(n), then the following identities hold:

Q (xoy)-0=(x-y)ol-0,

@ (x-y)ol=(xo0y)-001.
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Linear double equivalential algebra

Let n € N. We denote by n the (-, 0)-reduct of an n-element double
Heyting algebra whose underlying set forms a chain.
In particular, 3= ({0 < x < 1},-,0,1,0) and 2 = ({0 < 1},-,0,1,0).
Remark
If A € V(n), then the following identities hold:

Q (xoy)-0=(x-y)ol-0,

@ (x-y)ol=(xo0y)-001.

Theorem

Let A € V(n), and let o € Con A®. Denote F :=1/c. Then o € ConA if
and only if the following conditions are satisfied:

Q@ acFiffd(a) e F,
@ ifa0 € F, then (aoz)-z € F forall z € A.

= =7 = = =
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Linear double equivalential algebras

Simple algebras

Remark
The variety V(3) is locally finite.
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Linear double equivalential algebras

Simple algebras

Remark
The variety V(3) is locally finite.

Remark

Let 29— denote the two-element double equivalential algebra
({0,1},-,0,1,0) in which the constants (but not the elements) 1 and 0 are
equal. Then 291 € V/(3).
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Linear double equivalential algebras

Simple algebras

Remark
The variety V(3) is locally finite.

Remark

Let 29— denote the two-element double equivalential algebra
({0,1},-,0,1,0) in which the constants (but not the elements) 1 and 0 are
equal. Then 291 € V/(3).

Remark

The algebras 3, 2, and 2p—; are simple.
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Linear double equivalential algebras

Foster-Pixley Theorem

Theorem

(Foster-Pixley) Let S1,...,S, be simple algebras in a
congruence-permutable variety V. If

C<Syx---x8,
is a subdirect product, then

C=S; x- x§,

Tk

for some {i1,...,ik} C{1,...,n}.
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Linear double equivalential algebras

Foster-Pixley Theorem

Theorem

(Foster-Pixley) Let S1,...,S, be simple algebras in a
congruence-permutable variety V. If

C<Syx---x8,
is a subdirect product, then

C=S; x- x§,

Tk

for some {i1,...,ik} C{1,...,n}.

Theorem

Let A € SP(3,2,20:1) with 1 < ‘A‘ < o0. Then A € |P(3,2, 20:1).
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Subdirectly irreducible algebras

Theorem

Let A € HSP(3) with 1 < |A| < co. Then A € IP(3,2,20=1).
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Subdirectly irreducible algebras

Theorem

Let A € HSP(3) with 1 < |A| < co. Then A € IP(3,2,20=1).

Corollary

The only subdirectly irreducible algebras in V(3) are 3, 2, and 2p_;.
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Linear double equivalential algebras

The main theorem

Theorem
The variety V/(3) is:
Q@ semisimple,
@ directly representable (i.e., it is finitely generated and has only finitely
many finite directly indecomposable members).

Moreover, if A € V(3) and |A| < oo, then A is congruence uniform (i.e.,
for every ¢ € Con A and all a,b € A, we have |a/p| = |b/y|).
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Linear double equivalential algebras

Free algebra

Example

Let F(n) be the n-generated free algebra in the variety V/(3). Then F(1)
is the (-, 0)-reduct of the double Heyting algebra 3 x 22, with generator x.
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