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> s the following equation valid in (Z,A,V,+, —,0)?

0<(z+4y+32)V(r—y)V(3xz+2y+3z2)
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» Is the following equation valid in (Z, A, V, 4+, —,0)?

0<(z4+4y+32)V(z—y)V Bz +2y+ 32)

» Is the zero vector a non-trivial linear combination over N of

1 1 3
4, -1, [2]?
3 0 3
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Theorem (cf. Gordan 1873)

Let ty,...,t, € Z™. Then exactly one of the following holds:
(1) The zero vector is a non-trivial linear combination of ty, ..., t, over N;
(2) There exists y € Z™ such that yTt; > 0 for everyi € {1,...,n}.
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Theorem (cf. Gordan 1873)

Let ty,...,t, € Z™. Then the following are equivalent:
(1) The zero vector is a non-trivial linear combination of ty, ..., t, over N;

(2) For every y € Z™, there exists some i € {1,...,n} such that yTt; < 0.
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Theorem (cf. Gordan 1873)

Let ty,...,t, € Z™. Then the following are equivalent:
(1) The zero vector is a non-trivial linear combination of ty,...,t, over N.
(2) (Z,\,V,+,—,0) E0<t1 V- Vi,
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Theorem (cf. Gordan 1873)

Let ty,...,t, € Z™. Then the following are equivalent:
(1) The zero vector is a non-trivial linear combination of ty,...,t, over N.
(2) ABLGE 0 <ty V---Vty,.
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» Consider the non-zero integers

Z*:={a€Z|a+#0}
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» Equip it with the lattice operations corresponding to the standard ordering
(Z,<) and let = be the additive inversion.
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» Consider the non-zero integers

Z*:={a€Z|a+#0}.

» Equip it with the lattice operations corresponding to the standard ordering
(Z,<) and let = be the additive inversion.

» Define the monoidal operation
€ lal —
b~a:a-b:{a/\b if |a] = [o],

a if |a] > |b].

> V((Z*,A,V,-,—, 1)) is the variety SM of Sugihara monoids.
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» Define
aVb if |a| = b,
a if la| > |0].

a+b=—(—a~—b):{
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» Define

aVb if |a| =1b),
b: —(— ~—b =
ot (-a--b) {a if a| > [b].

Theorem (cf. Avron 1987)

The following are equivalent for any {-,—,1}- terms t1,... ty:

(1) SME1< Aty + -+ A\pty, for some Aq,..., A\, € {0,1} not all 0
(2) SME1<t V- Vi,
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Observation (cf. Colacito, Galatos & Metcalfe 2020)

» Gordan's theorem and Avron's theorem belong to a family of results that may
be understood as “theorems of alternatives” for substructural logics.
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Observation (cf. Colacito, Galatos & Metcalfe 2020)

» Gordan's theorem and Avron's theorem belong to a family of results that may
be understood as “theorems of alternatives” for substructural logics.

» There are some general conditions for varieties of semilinear involutive
commutative residuated lattices to admit a theorem of alternatives.
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An involutive commutative residuated pomonoid is a commutative partially
ordered monoid (A4, <,-,1) equipped with an involution — satisfying

a-b<c<= —c-b<—aforall a,b, ce A
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An involutive commutative residuated pomonoid is a commutative partially
ordered monoid (A4, <,-,1) equipped with an involution — satisfying

a-b<c<= —c-b<—aforall a,b, ce A
We define

a+b:=-(-a-b), a—b:=-a+0b, 0:= -1,
and, inductively, for n € N,

Oa := 0, a’ =1,

(n+1)a:=na+a, a" ™ i=a" - a.
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An involutive commutative residuated pomonoid is a commutative partially
ordered monoid (A4, <,-,1) equipped with an involution — satisfying

a-b<c<= —c-b<—aforall a,b, ce A
We define

a+b:=-(-a-b), a—b:=-a+0b, 0:= -1,
and, inductively, for n € N,

Oa := 0, a’ =1,

(n+1)a:=na+a, a" ™ i=a" - a.

If the partial order of an icr-pomonoid (A, <,-, -, 1) is a lattice order with meet
and join operations A and V, we call the algebra (4, A, V, -, =, 1) an involutive
commutative residuated lattice.

Subdirect products of icr-lattices where the lattice order is total are called
semilinear.
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Let T(X) and T,,(X) denote the term algebras over a set X of generators for
the languages of icr-lattices and icr-pomonoids, respectively.
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Let T(X) and T,,(X) denote the term algebras over a set X of generators for
the languages of icr-lattices and icr-pomonoids, respectively.

For any variety V of icr-lattices, we obtain a corresponding substructural logic by
defining for any S U {s} C T(X):

Y Ey s <= for any homomorphism h from T(X) to some A € V,
1 <h(t) forallt € ¥ = 1 < h(s).
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Let T(X) and T,,(X) denote the term algebras over a set X of generators for
the languages of icr-lattices and icr-pomonoids, respectively.

For any variety V of icr-lattices, we obtain a corresponding substructural logic by
defining for any S U {s} C T(X):
Y Ey s <= for any homomorphism h from T(X) to some A € V,
1 <h(t) forallt € ¥ = 1 < h(s).

A variety of semilinear icr-lattices ¥V admits a theorem of alternatives if the
following are equivalent for any X U {t1,...,tn} C T (X):

(A) SEpt V- Vi,
(B) X Ey Aty + - 4+ Apty, for some Aq, ..., A, € N not all 0.
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Back to Gordan's Theorem:

Theorem (Colacito & Metcalfe 2019)

Let X U{ty,...,tn} be a set of group terms over the set X. The following are
equivalent:

(1) Y Faplg t1 V- Vi,
(2) X EabLg A1t1 + -+ + Aty for some Ay, ..., A, € N not all 0;
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Back to Gordan's Theorem:

Theorem (Colacito & Metcalfe 2019)
Let X U{ty,...,tn} be a set of group terms over the set X. The following are
equivalent:

(1) Y Faplg t1 V- Vi,

(2) X EabLg A1t1 + -+ + Aty for some Ay, ..., A, € N not all 0;

(3) There is no total preorder on the free abelian group over X that makes ¥
positive and {t1, ..., t,} strictly negative.
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A preorder < on an icr-pomonoid A is a reflexive and transitive binary relation
on A that
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A preorder < on an icr-pomonoid A is a reflexive and transitive binary relation
on A that

(i) extends the partial order <, i.e., <C=;
(ii) @ < b implies ca < ¢b for all a,b,c € A;
(iii) a < b implies =b < —a for all a € A.

We call < total if a <borb=<aforall abe A.
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» If < is a preorder on an icr-pomonoid A, define its positive cone to be

P:={acA|1=<a}.
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» If < is a preorder on an icr-pomonoid A, define its positive cone to be
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» The positive cone P is a filter submonoid of A, i.e.,

P is an upset of (A,<),1 € P, and a,b € P implies ab € P.
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» If < is a preorder on an icr-pomonoid A, define its positive cone to be

P:={acA|1=<a}.

» The positive cone P is a filter submonoid of A, i.e.,

P is an upset of (A,<),1 € P, and a,b € P implies ab € P.

» For any filter submonoid P C A, the binary relation <p on A defined by
a<pb<=a—beP

is a preorder on A with positive cone P.

» We can study preorders via filter submonoids.
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Let V be any variety of semilinear icr-lattices and let F(X) denote the free algebra
of V over a set X.
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Let V be any variety of semilinear icr-lattices and let F(X) denote the free algebra
of V over a set X. Let F,,,(X) be the icr-pomonoid formed by the

{+, 7, 1}-subreduct of F(X) generated by X, partially ordered by the restriction of
the lattice order of F(X).
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Let V be any variety of semilinear icr-lattices and let F(X) denote the free algebra
of V over a set X. Let F,,,(X) be the icr-pomonoid formed by the

{+, 7, 1}-subreduct of F(X) generated by X, partially ordered by the restriction of
the lattice order of F(X).

The following are equivalent for any ¥ U {t1,...,t,} C Tp(X):
(1) There is no total preorder on F,,,(X) containing ¥ and omitting ti, ..., t,.

(2) Skt V- Vi,
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Let V be a variety of semilinear icr-lattices satisfying 0 < 1, 1 < x V -z, and for
each n € N, the equation (nz)* < m(x™) for some m € N k € N. Then the
following are equivalent for any ¥ U {t1,...,t,} C T (X):

(1) There is no total preorder on F,,,(X) containing ¥ and omitting ti, ..., t,.
(2) X Ey Mty + ...+ A\pty, for some Ay, ..., A\, € N not all 0.
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Let V be a variety of semilinear icr-lattices satisfying 0 < 1, 1 < x V -z, and for
each n € N, the equation (nz)* < m(x™) for some m € N k € N. Then the
following are equivalent for any ¥ U {t1,...,t,} C T (X):

(1) There is no total preorder on F,,,(X) containing ¥ and omitting ti, ..., t,.
(2) ZEy Mty + ...+ Apty for some Aq, ..., A\, € N not all 0.

This result applies to the varieties of abelian ¢-groups, Sugihara monoids, and
semilinear icr-lattices satisfying 2" ~ nx for each n € N*.
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Proof sketch:
> Let Py be the filter submonoid generated by {t € F,,,(X) |1 <t}UZX.

> Let
S::{)\ltl—l—...—i—)\ntn|{)\1,...,)\n}€NnotaIIO}.
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» Suppose that X Ey Aty + -+ + Aty for every A1, ..., A\, € N not all 0.
This is equivalent to assuming SN Py = &
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Proof sketch:
> Let Py be the filter submonoid generated by {t € F},,(X) |1 <t} UX.

> Let
S:Z{Altl—‘r...—f—)\ntn|{)\1,...,)\n}€NnOt3”0}.

» Suppose that X Ey Aty + -+ + Aty for every A1, ..., A\, € N not all 0.
This is equivalent to assuming SN Py = &

> Enumerate the elements in F},,(X) as (¢;):;en and define

po Uy fpu{thnS =2,
A (P;U{~t;}) otherwise.
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Proof sketch:
> Let Py be the filter submonoid generated by {t € F},,(X) |1 <t} UX.

> Let
Si={Mti14+ ...+ At | {M1,..., A} €Nnotall 0 }.

» Suppose that X Ey Aty + -+ + Aty for every A1, ..., A\, € N not all 0.
This is equivalent to assuming SN Py = &

> Enumerate the elements in F},,(X) as (¢;):;en and define

po Uy fpu{thnS =2,
A (P;U{~t;}) otherwise.

Let P be a preorder on an icr-pomonoid A and a € A. Then the preorder
generated by PU{a} is {c € A|a™ — ¢ € P for some n € N}.

> P :=UpnenPy satisfies SN P = @, it is a total preorder on F,,(X),
contains X and omits t1,...,¢,.
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Proposition

Let V be a variety of semilinear icr-lattices V that admits a theorem of
alternatives. Then V satisfies 0 < 1, 1 < x V -z, and for each n € N, the
equation (nz)* < m(z™) for some m € N k € N.
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> 1<zx—>zx=—2x+zx,
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» 1 <z — x=-x+x, so by the theorem of alternatives we obtain that

1<xV—x.
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» 1 <z — x=-x+x, so by the theorem of alternatives we obtain that

1<xV—x.

> From 1 < (—z)™ Vv 2™, using the theorem of alternatives, we get
1 < k(—z)™ + m(z™) for some k,m € N not both 0.
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» 1 <z — x=-x+x, so by the theorem of alternatives we obtain that

1<xV—x.

> From 1 < (—z)™ Vv 2™, using the theorem of alternatives, we get
1 < k(—=x)™ + m(a™) for some k,m € N not both 0. Then we have that

1 < k(—2)" +m(z") <= 1 < =[(n2)*] + m(z")
1< (nz)f — m(z")

— (n2)* <m(z")
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A variety of semilinear icr-lattices V admits a theorem of alternatives if, and only
if, it satisfies 0 < 1, 1 < x V —x, and for each n € N, the equation
(nz)* < m(z™) for some m € NT k € N.
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Theorem (Colacito & Metcalfe 2019)

Let {t1,...,t,} be a set of group terms over the set X. The following are
equivalent:

(1) AbBLGE t1 V-V ty;

(2) AbLG E Aity + -+ + Apty, for some A1, ..., A, € N not all 0;
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(3) There is no order on the free abelian group over X containing {t1,...,t,}.

» The Validity Problem for AbLG ‘reduces to' the Order Problem for free
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Theorem (Colacito & Metcalfe 2019)

Let {t1,...,t,} be a set of group terms over the set X. The following are
equivalent:

(1) AbBLGE ¢ V-V t,;

(2) AbLG E Aity + -+ + Apty, for some A1, ..., A, € N not all 0;

(3) There is no order on the free abelian group over X containing {t1,...,t,}.

(4) The subsemigroup of the free abelian group over X generated by {ti,...,t,}
contains 1. )

» The Validity Problem for AbLG ‘reduces to' the Order Problem for free
Abelian groups and the Identity Problem for free Abelian groups.
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Theorem (Colacito & Metcalfe 2019)

Let {t1,...,t,} be a set of group terms over the set X. The following are

equivalent:

(1) AbBLGE t1 V-V ty;

(2) AbLG E Aity + -+ + Apty, for some A1, ..., A, € N not all 0;

(3) There is no order on the free abelian group over X containing {t1,...,t,}.

(4) The subsemigroup of the free abelian group over X generated by {ti,...,t,}
contains 1.

v

» The Validity Problem for AbLG ‘reduces to' the Order Problem for free
Abelian groups and the Identity Problem for free Abelian groups.

» Can we say something similar for the substructural case?
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Thank you!

22/22



	Example

