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Motivation

Lattice-ordered groups (£-groups)

> Long history and plenty of nice & deep results

Pregroups

> Introduced in mathematical linguistics and studied extensively
Lattice-ordered pregroups (¢-pregroups)

> Involutive residuated lattices which generalize /-groups

» Distributive £-pregroups: closer to ¢-groups (distrib. lattice reduct)

> Open Problem: Is every (-pregroup distributive?
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Lattice-ordered pregroups

An £-pregroup is an algebra L = (L, A, V/,-,",” 1) such that
— (L, A, V) is a lattice,
— (L,-,1) is a monoid s.t. - is order-preserving,

—and forevery a € L, a‘a < 1 < aa’ and aa” < 1 < d’a.
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Lattice-ordered pregroups

An £-pregroup is an algebra L = (L, A, V/,-,",” 1) such that
— (L, A, V) is a lattice,
— (L,-,1) is a monoid s.t. - is order-preserving,
—and forevery a € L, a‘a < 1 < aa’ and aa” < 1 < d’a.
» L is called distributive if its lattice reduct is distributive

> We denote the variety of distributive ¢-pregroups by DLP

Any (-group is a distributive ¢-pregroup with a’ = a” = a~*
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Periodic ¢-pregroups

An (-pregroup L is called n-periodic (for n > 1) if it satisfies

n n 0 k+1 k
" ~a, where 2t =, 2" = (2P’
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Periodic ¢-pregroups

An (-pregroup L is called n-periodic (for n > 1) if it satisfies
e~ a2, where =g 2= (a:ék)g
> Define zl"l := 2" (zl = :1:7"2”) ~ n-periodic < " =

Denote the variety of n-periodic /-pregroups by LP,, n =1 ~+ {-groups

» LP,, C DLP (Galatos—Jipsen 2012)
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Periodic ¢-pregroups

An (-pregroup L is called n-periodic (for n > 1) if it satisfies
e~ a2, where o=, 2" = (a:ék)g
> Define 2" := 2" (217" = 27™") ~» n-periodic & 2" = ¢
Denote the variety of n-periodic /-pregroups by LP,, n =1 ~+ {-groups
» LP,, C DLP (Galatos—Jipsen 2012)

» DLP =/, LP,, (Galatos—Gallardo 2025)
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Proper subvarieties of DLP

Question: Is every proper subvariety of DLP periodic?
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Proper subvarieties of DLP

Question: Is every proper subvariety of DLP periodic?

Theorem (Galatos—S. 2026+)
Every proper subvariety V of DLP is periodic, i.e., n > 1, V C LP,

Approach: Representation Thm. for distributive ¢-pregroups
as endomorphism /-pregroups of chains
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Endomorphism /-pregroup of a chain

For a chain C = (C, <), define distrib. ¢-pregroup (F(C), A, V, 0,7, 1)
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The endomorphism ¢-pregroup on Z

» F(7Z): finite-to-one endos on Z
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The endomorphism ¢-pregroup on Z

» F(7Z): finite-to-one endos on Z ;; .
07

> fl=f e fz—n)=f(z)—n .
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The endomorphism ¢-pregroup on Z

> F(Z): finite-to-one endos on Z N
» For f € F(Z), f(z) = f(z—n)+n. i7
sl =fe fa—n)=f@)—n. T
> F(Z) is not periodic: ¢: Z — Z, =

c(x) =x forx #0, c(0) =1
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4
» F(7Z): finite-to-one endos on Z 3
Do—o
» For f € F(Z), f"(z) = f(x —n) +n. )
0: .
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The endomorphism ¢-pregroup on Z

» F(7Z): finite-to-one endos on Z
» For f € F(Z), f"(z) = f(x —n) +n.

> f = f e fle—n)=fz) —n

—loe—-e —le—e
> F(Z) is not periodic: c: Z — Z, :; :3
c(x) =z forx #£0,c(0)=1
c cl2

» For F(Z) := Sg(c) < F(Z), V(F(Z)) = DLP (Galatos-Gallardo 2024)
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More on endomorphism /-pregroups

For every chain C and n > 1,
F,(C)={feF(O): firh = fh
forms an n-periodic subalgebra F,,(C) < F(C).
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More on endomorphism /-pregroups

For every chain C and n > 1,
Fu(C)={f € F(C): /" =1}
forms an n-periodic subalgebra F,,(C) < F(C).
» Each n-per. ¢-pregroup embeds into F,,Z(J?Z) (Galatos-Gallardo 2025)

» \/,LP, =DLP =V V(F,(Z)) (Galatos-Gallardo 2025)
» V(F,.(Z)) € LP,, (Galatos—Gallardo 2025)

» Axiomatization of V(F,,(Z)) for every n > 1 (Galatos-S. 2026)
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Proof idea for main theorem

Theorem (Galatos=S. 2026+)
Every proper subvariety V of DLP is periodic, i.e., dn > 1,V C LP,,
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Proof idea for main theorem

Theorem (Galatos=S. 2026+)
Every proper subvariety V of DLP is periodic, i.e., dn > 1,V C LP,,

e We show: L non-periodic = V(L) = DLP
o For L € DLP ~» L < F(JXZ)~ enough to consider f € F(JXZ)

e Idea: Two possibilities for non-periodic f € F(J?Z):

— f ‘simulates’ F(Z) — V(Sg(f)) =DLP

— f ‘simulates’ F,,(Z) for inf. many n
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Simulation

Let f,g € F(Z). We say f simulates g if
vm > 17 dh € Sg(f) h|[—m,m] = g‘[—m,m]
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Let f,g € F(Z). We say f simulates g if
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1 =2
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Special case F(Z): reduction to idempotents

Periodicity of a € L: per(a) := inf{k > 1: a*l = a}

Lemma (Galatos-S. 2026+)
If f e F(

(1)
(2)

Z) is non-periodic, then one of the following holds

contains a non-periodic positive idempotent

(

Sg(f)
Sg(f) contains idempotents of arbitrary big periodicity.

Simon Santschi (University of Bern) Varieties of distributive £-pregroups July 27, 2026 12/17



Special case F(Z): reduction to idempotents
Periodicity of a € L: per(a) := inf{k > 1: a*l = a}

Lemma (Galatos-S. 2026+)
If f e F(

(1)
(2)

Z) is non-periodic, then one of the following holds
Sg(f) contains a non-periodic positive idempotent
Sg(f)

(

(2) ~» F,(Z) < Sg(f) for inf. many n

contains idempotents of arbitrary big periodicity.

Simon Santschi (University of Bern) Varieties of distributive £-pregroups July 27, 2026 12/17



Special case F(Z): reduction to idempotents
Periodicity of a € L: per(a) := inf{k > 1: a*l = a}

Lemma (Galatos-S. 2026+)
If f e F(

(1)
(2)

Z) is non-periodic, then one of the following holds
Sg(f) contains a non-periodic positive idempotent
Sg(f)

(

(2) ~» F,(Z) < Sg(f) for inf. many n ~» V(Sg(f)) = DLP.

contains idempotents of arbitrary big periodicity.

Simon Santschi (University of Bern) Varieties of distributive £-pregroups July 27, 2026 12/17



Special case F(Z): reduction to idempotents
Periodicity of a € L: per(a) := inf{k > 1: a*l = a}

Lemma (Galatos-S. 2026+)
If f € F(Z) is non-periodic, then one of the following holds

(1) Sg(
(2) Sg(

(2) ~» F,(Z) < Sg(f) for inf. many n ~» V(Sg(f)) = DLP.

Sg(f) contains a non-periodic positive idempotent
Sg(f) contains idempotents of arbitrary big periodicity.

To show: (1) = f simulates c
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent
= {/M: fH(0) >0, k € Z}

g=N\F
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent
= {/M: fH(0) >0, k € Z}
g:=/N\F ~ f simulates g

Lem. g simulates ¢ — gen. of F(Z)
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent
= {f": fH(0) > 0, k € Z}

g:=/N\F ~ f simulates g

Lem. g simulates ¢ — gen. of F(Z)

Case 1: forall 1 <0, g(I) =1
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent -
F o= (W f9(0) > 0, k € Z) -
3
g:=/N\F ~ f simulates g 2; .
1
Lem. g simulates ¢ — gen. of F(Z) 0 - .
9

Case 1: forall 1 < 0, g(I) =1
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent -
— {f ( )>0,keZ} 47>.
3 °
g:=/N\F ~ f simulates g 27>.
1
Lem. g simulates ¢ — gen. of F(Z) 0 =

Case 1: forall 1 < 0, g(I) =1
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent -

P (M0 50 kezy i

3 °

g:=/N\F ~ f simulates g Q.L,
1

Lem. g simulates ¢ — gen. of F(Z) 0 - .
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent

5 J 5
F e {7 f90) > 0, k € Z} e
3 . Se———o
g:=/N\F ~ f simulates g Q.L, 2o o
1 1
Lem. g simulates ¢ — gen. of F(Z) 0 - . 0:; .
Case 1: forall 1 <0, g(I) =1 L

Case 2: there exists [ < 0, I < g(l) (géﬁ)[ﬂ o;g vl ¢
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Special case F(Z): non-periodic idempotents

f € F(Z) non-periodic pos. idempotent

5 J 5
F e {7 f90) > 0, k € Z} e
3 . Se———o
g:=/N\F ~ f simulates g Q.L, 2o o
1 1
Lem. g simulates ¢ — gen. of F(Z) 0 - . 0:; .
Case 1: forall 1 <0, g(I) =1 L

Case 2: there exists [ < 0, | < g(I) = 4 (géﬁ)[Q] o;g vl ¢
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General case F(J?Z)
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General case: reduction to idempotents

Lemma (Galatos-S. 2026+)
If fe F(J;)Z) is non-periodic, one of the following holds
(1) Sg(f) contains a non-periodic positive idempotent

(2) Sg(f) contains idempotents of arbitrary big periodicity
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(2) = V(Sg(f)) = DLP (similar to F(Z) case)
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General case: reduction to idempotents

Lemma (Galatos-S. 2026+)
If fe F(J;)Z) is non-periodic, one of the following holds
(1) Sg(f) contains a non-periodic positive idempotent

(2) Sg(f) contains idempotents of arbitrary big periodicity

(2) = V(Sg(f)) = DLP (similar to F(Z) case)

To show: (1) = f simulates c
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General case: non-periodic idempotents

fe F(J?Z) non-periodic pos. idempotent
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fe F(J?Z) non-periodic pos. idempotent
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General case: non-periodic idempotents

fe F(J?Z) non-periodic pos. idempotent

Lemma V(Sg(f)) = DLP

~

f=A(,7):Im,peZ, fi,m) = (j,p)}
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General case: non-periodic idempotents

fe F(J?Z) non-periodic pos. idempotent
Lemma V(Sg(f)) = DLP

F=16,4):3Im,p € Z, f(i,m) = (,p)}

Case 1: f =id; ~» local copies of F(Z)
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fe F(J?Z) non-periodic pos. idempotent
Lemma V(Sg(f)) = DLP

F=16,4):3Im,p € Z, f(i,m) = (,p)}

Case 1: f =id; ~» local copies of F(Z)

~

Case 2: there exists j € J with f(j) # {j}
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General case: non-periodic idempotents

fe F(J?Z) non-periodic pos. idempotent

O~ N W

Lemma V(Sg(f)) = DLP

f=1{G.5) : 3m.p € Z, f(i,m) = (j,p)}
Case 1: f =id; ~» local copies of F(Z)

~

Case 2: there exists j € J with f(j) # {j}

O~ N W
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General case: non-periodic idempotents

fe F(J?Z) non-periodic pos. idempotent

O = N W

Lemma V(Sg(f)) = DLP

f=1{G.5) : 3m.p € Z, f(i,m) = (j,p)}
Case 1: f =id; ~» local copies of F(Z)

~

Case 2: there exists j € J with f(j) # {j}

O~ N W

O~ N W

~+ f simulates c
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Conclusion

Theorem (Galatos—S. 2026+)
Every proper subvariety V of DLP is periodic, i.e., dn > 1,V C LP,,
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Every proper subvariety V of DLP is periodic, i.e., n > 1,V C LP,

Corollary (Galatos-S. 2026+)
The subvariety lattice of DLP decomposes into disjoint intervals:
Vyeq V(E((Z)),LP,], @ contains maximal prime powers of n.
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Every proper subvariety V of DLP is periodic, i.e., n > 1,V C LP,

Corollary (Galatos-S. 2026+)
The subvariety lattice of DLP decomposes into disjoint intervals:
Vyeq V(E((Z)),LP,], @ contains maximal prime powers of n.

What about proper quasivarieties?
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Conclusion

Every proper subvariety V of DLP is periodic, i.e., n > 1,V C LP,

Corollary (Galatos-S. 2026+)
The subvariety lattice of DLP decomposes into disjoint intervals:
Vyeq V(E((Z)),LP,], @ contains maximal prime powers of n.

What about proper quasivarieties?

> Q=DLP + {2z’ ~ 2" &y’ = y" = wy ~ yx} contains F(Z)
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Conclusion

Every proper subvariety V of DLP is periodic, i.e., n > 1,V C LP,

Corollary (Galatos-S. 2026+)
The subvariety lattice of DLP decomposes into disjoint intervals:
Vyeq V(E((Z)),LP,], @ contains maximal prime powers of n.

What about proper quasivarieties?
> Q=DLP + {2z’ ~ 2" &y’ = y" = wy ~ yx} contains F(Z)
Thank You!
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