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The basic relevant logic B*

e BT acts as the foundational positive logic within the relevant
logic framework [Routley and Meyer, 1973]
e Extensions: It can be conservatively extended to:

- the full relevant logic B by adding De Morgan negation (~)
- logic CB by adding a Boolean negation (—)
- some relevant modal logics such as BT K-

e Semantics: Interpreted via Routley-Meyer frames containing a
ternary accessibility relation
- in standard relational semantics, accessibility relations are
binary
- for relevant implication —, a ternary relation Rxyz is required
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From sequent to nested sequent
» simple sequent:

" = A, ordered pair of multisets of formulas
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S=A,...,AA=>Bi,....B,[Ti],...,[Tm] [Brinnler, 2009]
tr(T1) e tr(Tm)

tr(s) : \[i\ /[]/

where each T; is nested sequent
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From sequent to nested sequent

» simple sequent:
" = A, ordered pair of multisets of formulas

» nested sequent:
S=A,...,Ac=>By,...,B; (Ty),..., (Tm) [Fitting, 2014]
tr(T:) T tr(Tm)

tr(S) : N /()/

A, ..., Ax=>B,,...,Bg

where each T; is nested sequent
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Proof theory for relevant logic

e Existing calculi for B/B are labeled or display calculi provided in
[Belnap, 1982, Kurokawa and Negri, 2020, De Martin Polo, 2023]

e Nested sequents a powerful tool excel at handling binary accessibility
relations (e.g., modal logic, intuitionistic logic and their combinations).
(e.g.,[Brinnler, 2009, Fitting, 2014, Balbiani et al., 2024])

e Capturing the ternary relation of Routley-Meyer semantics is
notoriously difficult without labels

In this work...

e we developed the first nested sequent calculus for B* which directly
internalizes ternary relations

e we extended technique from intuitionistic modal

logic [StraBburger, 2013, Gao and Olivetti, 2026] oos
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Routley-Meyer Relational Semantics
The language Frm is generated by:
FFmoA:=peAt|(AAA)|(AVA)|(A—A)
where At is a countable set of propositional atoms.
AB*-frame is a quadruple & = (0, K, R, <) where
(i) Kis anon-empty set of worlds
(i) @ C Kisthe set of regular worlds
(iii) R C K x K x K is a ternary accessibility relation
(iv) <is apartial order on K, definedasa < b <= 3Ju € ¢ &Ruab
Moreover, for alla, b, c, d € K:
e (Ma<a

e (F2) If a < b and Rbcd, then Racd. 4/24



Routley-Meyer Relational Semantics

ABT-model .# = (&, V) pairs a frame with a valuation V : At —» & (K)
which is monotonic:

ifxe V(p)andx <y, theny € V(p)
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Routley-Meyer Relational Semantics

ABT-model .# = (&, V) pairs a frame with a valuation V : At —» & (K)
which is monotonic:

ifxe V(p)andx <y, theny € V(p)

Forcing Relation |-

o M, xlFp &< x€V(p)

o M, xIFBAC < #,xIFBand 4, xI-C

e /A, xIFBVC < #,xIFBor #,xI-C

o /,xIFB—>C < Vy,z€K(Rxyz& A,y -B)then 4 ,zI-C

Monotonicity property

For any formula A € Frm, if 4 ,xIF Aand x <y, then 4,y IF A.



The Hilbert system s+ [Routley and Meyer, 1973]

axl A— A

ax2 (A—-B)—-((B—C)—-(A—0)

ax3 (A—(A—B))—>(A—B)

axd (AT AA) = A

ax5 (A—=B)A(A—>C)—>(A—>(BACQ))
ax6 A — (A1 V Ay)

ax7 (A=A B—-C))—-((AVvB)—0()
ax8 (AA(BVC)—-((AAB)VO)

A A—-B A B A—B C—D
B AAB (B—C)—(A—D)

rules
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The Hilbert system s+ [Routley and Meyer, 1973]

axl A—A

ax2 (A—»B)—»((B—C)—(A—-0)

ax3 (A—»(A—B))—(A—B)

axd (A A AY) — A

ax5 (A—=B)A(A—-C)—=(A—=(BAQ))
ax6 A — (A1 V Ay)

ax7 (A—-C)AB—-C)—-((AvB)—0()
ax8 (AA(BvC)—-((AAB)VO)

A A—B A B A—B C—D
B AAB (B—C)—(A—D)

rules

Theorem (Soundness and completeness)

A is derivable in 56+ if and only if A is BT -valid. 6/24
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e In ordinary nested sequents, a block usually refers to a single
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From unary blocks to binary blocks

e In ordinary nested sequents, a block usually refers to a single
accessible world in Kripke semantics, e.g. R-successor in modal
logic or <-upper world in intuitionistic logic.

e However, for a ternary relation Rxyz, a world x sees a pair of
worlds (y, z).

e Our solution: Using binary nested blocks (- 7 -)

tr(Tn) tr(Tiz) - tr(Tm) tr(Tmz2)

tr(S) : (-7° /)
So
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Syntax of nested sequents

Formulas are polarized by e (left/input) and o (right/output)
A full nested sequent is generated by the grammar:

Mo AT

where
o left-sided A:: @ |A* | (A/AN) |\ N
e right-sided TT:: A° | (A/T) | (T /7 N)
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Syntax of nested sequents

Formulas are polarized by e (left/input) and o (right/output)
A full nested sequent is generated by the grammar:

Mo AT

where
o left-sided A:: @ |A* | (A/AN) |\ N
e right-sided TT:: A° | (A/T) | (T /7 N)

Example

Z=pVvqg®{(p°/pVq®) (a°7p— q°)isafull nested sequent,
AN=pvag®{p°7pVa) (p*a"7p— q°) is a left-sided sequent.
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Basic notions with nesting

e context: G{ } denotes a nested sequent holding an empty
component with the unique palceholder { } and G{X} refers
to a nested sequent which is fulfilled with X to G{ }.

e pruning: X * means to remove the unique output formula.
By G* { } we mean removing the unique output formula in G.

e distinction between regular (non-nesting) and irregular
(arbitrary nesting) worlds:

XEO aek bek a b c
N AN N AN AN AN
Z , ( ¢1 V4 @2 ) and G{ Z , ( q>1 YA @2 )}
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Example

®=r"pva, (p°/r—s°)(a°/p—q°)
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Example

®=r"pva, (p°/r—s°)(a°/p—q°)

(Fova)

e ) C=s)le ) (p=a)

e &*=r"pva’ (p/r—s*)(—/p—a°)
e d=G{r—s"}whereG{}=rpvag', (p°7{}).{a°7p—q")
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The nested calculus Cg+: basic rules

Initial sequents:

G{Z, p*, p°} (i)
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The nested calculus Cg+: basic rules

Initial sequents:

—————— (id)
G{Z,p* p°}
Logical rules for A, V:
G{X, A*,B*} K G{XZ, A} G{Z, B°} N
G{Z,AAB} G{Z,AAB°}

G{Z, A} G{Z, B} ., G{ZF}

ve ——— - v°Fe{AB}
G{Z,AvB} G{Z,AvB°}
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The calculus Cg+: special rules

Logical rules for —:

G{Z (A°/8°)}
G{Z,A—B°}

G*{Z*,A—B" (&5, A°/®X)} G{Z A—B" (8B}
G{Z,A—B*, (®,/®,)}

—®
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The calculus Cg+: special rules

Logical rules for —:

G{Z (A°/8°)}
G{Z,A—B°}

G*{Z* A—-B* (2, A°/2))} G{Z A—B" (9/®,8°)}
G{Z,A— B ($1/%,)}
A structural rule (to mirror monotonicity of <):
Z, (A%, D/ A%, ®,)
Z, (A%, &1/ ®))

—®

lift
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Example

AA(BVC)—(AAB)V (AAC)isprovablein Cg+.
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Example

AA(BVC)—(AAB)V (AAC)isprovablein Cg+.

(A%, B® 7 A®, A°) (_id) (A®,B® 7B, B°) (_id) (A, C* /A%, A°) (_id) (A%, cc/ce,c) (_id)
I I I
(A',B'//A°) (A., B'//B°) e (A',C'//Ao) (A',C'//Co) R
(A, B° /A A B°) e (A, C°7A A C°) v
(A°,B°/(AAB)V (AAC)) (A, C°/(AAB)V (AAC)) s

(A, BvC /(AAB)V (AAC))
(AA(BVC)/(AAB)V(AAC))
AABVC)—=(AAB)V(AAC)

13/24



Two more structural rules (not in Cg+)
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(@17 @)
G{®:, ®,}

e Rule R1reflects (F1):a < a
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Two more structural rules (not in Cg+)

(917 ®,) R Z (P, (W7 W,) 7 9,) RO
G{¢‘|, ¢2} Z, (¢’I//¢2; (w1//w2))

e RuleR1reflects (F1):a < a
e Rule R2 corresponds to (F2): If a < b and Rbcd, then Racd
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Two more structural rules (not in Cg+)

(®17 ) ’1 Z, (@, (W7 W,) 7 ®,) i
G{q>‘|, ¢2} Z, (¢1// ¢2, (w1// wz))

e Rule R1reflects (F1):a < a
e Rule R2 corresponds to (F2): If a < b and Rbcd, then Racd

Compared with labeled calculi

Similar structural rules are necessarily included in a labeled calculus
but do NOT need to be primitive here

14/24



Admissibility and invertibility

e Arule Z is admissible if, when its premises are derivable at height n,
the conclusion is derivable at height m. If m < n, the rule is
height-preserving admissible (hp-admissible).

e Arule Z is height-preserving invertible (hp-invertible) if, when the
conclusion is derivable at height at most m, all premises are derivable
at height at most m.
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Admissibility and invertibility

e Arule Z is admissible if, when its premises are derivable at height n,
the conclusion is derivable at height m. If m < n, the rule is
height-preserving admissible (hp-admissible).

e Arule Z is height-preserving invertible (hp-invertible) if, when the
conclusion is derivable at height at most m, all premises are derivable
at height at most m.

Proposition

The rules A®, V* and lift are hp-invertible in Cg-+.

Proposition

The rules R1 and R2 are hp-admissible in Cg+.

15/24



Semantic interpretation

Let # = (0,K, R, V)beaBT-modeland x,y, z € K.
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Semantic interpretation
Let # = (0,K,R,V)beaBt-modelandx,y,z € K.
For a left-sided sequent Z = A*, ..., A* (&1 / @), ..., (®1/ ®p2),
x I Ziff:
e foranyi€ {1,...,m},x|FAi';and
e foranyke {1,..., j}, there exist y, z with Rxyz, y IF ®; and z I- &,
For a full sequent,
e xI-2X,A°iff x IF X implies x IF A

o xIFZ, (&7 ®,) (where &, is full) iff if x - X then for any y, z with
Rxyz, z I+ ®, implies y I &,

o xIFZ, (&7 ®,) (where &, is full) iff if x I- X then for any y, z with
Rxyz, y I &, implies z I- &,

16/24



Remark on semantic interpretation

The satisfaction of a full sequent says if the left-sided part is satisfied, so is
the unique output.
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Remark on semantic interpretation

The satisfaction of a full sequent says if the left-sided part is satisfied, so is

the unique output.
According to the definition, for amodel # = (€,K,R, V) andw € @, if
M, wl G{Z, A°}, then there exists some x € K such that x ¥ X, A°.

Notice that a block is interpreted differently depending on whether it
contains the output formula and where that formula is precisely located:

e if a block does not contain the unique output formula, it is
interpreted existentially

e if a block does contain the unique output formula, it is interpreted

universally

Similar practice for interpreting nested sequents is also used in intuitionistic

modal logic, e.g. [StraBburger, 2013, Gao and Olivetti, 2026]
17/24



Soundness of Cg+

For arule (r) in Cg+, we say (r) is valid if whenever all of its premises
are valid, the conclusion is also valid.
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For a rule (r) in Cg+, we say (r) is valid if whenever all of its premises
are valid, the conclusion is also valid.

Lemma

All the rules in Cg+ are BT -valid.
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Soundness of Cg+

For a rule (r) in Cg+, we say (r) is valid if whenever all of its premises
are valid, the conclusion is also valid.

Lemma

All the rules in Cg+ are BT -valid.

Theorem (Soundness of Cg+)

If a nested sequent X is provable in Cg+, then X is BT -valid.

18/24



A syntactic proof of completeness of Cg+ + cut
The cut rule can be applied to any component of the sequent:
G*{Z*,A°} G{Z A}
G{Z}

cut
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A syntactic proof of completeness of Cg+ + cut

The cut rule can be applied to any component of the sequent:
G*{Z* A} G{Z A}
cut
G{Z}

Theorem (Completeness of Cg+ + cut)

If a formula A € Frm is valid, then it is provable in Cg+ + cut.

Proof.

For mp, we show that if ¢, A — B° and k¢, A°, then k¢, B°.

(id) (id)

A— B, (A%, A°/—) A — B, (A*/B°,B°)
A— B° A — B*, (A*/B°)
(A 5 ) cut
/B
R1
A° A*,B°

cut

OJ 19/24



Cut-admissibility

Theorem (Cut-admissibility)

The cut rule is admissible in Cg+.
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Cut-admissibility

Theorem (Cut-admissibility)

The cut rule is admissible in Cg+.

Proof methodology

The proof proceeds by double induction on the rank of the cut,
defined as the ordered pair:

Rank(cut) = (|A|, h1 + hy)

where |A| represents the logical complexity of the cut formula, while
hy and h, denote the heights of the derivations of the two premises.

20/24



Applications: verification lemma

Verification lemma

A formula A — B is satisfied (at a regular world) in a model _# iff for all
a€K, #A,al-Aimplies 4 ,alF B.
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Applications: verification lemma

Verification lemma

A formula A — B is satisfied (at a regular world) in a model _# iff for all
a€K, #,al-Aimplies 4 ,alF B.

Consider the following rules:

(A*,B°/—) (—7A°,B°)
% V2
A— B A— B

Corollary

The two rules V1, V2 are valid and admissible in Cg+.

21/24



Applications: variable-sharing property

e Alogic L is said to have the variable-sharing property (VSP for
short) if A — B is a theorem in L, Var(A) N Var(B) # @.

e VSP is the intrinsic feature of relevance [Standefer, 2025]

e VSP can be syntactically captured in nested sequents
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e VSP can be syntactically captured in nested sequents

Lemma
Let (— 7/ ®) be a nested sequent with the output formula B. If it is
provable, then there exist ., ¥ €t & such that

e B°eU;

e X isreachable to W;
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Applications: variable-sharing property

e Alogic L is said to have the variable-sharing property (VSP for
short) if A — B is a theorem in L, Var(A) N Var(B) # @.

e VSP is the intrinsic feature of relevance [Standefer, 2025]

e VSP can be syntactically captured in nested sequents

Lemma

Let (— 7/ ®) be a nested sequent with the output formula B. If it is
provable, then there exist ., ¥ €t & such that

e B°eU;
e X isreachable to Y;
e there exists A® € X such that Var(A) N Var(B) # .

Theorem (VSP for Cg+)
If A — B° is provable in Cg+, then Var(A) N Var(B) # .



Conclusion

In this work, we have

e proposed a nested sequent calculus directly internalizing
Routley-Meyer ternary semantics using a novel notion of nested
blocks

e interpreted sequents over Bt -frames and established
soundness of the calculus

e established completeness by a syntactic proof of cut-elimination

e derived some metalogical properties as consequences of
cut-free derivations

23/24



Further topics

Other obtained results (not included in the slides):
e extended the proof-theoretic framework to a modal logic B¥ K-

e extended the calculus to treat B with De Morgan negation: one more
structural operator for ~, a bi-nested flavor
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Further topics

Other obtained results (not included in the slides):
e extended the proof-theoretic framework to a modal logic B¥ K-

e extended the calculus to treat B with De Morgan negation: one more
structural operator for ~, a bi-nested flavor

Ongoing work:

e treat stronger logics such as TW*, RW™: consider other structural
rules

o relationship with other existing calculi

e derive further properties like interpolation (in certain extensions)

Thank you for your attention!
Details are found at: https://ghlogic123.github.io/nested RL.pdf
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