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KLM (Kraus, Lehmann, and Magidor, 1990) Framework

For defeasible reasoning:

a v B: if a, normally 3, or § is a plausible consequence of a.

Note: The relation |~ is inherently non-monotonic.

x is a bird |~ x can fly
x is a penguin |~ x is a bird
x is a penguin J~ x can fly
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KLM Framework for Defeasible Reasoning

The language L of cumulative logic consists of:
@ Logical connectives: V, -, A\, —, <>
@ Propositional variables

Thus, L is the set of standard propositional formulas.

Cumulative Logical System
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Cumulative Models

Definition (Cumulative Model)
A structure W = (S, I, <) where:
@ S is a set of states,
e /: S — P(U) assigns possible worlds to states,
@ < is a preference relation on states,
is cumulative if, for every ¢, the set ¢ = {s € S | s = ¢} is smooth.

Smoothness Condition

Every state satisfying ¢ has a minimal state below it (or is itself minimal).

Ding, Manoorkar, Palmigiano, Switrayni, Wang (VU AmDefeasible Reasoning on Concepts:Non-distributive defea: 30 July 2026, TACL, Krakow



Cumulative Consequence Relations

Consequence relation induced by a model

A cumulative model W defines:

-~ ~

¢ bwd < min(¢) S

Representation Theorem:
Cumulative relations are exactly those induced by cumulative models.

Additional Rules Systems Overview
$o b1 - fn-1 I Pn I~ o (Loop) System Models
Po )N ®n
o x (Y C Cumulative
(Or)
PVY X CL =C+ Loop Ordered cumulative

P=C+Or Preferential
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Polarity-based Semantics

Definition (Polarity)
A polarity is a tuple P = (A, X, /), where:

@ Ais a set of objects,
@ X is a set of features,

@ | C A x X is the object—feature incidence relation.

Galois Connection

The maps:

B :={x e X |Vbe B, bix}, Yt.={ac A|VyeY, aly}
form a Galois connection, meaning:

YCB' «— BcCY'
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Formal Concepts & Concept Lattices

Definition (Formal Concept)
A formal concept (or category) of P is a pair ¢ = ([[c], (¢])) such that [c] C A, (c]) C X,

and:
[c]"=(c) and (c)*=Ic]
Thus, [c] and (c]) are Galois-stable ([c]™ = [c] and ([c])* = (c]).

Definition (Concept Lattice)

The concept lattice PT consists of all formal concepts of P, partially ordered by:
c<d <= [Jcld] < (d) < (<)

where the meet (A) and join (V) are given by:

AH = (Neenlel: (Neerlel)")
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Formal Context & Lattice: Consumer Electronics

Attributes: a = Audio, s = Screen, i = Internet
Objects: w = Walkman, t = TV, | = LAN Router, b = BlackBerry

({b}.{a;s,i})

(dwbh{ap ] (debhish] (dnLen (D]

({w, t, I, b},0)
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Lattice-based Propositional Logic L

The language L of L is defined recursively:
pu=p|L[T|oNP[OVP

L is the smallest logic containing:
pkp pkET 1Ep

pEpVg qFEpVg pAgqbEp  pAghgq

A\

Inference Rules
Closed under the following rules:

pFx xFY ¢
¢ ¢ (x/p) v (x/p)
xF¢ xtvo pEx Yx
XA ¢V x
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Polarity-based Models

Definition (Polarity-based Model)

A pair M = (P, V), where P is a polarity, and V : Prop — P is a valuation assigning a
concept to each propositional variable.
Extensions/intensions are denoted as:

[Pl :=1V(P]  (p):=(V(P))

Satisfaction (I-) and Co-satisfaction (-):

M, al-p iff a € [plm M, x = p iff x € (p)m
M,al-T always M, x = T iff (Va € A) alx
M,alF L iff (Vx € X) alx M, x > L always

M,alF oAy iff Mjalk¢and Myalk | Myx = ¢ Ay iff (Vae A)(M,al- ¢ A= alx)
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Polarity-based Models (Cont.)

Disjunction Semantics

M,x > ¢V <= M,x > ¢ and M, x > 1
M,alk gV < Vxe X(M,x = ¢ V= alx)

For any ¢, € L:
M,al-¢ < ac[V(9)] M, x = ¢ < x € ([V(¢))

Consequence holds iff extensions/intensions match:

ME¢by = [¢] € [WV] < ([¥]) < (¢)
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Non-Monotonic Consequence Relations in FCA

Relation Interpretation Real-World Example

GFG Strict classical inclusion (G C Q) Penguins - Birds

G aG Typical C; objects are in G, Mammals |~4 Viviparous

G x G (1 objects have typical features of G, Smartwatches |x Wrist-
watches

Ci vax Go Typical G objects have typical features of G, Urban Parks |~ax Natural
Forests

Defeasibility Example (|~4)

o Default rule: C; f~a C; (Mammals |~4 Viviparous) holds.
o Defeated context: If C3 = Echidnas, then GG A G Jop Go.

Objective: Formalize C; ~a G, Ci vx G, and G foax G within the KLM framework.
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Conceptual Cumulative Model

Definition ((Dual) Conceptual Cumulative Model)
A structure W = (S, L, <) where:

@ S is a set of states,

@ L:S — P(M) assigns each state a non-empty set of (dual) pointed polarity-based
models,

@ < is a preference relation on S,

is called a (Dual) Conceptual Cumulative Model if, for every ¢, the set

¢ ={seS|sk ¢} is smooth.

Definition (Conceptual Bi-Cumulative Model)

A pair B = (M, Nx) where M4 and Nx are (dual) conceptual cumulative models
respectively.
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Ordered and Preferential Models

Conceptual Cumulative Ordered Model

A (dual) conceptual cumulative model M = (S, /, <) is a (dual) conceptual cumulative
ordered model if < is a strict partial order.

Conceptual Preferential Model

A (dual) conceptual cumulative model M = (S, /, <) is a (dual) conceptual preferential
model if the label / assigns a single pointed polarity-based model to each state.
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Conceptual Cumulative Relations

Conceptual Cumulative Relation

For a (dual) conceptual cumulative model M = (S, /, <):

¢1 g2 = min(d1) C éa

Conceptual Bi-Cumulative Consequence
A relation |~p,, is defined by ¢ g, ¥ iff:

Every minimal ¢-state on the object side and every minimal 1/-state on the feature side induce
related points:

M,, Ny from the same polarity = alx
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Conceptual Cumulative Systems

CETI e

¢ hoad ¢ hx ¢
pFEY YEd @ ax pFEY YEé x bx o
Y pax X x ¥
pFY X ad Y P pxx
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Equilibrium Bi-Cumulative System

EBC = CC+ CC?

Additional Interaction Rules

pFY YEd b pax x ¢ Atk b bax x
Y pax X dNY pax X

¢ Pt Y hx ¢ Y Px o X Pax @

¢ Poax ¥ Y ax ¢ X Pax (¥ Vo)
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Representation Theorem

Definition (Normal Pointed Model)

A pointed polarity-based model M, is normal for a concept ¢ iff for all ¢ € L, ¢ |~ 1) implies
M, I 2.

Let |~ be a cumulative consequence relation and ¢, ¢' be any concepts. For all ¢, ¢ J~ ¢ iff
there exists a pointed polarity-based model M, normal for ¢, such that M, I ¢'.

Theorem (Representation Theorem)
A conceptual consequence relation is a cumulative consequence relation iff it is defined by
some conceptual cumulative model.

18/21
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Conceptual Preferential Model

Definition (Supernormal Pointed Model)

A pointed polarity-based model M is supernormal for a concept ¢ iff for all ¢ € L:

oY = M-y

For any ¢ € L, there exists a pointed polarity-based model M, which is supernormal for ¢.

Ding, Manoorkar, Palmigiano, Switrayni, Wang (VU AmDefeasible Reasoning on Concepts:Non-distributive defea: 30 July 2026, TACL, Krakow 19/21



Conceptual vs. Classical Setting

@ Rule (Or) Invalidity: In lattice-based logic, it is possible that M, a IF ¢ V v, but
M, alf ¢ and M, a ¥ 1. Unlike classical preferential models, ¢ V ¢ = ggU zz is not valid in
conceptual preferential models. Thus, the rule (Or) fails.

@ Rule (Loop): In the propositional setting, the rule (Loop) is valid on all preferential
models. However, this is not the case in the conceptual setting.

@ Supernormality: Conceptually requires stronger structural properties than classical
typicality mappings.
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Conclusion and Future Work

@ We successfully generalized the KLM defeasible reasoning framework to a conceptual
setting using Formal Concept Analysis (FCA).

@ Provided a sound and complete axiomatization for reasoning over concept lattices.

Axiomatic extensions (e.g., rational monotonicity).

Typicality
Complexity.

Belief revision
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