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States of MV-algebra

A state is a function s : A → [0, 1] that is normalized (s(1A) = 1) and
finitely additive (s(a⊕ b) = s(a) + s(b) whenever a⊙ b = 0A).

The notion of state plays an important role in the interpretation of
probability in Łukasiewicz logic: for example, Mundici in 2006 proved a
many-valued version of de Finetti’s coherence criterion.

Kroupa-Panti theorem: the set of states of an MV-algebra A is in bijection
with the set of regular Borel probability measures on the spaces of maximal
ideals of A.
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Equational states

Definition (Kroupa, Marra 2021)

An equational state is a two-sorted algebra (A1,A2, s), where both sorts
are MV-algebras and the operation s satisfy the equations

1 s(1A1) = 1A2 ,
2 s(¬x) = ¬s(x)
3 s(x ⊕ y) = s(x)⊕ s(¬x ∧ y).

The operation s is said to be faithful if s(x) = 1A2 implies x = 1A1 .

Note that the class of equational states forms a variety. Therefore, a
natural question is which subclasses of equational states form a subvariety.
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Two-sorted ideals

Definition
Let (A1,A2, s) be an equational state. A Σ-ideal is a subset (J1, J2) such
that Ji is an MV-ideal of Ai and s(J1) ⊆ J2.

Note that the intersection of Σ-ideal is still a Σ-ideal, since

s
(⋂

J1

)
⊆

⋂
s(J1) ⊆ J2.

Theorem (Lapenta, N., Spada 2023)

The lattice of Σ-ideals and the lattice of Σ-congruences are isomorphic
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Subdirectly irreducible equational states

Theorem
An equational state is subdirectly irreducible if and only if one of the
following condition holds:

A2 is trivial and A1 is a subdirectly irreducible MV-algebra,
A2 is a subdirectly irreducible MV-algebra and s is faithful.
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The lattice of Σ-ideals is distributive

Denote by ⟨X ⟩ the MV-ideal generated by a set X .

Proposition (Lapenta, N., Spada 2023)

The Σ-ideal generated by the set (X ,Y ) is the set (⟨X ⟩, ⟨Y ∪ s(⟨X ⟩)⟩).

Take two Σ-ideals (I1, I2) and (J1, J2). Then

(I1, I2) ∨ (J1, J2) = (I1 ∨ J1, ⟨s(I1 ∨ J1) ∪ (I2 ∨ J2)⟩)

A straightforward computation shows that s(I1 ∨ J1) ⊆ I2 ∨ J2. Therefore
⟨s(I1 ∨ J1) ∪ (I2 ∨ J2)⟩ = I2 ∨ J2.
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Lemma
(I1, I2) ∨ (J1, J2) = (I1 ∨ J1, I2 ∨ J2).

Therefore, we can compute the lattice operations "component-wise." The
following result is quite immediate, since the lattices of MV-ideals are
distributive.

Theorem
The lattice of Σ-ideals is distributive for any equational state.
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Jonsson’s Lemma for equational states

For any class K of equational state, we denote by KSI the subclass given
by the subdirectly irreducible equational states.

Lemma
For any class K of equational states

V(K)SI ⊆ HSPU(K).
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Subdirectly irreducible finite equational states

Proposition

Let (A,Łk) be a subdirectly irreducible equational state, with k a positive
natural. Then A ≃

∏n
n=1 Łkn , with n ∈ N and k1, . . . , kn ∈ N \ {0}.

It is easy to note that if s is faithful then s(a) < s(b) whenever a < b.
Hence A has only finite subchains. Since the lattice reduct is distributive,
then A is finite.
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Let A =
∏n

i=1 Łki . We denote by ai the atom corresponding to the
component i .

Lemma (Kroupa, Marra 2021)

Let s : A → Łk be a function. Then s is a state if and only if

n∑
i=1

ki s(ai ) = 1.

Moreover, the state is uniquely determined by the value at the atoms of A.
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Corollary

An equational state (A,Łk , s) is subdirectly irreducible if and only if
A = Łm1 × · · · × Łmn is finite and there exists mi > 0 for all i = 1, . . . , n
such that

∑n
i=1 kimi = k and s(ai ) = mi/k .

This gives an algorithmic approach to find subdirectly equational states
with second-sorts Łk . We show, as example, k = 3.

consider all partition of 3, i.e. 3, 1 + 2, 1 + 1 + 1;
for the first partition, consider the divisors of 3, i.e 1 and 3;
for 1, we derive the equational state (Ł1,Ł3) with s(a) = 3/1

3 = 1.

for 3, we derive the equational state (Ł3,Ł3), with s(a) = 3/3
3 = 1

3 ;
we use a similar argument for the other partitions, using products for
sums with multiple summands.
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Proposition

Let (A1,A2, s) and (B1,B2, t) be two subdirectly irreducible finite
equational states.

Then (B1,B2, t) ∈ S(A1,A2, s) if and only if Bi ∈ S(Ai )
through the functions ini and

s(in1(a)) = in2(t(a))

for any atom a of B1.

Therefore, to see that A is a subalgebra of B is sufficient to verify that
both sorts of A are subalgebras of the sorts of B and the image on a and
i1(a) are the same for each atom a.
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Proposition

Let (A1,A2, s) and (B1,B2, t) be two subdirectly irreducible finite
equational states. Then (B1,B2, t) ∈ H(A1,A2, s) if and only if
Bi ∈ H(Ai ) through the surjective homomorphism qi and

t(q1(a)) = q2(s(a))

for any atom a of A1.
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Representing the sublattice
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States of ℓ-groups

Definition
A state between two unital ℓ-group homomorphisms is a unital, positive
group homomorphism.

Recall that there exists a categorical equivalence Γ between MV-algebra
and unital ℓ-groups (Mundici 1986).

Theorem (Kroupa, Marra 2021)

Each state of ℓ-group between (G , u) and (H, v) restrict to a
state-operation between Γ(G , u) and Γ(H, v);

Each state operation from the MV-algebra A1 to the MV-algebra A2
extend uniquely to a state of ℓ-groups between Γ−1(A1) and Γ−1(A2).
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It is usually easier to work with states of ℓ-groups than to work with
operation states, since s(a+ b) = s(a) + s(b) but usually
s(a⊕ b) ̸= s(a)⊕ s(b).

We assume that the first sort is finitely generated.
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States in a infinite subalgebra of [0, 1]

It is easy to note that if A is generated by X then Γ−1(A1) is generated as
a group by X ′ := X ∪ 1A.

Therefore, Γ−1(A) can be presented as F (X ′)/N, with F (X ′) the free
Abelian group on X ′.

Then, given a function f : X ′ → B , with B Abelian group, we have that
there exists a homomorphism if and only if

∑n
i=1 ki f (xi ) = 0, with∑n

i=1 kixi ∈ N.

Therefore, we can express the group condition using a (possibly infinite) set
of equations. We denote it by EA,B,s .
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Let S be an infinite subset of [0, 1].

Theorem

Let A1 be a finite generated MV-algebra. For any x ∈ A1, consider the
following two real values

p = sup{k/m | k ∈ Z+,m ∈ N, k1A ≤ mx},
r = inf{l/n | l , n ∈ N, nx ≤ l1A}.

Then a function s : A → S is a faithful state if and only if
1 A1 is semisimple
2 the set of equations Es,A,Γ−1(S) ∪ {s(1A) = 1} is satisfied
3 for all x ∈ A1 different from 0A and 1A we have s(x) ∈ [p, r ] ∩ (0, 1).
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The case for C := Γ(Z−→×Z, (1, 0))

Definition
Let A be an MV-algebra and x ∈ A. Then x has the downward finite chain
property, denoted by x ∈ A↓, if all chains between 0A and x are finite. We
denote by x ∈ (A↓)n the fact that the number of elements of the longest
chain is equal to n.

We say that x has the upward finite chain property if all chains between x
and 1A are finite.

We say that an MV-algebra has the directional finite chain property if all
elements have the downward or upward chain property.

Note that x has the downward (upward) chain property if and only if ¬x
has the upward (downward) chain property.
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Theorem
An equational state of type (A,C, s) is subdirectly irreducible if and only if:

1 A has the directional finite chain property;
2 the system of equations Es,A,Z×Z ∪ {s(1A) = (1, 0)} is satisfied;
3 if x ∈ (A↓)n and x ̸= 1A then (1, 0) >s(x) ≥ (0, n − 1).
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The left-to-right implication

Let (A,C , s) be subdirectly irreducible.

If s(x) = (0, n), then for each chain between 0A and x the restriction of s
is an injective function, proving that the chain is finite. For s(x) = (1,−n)
we note that s(¬x) = (0, n).

If x ̸= 1A and x ∈ (A↓)n then, again since s is injective for each chain, we
have that s(x) ≥ (0, n − 1).
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The right-to-left implication

We show that s : Γ−1(A) → Z× Z is a state such that s(x) ̸= 0 if x ̸= 0A.
Note that we know that it is a group homomorphism.

Let x ∈ A different from 0 or 1. If it has the downward finite chain then
there exists n ∈ N such that x ∈ (A↓)n, hence s(a) ≥ (0, n − 1).

Otherwise, since x has the upward finite chain property, we derive that
since s(¬x) < (1, 0) then s(x) > (0, 0).
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Future work

Characterize subdirectly irreducible equational states with second sort
different from the ones already studied.

Find a more practical characterization for the scope of studying the
lattice of the subvarieties.

Determine the axiomatization of the subvarieties.
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