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Introduction

Let A be a set and A ⊆ OA =
⋃
AAn

. A is a clone on A if it
contains all projections and is closed under composition, i.e.

• πn
i ∈ A, for every 1 ≤ i ≤ n and n ∈ N, where

πn
i (x1, . . . , xn) = xi

• f ∈ A(n), g1, . . . , gn ∈ A(k) ⇒ f ◦ (g1, . . . , gn) ∈ A(k) for all
k, n ∈ N.

Let A, B be a clones on sets A,B. We then say that
C ⊆ OA,B =

⋃
BAn

is an (A,B)-clonoid if for all n, k ∈ N
• f1, . . . , fn ∈ C(k), g ∈ B(n) ⇒ g ◦ (f1, . . . , fn) ∈ C(k),

• f ∈ C(k), g1, . . . , gk ∈ A(n) ⇒ f ◦ (g1, . . . , gk) ∈ C(n).

C ⊆ O(A,B), the n-ary part of C is given by C(n) := C ∩ BAn
.
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Introduction

• Couceiro and Földes (2006): Galois correspondences;

• Aichinger and Mayr (2015): introduction of the term clonoid;

• Brakensiek and Guruswami (2021): application to PCSPs;

• Kompatscher (2024): clonoids approach to study Subpower
Membership for 2-nilpotent Mal’cev algebras.

• Kawa lek, Kompatscher, Krzaczkowski (2024) Circuit
equivalence in 2-nilpotent algebras.
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Introduction

Theorem (Sparks 2019)

Let CAB denote the set of all clonoids with finite source A

(|A| > 1) and target algebra B of size 2. Then

1 CAB is finite iff B has an NU-term;

2 CAB is countably infinite iff B has a Mal’cev term but no
majority term;

3 CAB has size continuum iff B has neither an NU-term nor a
Mal’cev term.

• Lehtonen (2026) characterization of cardinalities of all
Boolean clonoid lattices.

4



Introduction

Theorem (Sparks 2019)

Let CAB denote the set of all clonoids with finite source A

(|A| > 1) and target algebra B of size 2. Then

1 CAB is finite iff B has an NU-term;

2 CAB is countably infinite iff B has a Mal’cev term but no
majority term;

3 CAB has size continuum iff B has neither an NU-term nor a
Mal’cev term.

• Lehtonen (2026) characterization of cardinalities of all
Boolean clonoid lattices.

4



Introduction

Theorem (Sparks 2019)

Let CAB denote the set of all clonoids with finite source A

(|A| > 1) and target algebra B of size 2. Then

1 CAB is finite iff B has an NU-term;

2 CAB is countably infinite iff B has a Mal’cev term but no
majority term;

3 CAB has size continuum iff B has neither an NU-term nor a
Mal’cev term.

• Lehtonen (2026) characterization of cardinalities of all
Boolean clonoid lattices.

4



Introduction

Theorem (Sparks 2019)

Let CAB denote the set of all clonoids with finite source A

(|A| > 1) and target algebra B of size 2. Then

1 CAB is finite iff B has an NU-term;

2 CAB is countably infinite iff B has a Mal’cev term but no
majority term;

3 CAB has size continuum iff B has neither an NU-term nor a
Mal’cev term.

• Lehtonen (2026) characterization of cardinalities of all
Boolean clonoid lattices.

4



What about CAB for |B| > 2?

• Kreinecker (2020-21): Clonoids between non-coprime
1-dimensional vector spaces;

• SF. (2020-21): Clonoids between coprime 1-dimensional
vector spaces;

• Mayr, Wynne (2024) Clonoids from a ditributive module to a
coprime module;

Theorem (Sparks 2019)
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What about CAB for |B| > 2?

• Kreinecker (2020-21): Clonoids between non-coprime
1-dimensional vector spaces;

• SF (2020-21): Clonoids between coprime 1-dimensional vector
spaces;

• Mayr, Wynne (2024) Clonoids from a ditributive module to a
coprime module;

Theorem (Sparks 2019)

Let CAB denote the set of all clonoids with finite source A

(|A| > 1) and target algebra B of finite size. Then

1 CAB is finite if B has an NU-term;

2 CAB has a Cube term but no majority term no info;

3 CAB has size continuum only if B has neither an NU-term nor
a Cube term.
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Uniform generation

Definition
Let A be a clone. For k, l, n ∈ N, let Rl,k

n (A) be the set of all the
operations r ∈ (A(l))k s. t. there are v ∈ (A(n))k and w ∈ (A(l))n

with

r(x) =

r1(x)...
rk(x)

 =

v1(w1(x), . . . , wn(x))
...

vk(w1(x), . . . , wn(x))

 = v ◦w(x).

We further define Rn(A) =
⋃

l,k R
l,k
n (A). For an algebra A, we will

also use the notation Rl,k
n (A) = Rl,k

n (Clo(A)) and
Rn(A) = Rn(Clo(A)).
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Uniform Generation

Lemma
Let A,B be clones, f : Ak → B, g : Al → B, and C = ⟨f⟩A,B. Then
g ∈ ⟨C(n)⟩A,B if and only if there are m ∈ N, s ∈ B(m), and
r1 . . . , rm ∈ Rl,k

n (A) such that

g = s ◦ (f ◦ r1, . . . , f ◦ rm). (1)

Definition
Let A, B be clones. We say that U ⊆ BAk

is uniformly generated
by its n-ary (A,B)-minors if there are s ∈ B(m) and
r1 . . . , rm ∈ Rk,k

n (A) such that for every f ∈ U:

f = s ◦ (f ◦ r1, . . . , f ◦ rm). (2)

For U ⊆ OA,B, we say that U is uniformly generated by its n-ary
(A,B)-minors if U(k) is uniformly generated by its n-ary
(A,B)-minors, for every k ∈ N.

8



Uniform Generation

Lemma
Let A,B be clones, f : Ak → B, g : Al → B, and C = ⟨f⟩A,B. Then
g ∈ ⟨C(n)⟩A,B if and only if there are m ∈ N, s ∈ B(m), and
r1 . . . , rm ∈ Rl,k

n (A) such that

g = s ◦ (f ◦ r1, . . . , f ◦ rm). (1)

Definition
Let A, B be clones. We say that U ⊆ BAk

is uniformly generated
by its n-ary (A,B)-minors if there are s ∈ B(m) and
r1 . . . , rm ∈ Rk,k

n (A) such that for every f ∈ U:

f = s ◦ (f ◦ r1, . . . , f ◦ rm). (2)

For U ⊆ OA,B, we say that U is uniformly generated by its n-ary
(A,B)-minors if U(k) is uniformly generated by its n-ary
(A,B)-minors, for every k ∈ N.

8



Uniform generation

Theorem
Let A, B be clones, n ≥ 1, and let Aconst = Clo(A ∪ {a}a∈A) be
the clone generated by A and all constant operations over its set.
Let C be a clonoid from Aconst to B. Then TFAE:

1 C(n+1) is (n,A,B)-UG.

2 C(k) is (n,A,B)-UG for some k > n.

3 C is (n,A,B)-UG.
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Main Result

Strategy:
Let f : Ak+1 → B

1 Split f as a sum of functions whose support is composed
solely of matrices of rank greater than i and are equal to f on
matrices of rank i:

f =

k∑
i=1

fi

2 Interpolate each fi with k-ary minors of f whose support is
some –line-like– set.

Definition
For every matrix X ∈ F(k+1)×k with rk(X) = k and for every vector
a ∈ Fk+1 \ C(X), we define θ(X, a) = {X+ auT | u ∈ Fk}. We call
every set of the form θ(X, a) a θ-space.

10
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θ-spaces

Lemma
Let X1, X2 ∈ F(k+1)×k, and let a1, a2 ∈ Fk+1 with a1 /∈ C(X1) and
a2 /∈ C(X2).

1 Either |θ(X1, a1) ∩ θ(X2, a2)| ≤ 1 or θ(X1, a1) = θ(X2, a2).

2 For X1 ̸= X2, there is at most one θ-space containing both X1

and X2.

3 All elements of a θ-space have rank k.

Definition
Let n ≤ k, and let A = |a1, . . . , an| ∈ F(k+1)×n, U = |uT1 , . . . ,u

T
n|

∈ Fn×k be matrices of rank n. Then, for 0 ≤ j ≤ n, let us set
Xj := X0 +

∑j
i=1 aiu

T
i , We call the rank factorization

AU = Xn − X0 (n-)admissible if

1 ai+1 /∈ C(Xi) for all 0 ≤ i ≤ n− 1;

2 ai+2 ∈ C(X0) ∩ C(X1) ∩ · · · ∩ C(Xi), for all 0 ≤ i ≤ n− 2.
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θ-spaces

We say that X ∈ F(k+1)×k is of type n if X = X0 +AU for some
n-admissible product AU, and we call X = X0 +AU an
(n-)admissible representation of X. We write Tn for the set of
matrices of type n, and T = T0 ∪ T1 ∪ . . . ∪ Tk.

Lemma
Let X ∈ Tn with representation X = X0 +AU, let uT1 , . . . ,u

T
n be

the rows of U, and let θ(X, a) ∈ Θn. Then

1 X+ auT ∈ Tn+1 if u /∈ ⟨u1, . . . ,un⟩;

2 X+ auT ∈ Tn if u ∈ ⟨u1, . . . ,un⟩.
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θ-spaces

Lemma
Let q = |F| and let X ∈ Tn, for 1 ≤ n ≤ k. Then

1 X is in exactly one θ-space of type n− 1;

2 X is in exactly qk−n θ-spaces of type n;

3 X is in no θ-spaces of type j ̸= n− 1, n.

Theorem
Let k ∈ N, let F be a finite field of order q, and let R be a regular
module in which q is invertible. Let X0 ∈ F(k+1)×k be of rank
rk(X0) = k. Then

δX0
(X) =

k∑
n=0

(−1)nq(
n
2)−(1+n)k

∑
V∈Θn

δV(X).

Thus, δX0
is in the (Fk,R)-clonoid generated by δIdk . This further

implies that δX0
is generated by its k-ary (Fk,B)-minors.

13
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Main results

Theorem
Let F be a finite field, k ∈ N, and let B be an R-module, such that
|F| is invertible in R. Then OFk,B is uniformly generated by k-ary
(Fk,B)-minors.

Corollary

Let Fk be the k-dimensional vector space over a finite field F, and
let B be a R-module such that |F| is invertible in R. Then every
clonoid C from Fk to B is generated by its k-ary part, i.e.,
C = ⟨C(k)⟩Fk,B.
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Main results

Corollary

Let A = Fk1
1 × · · · × Fkn

n ×D considered as an
F1 × · · · × Fn ×R-module, where D is a finite distributive
R-module. Let l be the nilpotence degree of the Jacobson radical
of R, and let k = max(k1, . . . , kn, l). Further, let B be an
S-module, such that |A| is invertible in S. Then

1 every clonoid from A to B is generated by its k-ary part.

2 If B is finite, then there are only finitely many clonoids from A
to B.
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Description of the lattice

Definition
Let F be a finite field and let B be an R-module.

• By R[GLi(F)] we denote the group ring of GLi(F) over R.

• We define M0,k(F,B) = B (as R-module) and, for every
1 ≤ i ≤ k ∈ N, Mi,k(F,B) the R[GLi(F)]-module of all
functions f : Fi×k → B with supp(f) ⊆ {X ∈ Fi×k | rk(X) = i}.

Theorem
Let Si be the lattice of R[GLi(F)]-submodules of Mi,k. Then, the
lattice of clonoids from Fk to B is isomorphic to

∏k
i=0 Si.
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Theorem
Let Si be the lattice of R[GLi(F)]-submodules of Mi,k. Then, the
lattice of clonoids from Fk to B is isomorphic to

∏k
i=0 Si.
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Sharp bound

Theorem
Let A be a finite RA-module and B be a finite RB-module.
Assume that the full clonoid OA,B is generated by the m-ary
functions, for some m. Then m ≥ log |A|

log |RA|
.
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Future work

• Deal with uniform generation when the source is Z2
p2

;

• Combine the obtained results and Mayr-Wynne ’24 to prove
that clonoids between finite modules are finitely many iff the
modules are coprime;

• Use the results to prove the tractability of subpower
membership (SMP) over finite modules (2-nilpotent Mal’cev
case);

Thank you for your attention
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