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k,n € N.

Let A, B be a clones on sets A, B. We then say that
CCOap= UBA" is an (A, B)-clonoid if for all n,k € N

o fi,...,fneC™ geB™ = go(fi,...,fn) eCM,
i fEC(k),gh...,gkeA(n) :>fo(g1)---)9k) ec(n)_

C € O(ap), the n-ary part of C is given by ¢ .=cnBA".
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Kompatscher (2024): clonoids approach to study Subpower
Membership for 2-nilpotent Mal’cev algebras.

Kawatek, Kompatscher, Krzaczkowski (2024) Circuit
equivalence in 2-nilpotent algebras.
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e Lehtonen (2026) characterization of cardinalities of all
Boolean clonoid lattices.
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What about Cap for |B| > 27

o Kreinecker (2020-21): Clonoids between non-coprime
1-dimensional vector spaces;

e SF (2020-21): Clonoids between coprime 1-dimensional vector
spaces;
e Mayr, Wynne (2024) Clonoids from a ditributive module to a
coprime module;
Theorem (Sparks 2019)
Let Cap denote the set of all clonoids with finite source A
(IA| > 1) and target algebra B . Then
1 Cap is finite /¥ B has an NU-term;
2 Cap has a Cube term but no majority term ;

3 Cap has size continuum B has neither an NU-term nor
a Cube term.
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Definition

Let A be a clone. For k,1,n € N, let RY*(A) be the set of all the
operations 1 € (AW s. t. there are v e (AM™)* and w e (AWM
with

T (x) vi(wi(x), ..., wn(x))
T(x) = : = : =vow(x).
i (x) V(Wi (x), ..., wn(x))
We further define R, ( Ullek For an algebra A, we will

also use the notation R“‘(A) R”‘(Clo( )) and
Rn(A) = Rn(Clo(A)).
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Definition

Let A, B be clones. We say that U C BA" is uniformly generated
by its n-ary (A, B)-minors if there are s € B™ and

T1..., Tm € ROK(A) such that for every f € U:

f=so(fory,...,form). (2)

For U C Oap, we say that U is uniformly generated by its n-ary
(A, B)-minors if UX is uniformly generated by its n-ary
(A, B)-minors, for every k € N.
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Let A, B be clones, n > 1, and let A¢onst = Clo(A U{a}lqca) be
the clone generated by A and all constant operations over its set.
Let C be a clonoid from Aconst to B. Then TFAE:

1 c™) s (n, A, B)-UG.
2 ¢ js (n, A, B)-UG for some k > n.
3 Cis(n, A B)-UG.
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Main Result

Strategy:
Let f: AT 5 B

1 Split f as a sum of functions whose support is composed
solely of matrices of rank greater than i and are equal to f on

matrices of rank 1i:

2 Interpolate each f; with k-ary minors of f whose support is
some —line-like— set.
Definition
For every matrix X € F*1)xk with rk(X) = k and for every vector
a € F¥'\ C(X), we define 0(X,a) ={X +au' | u € F*}. We call
every set of the form 8(X,a) a O-space.
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and X;.

3 All elements of a 8-space have rank k.
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Lemma
Let X7, Xy € FMUXK and let a7, a;, € F*T with a; ¢ C(Xq) and

ay ¢ C(Xa).
1 Either |0(Xq,a1) NO(Xy,a2)| <1 or 8(Xy,a1) = 0(Xy,ay).
2 For Xy # X3, there is at most one 0-space containing both X
and X;.

3 All elements of a 8-space have rank k.

Definition

Let n <k, and let A = [aj,...,a,] € FTX U =[u],... u|

€ F¥k pe matrices of rank n. Then, for 0 < j < mn, let us set

X = Xo + Z]i:1 aiuiT, We call the rank factorization

AU = X, — Xp (n-)admissible if
1a,1¢C(X)forall0<i<n-—T,;
2a.,eCX)NCX)N---NC(Xy), forall 0 <i<n—2.
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0-spaces

We say that X € FH1xK js of type n if X = X + AU for some
n-admissible product AU, and we call X = Xy + AU an
(n-)admissible representation of X. We write ¥, for the set of
matrices of type n, and T =% UT 1 U...U%.
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0-spaces

We say that X € FH1xK js of type n if X = X + AU for some
n-admissible product AU, and we call X = Xy + AU an
(n-)admissible representation of X. We write ¥, for the set of
matrices of type n, and T =% UT 1 U...U%.

Lemma

Let X € %, with representation X = Xy + AU, let u1T, ...y be
the rows of U, and let 6(X,a) € ©,. Then

1 X+au €T, ifud (uy...,u,);
2 X+au' €T, ifuc (uy...,uy).
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O-spaces
Lemma
Let q=|F| and let X € %, for 1 <n < k. Then
1 X is in exactly one B-space of typen — 1;
2 X is in exactly q* ™ 0-spaces of type n;
3 X is in no B-spaces of typej #n — 1,n.
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Lemma
Let q=|F| and let X € %, for 1 <n < k. Then

1 X is in exactly one B-space of typen — 1;

2 X is in exactly q* ™ 0-spaces of type n;

3 X is in no B-spaces of typej #n — 1,n.
Theorem
Let k € N, let F be a finite field of order q, and let R be a regular

module in which q is invertible. Let Xo € F&T1)*k pe of rank
rk(Xo) = k. Then

k
6Xo Z —(1+n)k Z 6V(X)
n=0 VeO,

Thus, 8x, is in the (F* R)-clonoid generated by 814, . This further
implies that dx, is generated by its k-ary (F*,B)-minors.
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Theorem

Let F be a finite field, k € N, and let B be an R-module, such that
[F| is invertible in R. Then Oy« g is uniformly generated by k-ary
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Main results

Theorem
Let F be a finite field, k € N, and let B be an R-module, such that

[F| is invertible in R. Then Oy« g is uniformly generated by k-ary
(F*, B)-minors.

Corollary

Let F* be the k-dimensional vector space over a finite field F, and
let B be a R-module such that |F| is invertible in R. Then every
clonoid C from F* to B is generated by its k-ary part, i.e.,
C=(C™)pxp.
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Main results

Corollary

Let A=F x ... x Fk» x D considered as an

Fi x --- x Fy x R-module, where D is a finite distributive
R-module. Let 1 be the nilpotence degree of the Jacobson radical
of R, and let k = max(kq,...,kn, ). Further, let B be an
S-module, such that |A| is invertible in S. Then

1 every clonoid from A to B is generated by its k-ary part.

2 If B is finite, then there are only finitely many clonoids from A
to B.
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Definition
Let F be a finite field and let B be an R-module.
e By R[GL;(F)] we denote the group ring of GL;(F) over R.
e We define My (F,B) = B (as R-module) and, for every
1 <i<keN, Mji(F,B) the R[GL;(F)]-module of all
functions f: F** — B with supp(f) C {X € F*k | rk(X) = i}.

Theorem
Let S; be the lattice of R[GL;(F)]-submodules of My .. Then, the
lattice of clonoids from F* to B is isomorphic to H]'fzo S;.
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Sharp bound

Theorem
Let A be a finite Ra-module and B be a finite Rg-module.

Assume that the full clonoid O is generated by the m-ary

. log |A
functions, for some m. Then m > (&AL
log [RA|
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Thank you for your attention
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