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Bl-algebras: algebraic semantics

A Bl-algebra is an algebra of the form A = (A, A,V,—, T, L, -, —,1) where
o (A,A,V,T,1) is a bounded lattice, and

o for all x,y,z € A,
xANy <z iff y<z— 2z

[i.e, (A,A,V,—,T,1) is a Heyting algebra]
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o for all x,y,z € A,
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©

(4,-,1) is a commutative monoid, and

©

forall z,y,z € A,
z-y<z iff y<x—kz

We denote the corresponding variety by Bl.
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o (A,-,1) is a commutative monoid, and
o for all z,y,z € A,
z-y<z iff y<x—kz
We denote the corresponding variety by Bl.

Bl algebras are examples of doubly residuated lattices.

The decidability of the equational theory of Bl algebras has been claimed by various
authors, but the arguments suffer from logical gaps.

In contrast, we prove that the equational theory is undecidable via encoding:
acceptance in and-branching counter machines (an undecidable problem).
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[i.e, (A,A,V,—,T,1) is a Heyting algebra]
o (A,-,1) is a commutative monoid, and
o for all z,y,z € A,
z-y<z iff y<x—kz
We denote the corresponding variety by Bl.

Bl algebras are examples of doubly residuated lattices.

The decidability of the equational theory of Bl algebras has been claimed by various
authors, but the arguments suffer from logical gaps.

In contrast, we prove that the equational theory is undecidable via encoding:
acceptance in and-branching counter machines (an undecidable problem).

Bl algebras form algebraic semantics for bunched implication logic.

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 2/7



Bunched implication logic: the calculus
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Separation logic and Bunched Implication Logic

Bunched implication (Bl) logic (introduced by D. Pym) is used to study pointer
structures, memory allocation and concurrent programming. It serves as the Hoare logic
for separation logic.
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Separation logic and Bunched Implication Logic

Bunched implication (Bl) logic (introduced by D. Pym) is used to study pointer
structures, memory allocation and concurrent programming. It serves as the Hoare logic
for separation logic.

Given an (infinite) set L of locations and a set RV of record values, a heap is a finite
partial function from L to RV. For two heaps h, h/, we define h - h’ to be the union,
when their domains are disjoint and undefined otherwise. The set H of heaps is partially
ordered (by inclusion) partial monoid.

An XML document is a labeled forest (in W3C) up to associativity of multiplication. This
gives another example of a partially ordered (under the induced subtree relation) monoid,
which is this case is total.
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An XML document is a labeled forest (in W3C) up to associativity of multiplication. This
gives another example of a partially ordered (under the induced subtree relation) monoid,
which is this case is total.

They both satisfy right-cancelativity and indivisibility of units. So they are examples of
separation algebras. Viewing them as Kripke frames, we obtain models of separation
logic. By taking downsets in the ordering and defining complex multiplication, we obtain
bunched implication (Bl) algebras.

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 4/7



Separation logic and Bunched Implication Logic

Bunched implication (Bl) logic (introduced by D. Pym) is used to study pointer
structures, memory allocation and concurrent programming. It serves as the Hoare logic
for separation logic.

Given an (infinite) set L of locations and a set RV of record values, a heap is a finite
partial function from L to RV. For two heaps h, h/, we define h - h’ to be the union,
when their domains are disjoint and undefined otherwise. The set H of heaps is partially
ordered (by inclusion) partial monoid.

An XML document is a labeled forest (in W3C) up to associativity of multiplication. This
gives another example of a partially ordered (under the induced subtree relation) monoid,
which is this case is total.

They both satisfy right-cancelativity and indivisibility of units. So they are examples of
separation algebras. Viewing them as Kripke frames, we obtain models of separation
logic. By taking downsets in the ordering and defining complex multiplication, we obtain
bunched implication (Bl) algebras.

Bl-logic is a substructural logic and it combines an additive/Heyting implication (the
logical part) and a multiplicative/linear implication (the dynamic part).

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 4/7



Separation logic and Bunched Implication Logic

Bunched implication (Bl) logic (introduced by D. Pym) is used to study pointer
structures, memory allocation and concurrent programming. It serves as the Hoare logic
for separation logic.

Given an (infinite) set L of locations and a set RV of record values, a heap is a finite
partial function from L to RV. For two heaps h, h/, we define h - h’ to be the union,
when their domains are disjoint and undefined otherwise. The set H of heaps is partially
ordered (by inclusion) partial monoid.

An XML document is a labeled forest (in W3C) up to associativity of multiplication. This
gives another example of a partially ordered (under the induced subtree relation) monoid,
which is this case is total.

They both satisfy right-cancelativity and indivisibility of units. So they are examples of
separation algebras. Viewing them as Kripke frames, we obtain models of separation
logic. By taking downsets in the ordering and defining complex multiplication, we obtain
bunched implication (Bl) algebras.

Bl-logic is a substructural logic and it combines an additive/Heyting implication (the
logical part) and a multiplicative/linear implication (the dynamic part).

It has a nice proof theory (an analytic calculus with cut elimination).
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And-branching counter machines

An and-branching counter machine (ACM) is a finite structure M = (Q, g5, R, I), where @
is a set of states, ¢y € Q is the final state, R = {r1,..., 7%} is the set of register tokens,
and I is a set of instructions of the following forms, where ¢q,¢’,q1,92 € Q and r € R:

q —* q'r (increment), qr — q' (decrement) q — (q1 V q2) (fork).
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(J,V) over (QU R)™.

The one-step computation relation ~~; on J is the smallest relation that includes
d~»1 d, foralld — d' € I, and is closed under multiplication and join.
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An and-branching counter machine (ACM) is a finite structure M = (Q, qs, R, I), where Q
is a set of states, ¢y € Q is the final state, R = {r1,..., 7%} is the set of register tokens,
and I is a set of instructions of the following forms, where ¢q,¢’,q1,92 € Q and r € R:

q —* q'r (increment), qr — q' (decrement) q — (q1 V q2) (fork).
A configuration is an element ¢ = gri"* ---7* € Q - R* of the free commutative monoid
(QUR)*, where ¢ € Q and n1,...,n; € N.

Joins ¢1 V - -+ V ¢, of configurations are elements of the free commutative semigroup
(J,V) over (QU R)™.

The one-step computation relation ~~; on J is the smallest relation that includes
d~»1 d, foralld — d' € I, and is closed under multiplication and join.

So, if ¢ — ¢'r1 € I, then ¢ ~»1 ¢'r1, but also gri7e ~»1 ¢'r1r17r2 and
qrira V ¢'rirs ~»1 ¢'ririre V ¢'rirs. Also, multiplication distrubutes over join in Bl, so

if ¢ — (q1 V q2) € I, then grira V ¢'rirs ~»1 qirira V qarira V ¢'rirs.

We define ~~ to be the reflexive transitive closure of ~»1. Also, ~»p 411 = ~=>1 0~y

Fact: There exists an ACM Myng such that it is undecidable: given a configuration ¢ of
Mund, does ¢ ~» gy V- -+ V g5 hold in Mynq? We write g5 for gy V ---V g .
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Soundness
Given an ACM M = (Q, gy, R, I) we define the terms:

i::/\[7 t;:(i—*qf)—)qjc7 9:(T—*t)/\1
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Soundness
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Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 6/7



Soundness
Given an ACM M = (Q, gy, R, I) we define the terms:
i::/\[, t:= (i —qr) — q, 0 := (T —xt)AL

Theorem 1. If ¢ ~~ g7 then Bl |= ¢ < ¢y, for every ACM M and configuration c.

Proof. (By induction on the length of the computation.)
For length zero: ¢ = (qf V-~V qp)0 < (g V---Vqr)l=qyV---Vqr=qy.

If ¢ ~n41 Gy, then ¢ ~1 co ~p G5

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 6/7



Soundness
Given an ACM M = (Q, gy, R, I) we define the terms:

i::/\[7 t;:(i—*qf)—)q]c7 9:(T—*t)/\1

Theorem 1. If ¢ ~~ g7 then Bl |= ¢ < ¢y, for every ACM M and configuration c.

Proof. (By induction on the length of the computation.)
For length zero: ¢ = (qf V-~V qp)0 < (g V---Vqr)l=qyV---Vqr=qy.

If ¢ ~nt1 Gy, then ¢ ~>1 co ~y, Gf OR ¢ ~>1 ¢1 Ve2, and ¢1 ~y Gf, c2 ~n G5, Where
co, €1, C2 are configurations.

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 6/7



Soundness
Given an ACM M = (Q, gy, R, I) we define the terms:

i::/\[7 t;:(i—*qf)—)q]c7 9:(T—*t)/\1

Theorem 1. If ¢ ~~ g7 then Bl |= ¢ < ¢y, for every ACM M and configuration c.

Proof. (By induction on the length of the computation.)
For length zero: ¢ = (qf V-~V qp)0 < (g V---Vqr)l=qyV---Vqr=qy.

If ¢ ~nt1 Gy, then ¢ ~>1 co ~y, Gf OR ¢ ~>1 ¢1 Ve2, and ¢1 ~y Gf, c2 ~n G5, Where
co, €1, c2 are configurations. By induction hyp., cof < gy, 10 < gy and c20 < gy in BI.

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 6/7



Soundness
Given an ACM M = (Q, gy, R, I) we define the terms:
i::/\[, t:= (i —qr) — q, 0 := (T —xt)AL

Theorem 1. If ¢ ~~ g7 then Bl |= ¢ < ¢y, for every ACM M and configuration c.

Proof. (By induction on the length of the computation.)
For length zero: ¢ = (qf V-~V qp)0 < (g V---Vqr)l=qyV---Vqr=qy.

If ¢ ~nt1 Gy, then ¢ ~>1 co ~y, Gf OR ¢ ~>1 ¢1 Ve2, and ¢1 ~y Gf, c2 ~n G5, Where
co, €1, c2 are configurations. By induction hyp., cof < gy, 10 < gy and c20 < gy in BI.

So (c1 Vc2)0 =10V c20 < qf. Hence, ¢'0 < qf, where ¢/ :=cg or ¢/ :=c1 V ca.

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 6/7



Soundness
Given an ACM M = (Q, gy, R, I) we define the terms:
i::/\[, t:= (i —qr) = qy, 0:= (T —xt)A1.

Theorem 1. If ¢ ~~ g7 then Bl |= ¢ < ¢y, for every ACM M and configuration c.

Proof. (By induction on the length of the computation.)
For length zero: ¢ = (qf V-~V qp)0 < (g V---Vqr)l=qyV---Vqr=qy.

If ¢ ~nt1 Gy, then ¢ ~>1 co ~y, Gf OR ¢ ~>1 ¢1 Ve2, and ¢1 ~y Gf, c2 ~n G5, Where
co, €1, c2 are configurations. By induction hyp., cof < gy, 10 < gy and c20 < gy in BI.

So (c1 Vc2)0 =10V c20 < qf. Hence, ¢'0 < qf, where ¢/ :=cg or ¢/ :=c1 V ca.

Also, since ¢ ~»1 ¢ there exists d — d’ € I and 7 € R* such that ¢ = dr and ¢/ = d'T.
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Given an ACM M = (Q, gy, R, I) we define the terms:
i::/\[, t:= (i —qr) = qy, 0:= (T —xt)A1.

Theorem 1. If ¢ ~~ g7 then Bl |= ¢ < ¢y, for every ACM M and configuration c.

Proof. (By induction on the length of the computation.)
For length zero: ¢ = (qf V-~V qp)0 < (g V---Vqr)l=qyV---Vqr=qy.

If ¢ ~nt1 Gy, then ¢ ~>1 co ~y, Gf OR ¢ ~>1 ¢1 Ve2, and ¢1 ~y Gf, c2 ~n G5, Where
co, €1, c2 are configurations. By induction hyp., cof < gy, 10 < gy and c20 < gy in BI.

So (c1 Vc2)0 =10V c20 < qf. Hence, ¢'0 < qf, where ¢/ :=cg or ¢/ :=c1 V ca.

Also, since ¢ ~»1 ¢ there exists d — d’ € I and 7 € R* such that ¢ = dr and ¢/ = d'T.
We have [using < i — iz and d(d — d') < d’]

c=dr <i—sdir <i—x[d(d—d)r] <i-—xdT=1i-xc,

hence cf < (i — ¢')0 <i — 0.
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If ¢ ~nt1 Gy, then ¢ ~>1 co ~y, Gf OR ¢ ~>1 ¢1 Ve2, and ¢1 ~y Gf, c2 ~n G5, Where
co, €1, c2 are configurations. By induction hyp., cof < gy, 10 < gy and c20 < gy in BI.

So (c1 Vc2)0 =10V c20 < qf. Hence, ¢'0 < qf, where ¢/ :=cg or ¢/ :=c1 V ca.

Also, since ¢ ~»1 ¢ there exists d — d’ € I and 7 € R* such that ¢ = dr and ¢/ = d'T.
We have [using < i — iz and d(d — d') < d’]

c=dr <i—sdir <i—x[d(d—d)r] <i-—xdT=1i-xc,
hence cf < (i — )0 < i — 0. So, [using z A (z — qf) < gqy]

e =cONcO < (i — CONT(T —t) < (i — qp)At= (3 — qr)A[(i —* qr) — qr] < qy-
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Expanded computation

The converse proceeds in two steps (two theorems below).
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Theorem 2. If Bl = c¢f < gy then ¢ < g7, for every ACM M and configuration c.
Theorem 3. If ¢ < gy then ¢ ~ Gy, for every ACM M and configuration c.
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Expanded computation

The converse proceeds in two steps (two theorems below).
Theorem 2. If Bl = c¢f < gy then ¢ < g7, for every ACM M and configuration c.
Theorem 3. If ¢ < gy then ¢ ~ Gy, for every ACM M and configuration c.

The sets (Q U R)* and J (for ~~) are now replaced by M and K (for <).
M is the absolutely free {-,1, A, T }-algebra over Q U R

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 7/7



Expanded computation

The converse proceeds in two steps (two theorems below).

Theorem 2. If Bl = c¢f < gy then ¢ < g7, for every ACM M and configuration c.
Theorem 3. If ¢ < gy then ¢ ~ Gy, for every ACM M and configuration c.

The sets (Q U R)* and J (for ~~) are now replaced by M and K (for <).

M is the absolutely free {-,1, A, T }-algebra over Q U R and
(K, V) is the free commutative semigroup over M;
the elements of K are of the form: 21 V -+ V &, where m € Z¥ and z1,...,Zm € M.
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Expanded computation

The converse proceeds in two steps (two theorems below).

Theorem 2. If Bl = c¢f < gy then ¢ < g7, for every ACM M and configuration c.
Theorem 3. If ¢ X @5 then ¢ ~~ @7, for every ACM M and configuration c.

The sets (Q U R)* and J (for ~~) are now replaced by M and K (for <).

M is the absolutely free {-,1, A, T }-algebra over Q U R and

(K, V) is the free commutative semigroup over M;

the elements of K are of the form: 21 V -+ V &, where m € Z¥ and z1,...,Zm € M.

We write < for the least {-, A, V}-compatible relation on K that contains ~, the
semllattlce axioms for A (i.e., Ay <X yAz, z <z Az, © Ay =< x), o-associativity
(z-y)-z=2x-(y-2)), ~commutativity (z -y < y-x), and the identity axioms
(z-1=2z=21-z,z AT = z), where x =2 y is short for (z < y and y X z), for z,y € M.
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The sets (Q U R)* and J (for ~~) are now replaced by M and K (for <).

M is the absolutely free {-,1, A, T }-algebra over Q U R and
(K, V) is the free commutative semigroup over M;
the elements of K are of the form: 21 V -+ V &, where m € Z¥ and z1,...,Zm € M.

We write < for the least {-, A, V}-compatible relation on K that contains ~, the
semllattlce axioms for A (i.e., Ay <X yAz, z <z Az, © Ay =< x), o-associativity
(z-y)-z=2x-(y-2)), ~commutativity (z -y < y-x), and the identity axioms
(z-1=2z=21-z,z AT = z), where x =2 y is short for (z < y and y X z), for z,y € M.

The proof of the Theorem 2 uses the theory of distributive residuated frames.
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Theorem 3. If ¢ X @5 then ¢ ~~ @7, for every ACM M and configuration c.

The sets (Q U R)* and J (for ~~) are now replaced by M and K (for <).

M is the absolutely free {-,1, A, T }-algebra over Q U R and
(K, V) is the free commutative semigroup over M;
the elements of K are of the form: 21 V -+ V &, where m € Z¥ and z1,...,Zm € M.

We write < for the least {-, A, V}-compatible relation on K that contains ~, the
semllattlce axioms for A (i.e., Ay <X yAz, z <z Az, © Ay =< x), o-associativity
(z-y)-z=2x-(y-2)), ~commutativity (z -y < y-x), and the identity axioms
(z-1=2z=21-z,z AT = z), where x =2 y is short for (z < y and y X z), for z,y € M.

The proof of the Theorem 2 uses the theory of distributive residuated frames.

The proof of the Theorem 3 is combinatorial and reminiscent of contraction elimination
arguments in proof theory.
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Expanded computation

The converse proceeds in two steps (two theorems below).

Theorem 2. If Bl = c¢f < gy then ¢ < g7, for every ACM M and configuration c.
Theorem 3. If ¢ X @5 then ¢ ~~ @7, for every ACM M and configuration c.

The sets (Q U R)* and J (for ~~) are now replaced by M and K (for <).

M is the absolutely free {-,1, A, T }-algebra over Q U R and
(K, V) is the free commutative semigroup over M;
the elements of K are of the form: 21 V -+ V &, where m € Z¥ and z1,...,Zm € M.

We write < for the least {-, A, V}-compatible relation on K that contains ~, the
semllattlce axioms for A (i.e., Ay <X yAz, z <z Az, © Ay =< x), o-associativity
(z-y)-z=2x-(y-2)), ~commutativity (z -y < y-x), and the identity axioms
(z-1=2z=21-z,z AT = z), where x =2 y is short for (z < y and y X z), for z,y € M.

The proof of the Theorem 2 uses the theory of distributive residuated frames.

The proof of the Theorem 3 is combinatorial and reminiscent of contraction elimination
arguments in proof theory.

Corollary. The equational theory of Bl is undecidable.
Thank you!
Nick Galatos, TACL 2026, Krakow July, 2026 7/7



Residuated frames

The operations -, 1, A, T of M are often written as o,e, A, €.
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Residuated frames

The operations -, 1, A, T of M are often written as o,e, A, €.

On K we also define the operations o, ¢, A, € by

(V) o(Vy)=\V(@ioy;) and (\/2:) A (\/ ;) = /(s L uy),

for all z;,y; € M, and the constants of M; this yields the algebra K := (K, o0,¢, A,¢,V).
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(V) o(Vy)=\V(@ioy;) and (\/2:) A (\/ ;) = /(s L uy),

for all z;,y; € M, and the constants of M; this yields the algebra K := (K, o0,¢, A,¢,V).

We define Wy := (M, Sa, N,o,e,\, /, A, e, N, X), where
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Let Sas be the set of all unary linear polynomials over M.
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Residuated frames

The operations -, 1, A, T of M are often written as o,e, A, €.

On K we also define the operations o, ¢, A, € by
(V) o(Vy)=\V(@ioy;) and (\/2:) A (\/ ;) = /(s L uy),
for all z;,y; € M, and the constants of M; this yields the algebra K := (K, o0,¢, A,¢,V).

We define Wy := (M, Sa, N,o,e,\, /, A, e, N, X), where
Let Sas be the set of all unary linear polynomials over M.

For z,y € W and u € Sw, we write z N w iff u(z) < ¢, and
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Residuated frames

The operations -, 1, A, T of M are often written as o,e, A, €.
On K we also define the operations o, ¢, A, € by
(V) o(Vy)=\V(@ioy;) and (\/2:) A (\/ ;) = /(s L uy),
for all z;,y; € M, and the constants of M; this yields the algebra K := (K, o0,¢, A,¢,V).
We define Wy := (M, Sa, N,o,e,\, /, A, e, N, X), where
Let Sas be the set of all unary linear polynomials over M.
For z,y € W and u € Sw, we write z N w iff u(z) < ¢, and
z\u:=u(zo),ufy:=ul-oy), X u:=ulz A ), u Ly:=ul-Ay).
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Residuated frames

The operations -, 1, A, T of M are often written as o,e, A, €.

On K we also define the operations o, ¢, A, € by
(V) o(Vy)=\V(@ioy;) and (\/2:) A (\/ ;) = /(s L uy),
for all z;,y; € M, and the constants of M; this yields the algebra K := (K, o0,¢, A,¢,V).

We define Wy := (M, Sa, N,o,e,\, /, A, e, N, X), where

Let Sas be the set of all unary linear polynomials over M.

For z,y € W and u € Sw, we write z N w iff u(z) < ¢, and
z\u:=u(zo),ufy:=ul-oy), X u:=ulz A ), u Ly:=ul-Ay).

Lemma. For every ACM M, Wy is a commutative distributive residuated frame.
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Residuated frames

The operations -, 1, A, T of M are often written as o,e, A, €.
On K we also define the operations o, ¢, A, € by
(V) o(Vy)=\V(@ioy;) and (\/2:) A (\/ ;) = /(s L uy),
for all z;,y; € M, and the constants of M; this yields the algebra K := (K, o0,¢, A,¢,V).
We define Wy := (M, Sa, N,o,e,\, /, A, e, N, X), where
Let Sas be the set of all unary linear polynomials over M.
For z,y € W and u € Sw, we write z N w iff u(z) < ¢, and
z\u:=u(zo),ufy:=ul-oy), X u:=ulz A ), u Ly:=ul-Ay).

Lemma. For every ACM M, Wy is a commutative distributive residuated frame.

Proof. We first check the two nuclear properties. We have © A y N w iff u(z A y) < gy
iff v N u(C Ay) =uKy. Likewise, for X, \\, and /.
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Residuated frames

The operations -, 1, A, T of M are often written as o,e, A, €.

On K we also define the operations o, ¢, A, € by

(V) o(Vy)=\V(@ioy;) and (\/2:) A (\/ ;) = /(s L uy),

for all z;,y; € M, and the constants of M; this yields the algebra K := (K, o0,¢, A,¢,V).

We define Wy := (M, Sa, N,o,e,\, /, A, e, N, X), where

Let Sas be the set of all unary linear polynomials over M.

For z,y € W and u € Sw, we write z N w iff u(z) < ¢, and
z\u:=u(zo),ufy:=ul-oy), X u:=ulz A ), u Ly:=ul-Ay).

Lemma. For every ACM M, Wy is a commutative distributive residuated frame.

Proof. We first check the two nuclear properties. We have © A y N w iff u(z A y) < gy
iff v N u(C Ay) =uKy. Likewise, for X, \\, and /.
Next, we check the four frame structural properties. If x A y N u then u(z A y) < g5 so
u(y A z) S u(z A y) < g, hence y A x N u. Likewise for exchange for o. If z A N w,
then u(z) S u(z A ) < g, so z N u. If x N u, then u(z A y) < u(z) <X gy, so
x Ay N u.
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 2/5



Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
r€QURand y(X) = X"
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and y(X) = X"7. So, e(ch) C e(qr) = v({ar})-
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
z € QUR and y(X) = X" So, e(ch) C e(qr) = v({ar})-
Since € 0 ¢ < ¢, we get g¢ N ue, where u. := (g0 .),
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-
Since € 0 g5 < qf, we get g5 N u., where u. := (0 .), i.e., ¢ € uZ,
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and v(X) = X*<. So, e(cf) C e(qr) = v({ar}).
Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(8) = e(ch) C us.
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then

e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =
v(a1) oy y(az) o -+ oy y(am) = y(v(ar) oy(az) o - -oy(am)) = v(a1-az - am) = y(c).
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then

e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =

v(ar) oy y(az) oy -0y y(am) = y(v(ar) oy(az) o---ov(am)) = y(ar-az - - am) = 7(c).
To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d})) iff 1 C v(d;) — v(d}) for all
d—xd eliffy(d;) Cv(d;j) iffd € (d) forall d —d' € I.
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since e 0 qf <X qf, we get g5 N us, where u. := (e0.), i.e., qr € ud, so y({gs}) C us.
Thus, e(c) oy e(0) = e(cd) C u. We will prove that e(c) = y({c}) and 1 wit © e(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then
e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =
v(a1) oy y(az) o -+ oy y(am) = y(v(ar) oy(az) o - -oy(am)) = v(a1-az - am) = y(c).

To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d})) iff 1 C v(d;) — v(d}) for all
d—xd eIiffy(d;) C~(d;)iffd € ’y(d') for all d — d’ E I. So, foragivend —« d' €1,
we assume v(d) Cu", ie, d €u”, and will show d € u¥; we distinguish cases.
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then

e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =

Y(a1) oy y(az) oy - -0y y(am) = y(y(ar) oy(az) o ---oy(am)) = y(ar-az---am) = y(c).
To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d})) iff 1 C v(d;) — v(d}) for all
d—xd e Iiffy(d;) Cv(d;) iffd € y(d') for all d — d' € I. So, for a given d —x d’ € I,
we assume y(d') C u”, ie., d € u”, and will show d € u“; we distinguish cases.

If d' is a configuration, then d’ € u™ gives u(d') < g7,
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Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then

e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =

Y(a1) oy y(az) oy - -0y y(am) = y(y(ar) oy(az) o ---oy(am)) = y(ar-az---am) = y(c).
To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d})) iff 1 C v(d;) — v(d}) for all
d—xd e Iiffy(d;) Cv(d;) iffd € y(d') for all d — d' € I. So, for a given d —x d’ € I,
we assume y(d') C u”, ie., d € u”, and will show d € u“; we distinguish cases.

If d' is a configuration, then d’ € u™ gives u(d') < gy, while d — d’ € I gives d ~~ d’,
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then
e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =
v(a1) oy y(az) o -+ oy y(am) = y(v(ar) oy(az) o - -oy(am)) = v(a1-az - am) = y(c).

To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d})) iff 1 C v(d;) — v(d}) for all
d—xd e Iiffy(d;) Cv(d;) iffd € y(d') for all d — d' € I. So, for a given d —x d’ € I,
we assume y(d') C u”, ie., d € u”, and will show d € u“; we distinguish cases.

If d' is a configuration, then d’ € u™ gives u(d') < g, while d — d’ € I gives d ~~ d’, so
d=<d,
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then
e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =
v(a1) oy y(az) o -+ oy y(am) = y(v(ar) oy(az) o - -oy(am)) = v(a1-az - am) = y(c).

To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d})) iff 1 C v(d;) — v(d}) for all
d—xd e Iiffy(d;) Cv(d;) iffd € y(d') for all d — d' € I. So, for a given d —x d’ € I,
we assume y(d') C u”, ie., d € u”, and will show d € u“; we distinguish cases.

If d" is a configuration, then d' € u™ gives u(d') < 75, while d — d’ € I gives d ~ d’, so
d < d’, hence u(d) < u(d') < g7,

Nick Galatos, TACL 2026, Krakow Bunched implication logic is undecidable July, 2026 2/5



Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then
e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =
v(a1) oy y(az) o -+ oy y(am) = y(v(ar) oy(az) o - -oy(am)) = v(a1-az - am) = y(c).

To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d})) iff 1 C v(d;) — v(d}) for all
d—xd e Iiffy(d;) Cv(d;) iffd € y(d') for all d — d' € I. So, for a given d —x d’ € I,
we assume y(d') C u”, ie., d € u”, and will show d € u“; we distinguish cases.

If d' is a configuration, then d’ € u™ gives u(d') < g, while d — d’ € I gives d ~~ d’, so
d < d’, hence u(d) < u(d’) < q7; thus d € u*.
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Completeness

Theorem 2. If Bl |= cf < gy then ¢ < GF, for every ACM M and configuration c.

Proof. We have W, e |= cf < ¢; where e extends the assignment e(x) = y({z}) for
€ QUR and 4(X) = X"7. So, e(ch) C e(qr) = v({ar})-

Since € 0 g5 < qf, we get g5 N u., where u. := (e0.), i.e., g5 € ud, so y({qs}) C uZ.
Thus, e(c) oy e(0) = e(ch) C us. We will prove that e(c) = vy({c}) and 1WM+ Ce(7).

To prove e(c) = v(c)[;=~v({c})], let c=a1 - az - am, for some a; € QU R. Then

e(c) =e(ar-az - am) =e(a1) oy e(az) oy -+ oy e(am) =

v(ar) oy y(az) oy -0y y(am) = y(v(ar) oy(az) o---ov(am)) = y(ar-az - - am) = 7(c).
To prove 1 C e(i), note that: 1 C e(i) = ((v(d;) — v(d7)) iff 1 C v(d;) — y(d;) for all

d—xd e Iiffy(d;) Cv(d;) iffd € y(d') for all d — d' € I. So, for a given d —x d’ € I,
we assume y(d') C u”, ie., d € u”, and will show d € u“; we distinguish cases.

If d' is a configuration, then d’ € u™ gives u(d') < g, while d — d’ € I gives d ~~ d’, so
d < d’, hence u(d) < u(d’) < q7; thus d € u*.

If ' = q1V ge, then d’ € u gives u(q1) < g5 and u(q2) < 7, while d — d' € I gives
d~q1Vq2, s0d=<qV gz, hence
u(d) S ul(q1V g2) = w’(q1) Vul(g2) S @7 V@7 < a7 thus d € u.
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Cont.

i::/\l7 t:= (i —qr) = qy, 0:= (T —xt)A1.

Theorem 2. If Bl |= cf < ¢y then ¢ < GF, for every ACM M and configuration c.
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Cont.

i::/\l7 t:= (i —qr) = qy, 0:= (T —xt)A1.

Theorem 2. If Bl |= cf < ¢y then ¢ < GF, for every ACM M and configuration c.

Proof. (cont) Using 1 C e(i), we prove e(f) = 1. Indeed,
e(t) = [e(i) = v(ar)] = v(ar) 2 [L = v(ar)] = v(ar) =v(ar) = v(ar) =T
12e(0) =[e(T) =e®)]N12D[e(T) =« Ty, } N1>1.

W+, SO
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Cont.

i::/\l7 t:= (i —qr) = qy, 0:= (T —xt)A1.

Theorem 2. If Bl |= cf < ¢y then ¢ < GF, for every ACM M and configuration c.

Proof. (cont) Using 1 C e(i), we prove e(f) = 1. Indeed,
e(t) = [e(i) = v(ar)] = v(ar) 2 [L = v(ar)] = v(ar) =v(ar) = v(ar) =T
12e(0) =[e(T) =e®)]N12D[e(T) =« Ty, } N1>1.

W+, SO

Now, from e(c)

— 3(0), €(6) = 1 and e(c) o e(6) € u, we get
c€(e) = elc) oy e

(0) Cu?, ie, c=xeoc=ucc) < gz, hence c < G5.
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Completeness Part 1l

Theorem 3. If ¢ <X g then ¢ ~ qf, for every ACM M and configuration c.
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Completeness Part 1l

Theorem 3. If ¢ <X g then ¢ ~ qf, for every ACM M and configuration c.

Proof. Claim: If z <41 ¢f and z contains A, then there exists z’ such that
z2=<1 72 <n gy and the first step was weakening.
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Completeness Part 1l

Theorem 3. If ¢ <X g then ¢ ~ qf, for every ACM M and configuration c.

Proof. Claim: If z <41 ¢f and z contains A, then there exists z’ such that
z2=<1 72 <n gy and the first step was weakening.

If we accept the Claim, in a given computation witnessing ¢ < gy there might be some
instruction steps first, applied successively to ¢, and then the first application (if any) of
contraction along a branch giving ¢’ < ¢ A ¢, where ¢’ is a configuration, or more
generally ¢ (z) < ¢/(z A x), where z is a o-term.
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Completeness Part 1l

Theorem 3. If ¢ <X g then ¢ ~ qf, for every ACM M and configuration c.

Proof. Claim: If z <41 ¢f and z contains A, then there exists z’ such that
z2=<1 72 <n gy and the first step was weakening.

If we accept the Claim, in a given computation witnessing ¢ < gy there might be some
instruction steps first, applied successively to ¢, and then the first application (if any) of
contraction along a branch giving ¢’ < ¢ A ¢, where ¢’ is a configuration, or more
generally ¢'(z) < ¢/(z A 2), where x is a o-term. Since the structure ¢’ A ¢/, or more
generally the structure ¢'(z A z), contains an A, by the Claim we may apply weakening
removing A and getting back to ¢/, or more generally to ¢/ ().
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Completeness Part 1l

Theorem 3. If ¢ <X g then ¢ ~ qf, for every ACM M and configuration c.

Proof. Claim: If z <41 ¢f and z contains A, then there exists z’ such that
z2=<1 72 <n gy and the first step was weakening.

If we accept the Claim, in a given computation witnessing ¢ < gy there might be some
instruction steps first, applied successively to ¢, and then the first application (if any) of
contraction along a branch giving ¢’ < ¢ A ¢, where ¢’ is a configuration, or more
generally ¢'(z) < ¢/(z A 2), where x is a o-term. Since the structure ¢’ A ¢/, or more
generally the structure ¢'(z A z), contains an A, by the Claim we may apply weakening
removing A and getting back to ¢/, or more generally to ¢’(x). Therefore, there is a
computation where no contractions are applied (hence no steps involving A).
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Completeness Part 1l

Theorem 3. If ¢ <X g then ¢ ~ qf, for every ACM M and configuration c.

Proof. Claim: If z <41 ¢f and z contains A, then there exists z’ such that
z2=<1 72 <n gy and the first step was weakening.

If we accept the Claim, in a given computation witnessing ¢ < gy there might be some
instruction steps first, applied successively to ¢, and then the first application (if any) of
contraction along a branch giving ¢’ < ¢ A ¢, where ¢’ is a configuration, or more
generally ¢'(z) < ¢/(z A 2), where x is a o-term. Since the structure ¢’ A ¢/, or more
generally the structure ¢'(z A z), contains an A, by the Claim we may apply weakening
removing A and getting back to ¢/, or more generally to ¢’(x). Therefore, there is a
computation where no contractions are applied (hence no steps involving A). Likewise
we see that there a computation witnessing ¢ < gy without € or € steps either. Hence,
C~qf.
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Completeness Part 1l

Theorem 3. If ¢ <X g then ¢ ~ qf, for every ACM M and configuration c.

Proof. Claim: If z <41 ¢f and z contains A, then there exists z’ such that
z2=<1 72 <n qs and the first step was weakening.

If we accept the Claim, in a given computation witnessing ¢ < gy there might be some
instruction steps first, applied successively to ¢, and then the first application (if any) of
contraction along a branch giving ¢’ < ¢ A ¢, where ¢’ is a configuration, or more
generally ¢'(z) < ¢/(z A 2), where x is a o-term. Since the structure ¢’ A ¢/, or more
generally the structure ¢'(z A z), contains an A, by the Claim we may apply weakening
removing A and getting back to ¢/, or more generally to ¢’(x). Therefore, there is a
computation where no contractions are applied (hence no steps involving A). Likewise
we see that there a computation witnessing ¢ < gy without € or € steps either. Hence,
c~qy.

To prove the Claim, we distinguish cases for what the first step in z <n41 gy is. If
v(z) <1 v(x A z) <n ¢, then by IH v(z A z) <1 v(z) <n—1 gy, in which case

v(z) Kn-1 gz, or v(z A x) <1 V' (z A x) Sn-1 gy, in which case

v(z) <19 (x) <1 0" (z A x) <n—1 gs. The remaining cases of non-instruction steps are
similar.
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Cont.

To discuss the instruction steps we introduce some terminology. For z € M and a leaf d
of the structure tree of z, we denote by m(d) the biggest principal donwset of the

structure tree of z that contains d and does not contain any A; also we denote by A4 be
the occurrence of A right above m(d), if any. We say: z = v(m/(d)) is in o-form w.r.t. d.
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Cont.

To discuss the instruction steps we introduce some terminology. For z € M and a leaf d
of the structure tree of z, we denote by m(d) the biggest principal donwset of the
structure tree of z that contains d and does not contain any A; also we denote by A4 be
the occurrence of A right above m(d), if any. We say: z = v(m/(d)) is in o-form w.r.t. d.
In a step u(x A y) <1 u(x) we say that the weakening was applied to the displayed A
and that y was removed, if v(y) = u(x A y), then we set T := u(x). Therefore, if
weakening was applied in v(m(d)), then either it was applied to A4 and m(d) was
removed, i.e., v(m(d)) < U, or it was applied to some A inside v (possibly to A4 even)
but m(d) was not removed, i.e., v(m(d)) < v'(m(d)), for some v'.

If v(m(q)) <1 v(m(q1)) V v(m(q2)) <n ¢y, where the expressions are in o-form, then by
IH either v(m(q;)) <1 v'(m(q;)) <n—1 g5 for both ¢ € {1,2} (neither one of m(q1) and
m(g2) was removed by the weakening), in which case

v(m(q)) s1v'(m(q)) <1 v (m(qr)) Vo' (m(g2)) Sn-1 g5, or v(m(q:)) <10 <n-1 g5 for
some i € {1,2} (at least one of m(q1) and m(qz2) was removed by the weakening), in
which case we have v(m(q)) <1 7 <n-1 ¢s.

If v(m(gr)) <1 v(m(q')) <Xn qf, where the expressions are in o-form, then by IH either
v(m(q’)) 1 v'(m(q")) <n-1 gy, in which case

v(m(qr)) <1 v (m(gqr)) <1 v'(m(q")) =1 gy, or v(m(q')) <1 T <n—1 gy, in which
case we have v(m(q)) <1 T <n—1 ¢y-
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