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Let Top be the category of topological spaces and continuous maps, and for
i €{0,D,1,2} let Top; be its full subcategory of T;-spaces.

None of these subcategories is coreflective in Top.

Banaschewski and Pultr showed that Top, becomes coreflective after
restricting the morphisms to continuous maps preserving locally closed
points.! (locally closed = intersection of open and closed)

The aim of this talk is to obtain analogous Banaschewski—Pultr-style
coreflections for Ty, T'1, and T, and to describe the construction pointfreely
using MT-algebras.
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preserving locally closed points. Since every point of a Tp-space is locally
closed, Topy, is a full subcategory of pTop.

Theorem (Banaschewski and Pultr, 2010)

Topy, is coreflective in pTop. The coreflector sends a space to its subspace of
locally closed points.

We will express this coreflector in terms of isolated points.
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Tp and the Skula topology

The Skula topology of a space is the topology generated by its locally closed
subsets.

A point is locally closed precisely when it is isolated in the Skula topology.
Consequently, a space is Tp if and only if its Skula topology is discrete.

Thus, the subspace of locally closed points is exactly the subspace of isolated
points in the Skula topology.

The Banaschewski—Pultr coreflector can therefore be understood through the
isolated-point construction.

4/21



The isolated-point coreflection

For a topological space X, let iso(X) be the set of isolated points.

5/21



The isolated-point coreflection

For a topological space X, let iso(X) be the set of isolated points.

The assignment X — iso(X) is not functorial on Top, since a continuous map
need not preserve isolated points.

5/21



The isolated-point coreflection

For a topological space X, let iso(X) be the set of isolated points.

The assignment X — iso(X) is not functorial on Top, since a continuous map
need not preserve isolated points.

Let ATop be the category of topological spaces and continuous maps

preserving isolated points, and let Top, be its full subcategory of discrete
spaces.

5/21



The isolated-point coreflection

For a topological space X, let iso(X) be the set of isolated points.

The assignment X — iso(X) is not functorial on Top, since a continuous map
need not preserve isolated points.

Let ATop be the category of topological spaces and continuous maps
preserving isolated points, and let Top, be its full subcategory of discrete
spaces.

Proposition (Amini and Golestani, 2016)

Top, is coreflective in pATop, with coreflector X — iso(X).
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Recovering the T'p-coreflection

Let tsop(X) be the set of points isolated in the Skula topology of X.

As we have seen, these are precisely the locally closed points of X. Hence, the
Banaschewski—Pultr coreflector is given by X — isop(X).

Moreover, the morphisms of pTop are exactly the morphisms needed for the
isolated-point coreflector after passing to the Skula topology.

Thus, the construction consists of forming an associated topology and then
selecting its isolated points. We now describe this construction pointfreely.
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MT-algebras

The lower separation axioms are not treated uniformly in the language of
frames. In particular, the Ty axiom is not visible at the level of frames of opens.
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frames. In particular, the Ty axiom is not visible at the level of frames of opens.

We therefore use McKinsey—Tarski algebras.?

Definition

» An MT-algebra is a complete boolean algebra M together with a subframe
©(M) of open elements.

» An MT-morphism is a complete boolean homomorphism which sends open
elements to open elements.

» Let MT denote the category of MT-algebras and MT-morphisms.

Equivalently, an MT-algebra is a complete boolean algebra equipped with an
interior operator [, whose fixed points are the open elements.

2@. Bezhanishvili and R. Raviprakash. “McKinsey-Tarski algebras: an alternative pointfree
approach to topology”. In: Topology Appl. 339 (2023), Paper No. 108689.
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MT-algebras and frames

Taking open elements defines a functor © : MT — Frm. On morphisms, ©
restricts an MT-morphism to its open elements.

By Funayama’s theorem, O is essentially surjective. Every frame L is
(isomorphic to) the frame of open elements of an MT-algebra, its Funayama
envelope.3

However, the assignment sending L to its Funayama envelope is not functorial
with respect to MT-morphisms.

Functoriality can be recovered by replacing MT-morphisms with the weaker
proximity morphisms, but we will not need them here.*

3N. Funayama. “Imbedding infinitely distributive lattices completely isomorphically into
Boolean algebras”. In: Nagoya Math. J. 15 (1959), pp. 71-81.
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MT-algebras and spaces

A topological space X determines the MT-algebra P(X) = (P(X), (X)), and
inverse images of continuous maps are MT-morphisms.

Conversely, every MT-algebra M has a topological space «t(M) of atoms. An
open element determines the open set of atoms lying below it.

An MT-algebra is called spatial if it is atomic. Let SMT denote the full
subcategory of MT consisting of spatial MT-algebras.

Theorem (Bezhanishvili and Raviprakash, 2023)

There is a dual adjunction between Top and MT which restricts to a dual
equivalence between Top and SMT.
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The MT-adjunction

Q
Top > MT Top - > Frm

at ]\ nt

Top +——— SMT Sob «+—— SFrm
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MT-style thinking about separation

In a topological space, every subset is a union
of singletons. Analogously, in an atomic
boolean algebra, every element is a join of
atoms.
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and S(M) = {\; u; | u; € (M)} for its saturated elements. Also write Qu = ~"Ow.

Wecallae M
» a Ty-element if a = s Ac for some s € S(M) and ¢ € G(M);
» a Tp-element if a = u A c for some u € O(M) and c € G(M);
> a T-element if a € B(M);
> a Ty-element if a = A{Qu |a <u e OWM)}.

Fori€{0,D,1,2}, we call M T} if its Tj-elements join-generate M.

Let MT; be the full subcategory of MT consisting of T;-algebras, and let SMT;
be its full subcategory of spatial T;-algebras.

Theorem (Bezhanishvili and Raviprakash, 2023)

Top, is dually equivalent to SMT;.
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Fori€{0,D,1,2}, let 6;(M) be the subframe of M generated by the T;-elements,
and let M; = (M,0;(M)) be the resulting MT-algebra.

The T;-elements form a basis for 6;(M), and so we obtain:

The following are equivalent:
1. MisT;;
2. 6;(M)=M;

3. M; is discrete.

(An MT-algebra is discrete if all of its elements are open.)

Thus, each lower separation axiom is equivalent to discreteness of the
corresponding MT-algebra M;.

13/21
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We now describe isolated points in the language of MT-algebras.

For every topological space X, the subspace 1s0(X) is the largest open discrete
subspace of X.

For a e M, let M, =[0,a] be the relativization of M to a, with open elements
a Au for u e O(M).

We call a € M discrete if M, is discrete, and set djr = V{a € O(M) | a is discrete}.

The element dyy is the largest open discrete element of M. I

> If M = P(X), then dy; = tso(X).

» If M is discrete, then dj; = 1 (even if M is atomless).
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The pointfree isolated-point reflection

As for spaces, this construction is not functorial for arbitrary MT-morphisms.
We therefore restrict to those morphisms A : M — N satisfying dy < h(dyy),
which ensures that A restricts to the corresponding relativizations.
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As for spaces, this construction is not functorial for arbitrary MT-morphisms.
We therefore restrict to those morphisms A : M — N satisfying dy < h(dyy),
which ensures that A restricts to the corresponding relativizations.

Let AMT be the category of MT-algebras and such morphisms, and let MT s be
its full subcategory of discrete MT-algebras.

MT, is reflective in \MT. The reflector sends M to the relativization
Mg, =10,dp]

For a topological space X,

dgs(X) = iSO(X) and @(X)d@(x) = @(iSO(X)).

Thus, spatially this reflection recovers the isolated-point coreflection.
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corresponding relativization of the original MT-algebra M.

A T;-morphism is an MT-morphism A : M — N such that d;(V) < h(d;(M)). Let
;MT be the category of MT-algebras and T;-morphisms.

If M and N are Tj, then d;(M) =d;(N) =1, so every MT-morphism M — N is
automatically a T;-morphism. Hence MT; is a full subcategory of ;MT.

For each i €{0,D, 1,2}, MT; is reflective in ;MT. The reflector sends M to Mg, ).
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Thus, Mp = (M,0p(M)) is the pointfree analogue of passing to the Skula
topology.

Applying the pointfree isolated-point construction to Mp gives the
Tp-reflection of M.

We call Mg, ) the Skula-discrete relativization of M.

The Skula-discrete relativization of an MT-algebra is its Tp-reflection. I

For spatial MT-algebras, this reflection dualizes to the Banaschewski—Pultr
Tp-coreflection.
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of all Tj-isolated points. Concretely, a point x € X is

> Ty-isolated if {x} is the intersection of a saturated set and a closed set;
» Tp-isolated if {x} is locally closed;

» Ty-isolated if {x} is closed,;

> Ty-isolated if {x} = U |x € U e QX)}.

A continuous map is a T;-map if it preserves T;-isolated points. Let ;Top be the
category of spaces and T;-maps.

For each i €{0,D, 1,2}, Top; is coreflective in ;Top, with coreflector X — 150;(X).
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Conclusion

The Banaschewski—Pultr T'p-coreflection is obtained by passing to the Skula
topology and then selecting its isolated points.

In MT-algebras, the corresponding construction uses the largest open discrete
element. This yields a pointfree reflection onto the discrete MT-algebras.

For each i € {0,D, 1,2}, the T;-reflection is obtained by first forming M; and then
applying the same pointfree isolated-point construction.

Restricting to spatial MT-algebras yields Banaschewski—Pultr-style
coreflections for all four lower separation axioms.
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Further directions

There is also a frame-theoretic route for Tp, T, and T.

5Y. Maruyama. “Topological duality via maximal spectrum functor”. In: Comm. Algebra 48.6

(2020), pp. 2616-2623.
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There is also a frame-theoretic route for Tp, T, and T.

The Tp-spatial reflection is due to Banaschewski—Pultr, the T';-spatial
reflection follows from Maruyama’s duality,’ and an analogous T-spatial
reflection yields a duality with Hausdorff spaces.

These constructions yield coreflections of spaces but, on the frame side, only
reflections into the corresponding spatial frames.

We are also developing a sublocale-based construction of T;-reflections for
arbitrary frames, parallel to the MT-algebraic construction discussed here, and
comparing the two constructions. They need not agree in general.

5Y. Maruyama. “Topological duality via maximal spectrum functor”. In: Comm. Algebra 48.6
(2020), pp. 2616-2623.
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