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CLASSICAL PICARD-VESSIOT THEORY

# .5)( , 5s) or extension of

↑ ↑ differential field, with

(k , 8x)
· pr ring (A , Sal

· k : Comt(K) = Cout(1).

-> PV Golois group G = Ge*V) L/k) = Spec (Court(AA))
T
lineer elg . group/R

↓ intermediatedifferentn cloudup,aa



JANELIDEE'S CATEGORICAL FORMULATION

CATEGORICAL GALOIS THEORY :

d- Ring = 3-Aff X = Spec(Al

↓court)-17 G ,
01

↓f Spel,c GALas,Ring Aft
NOT/

Categorical Galois grouploid)
-

6 = Gulff] = GoP(L/K).

self-splitting :
XX

= X 0
Toror relation.

Equivalence ↓ G

Split(f] Alt
I - f-actions in Afteobjects in S-Affy uplit by f



CARBON1-JANELIDZE-MAGID CORRESPONDENCE

[Tents ofYe
effective 3S SUBGROUPS of G

Y

X/H - IHEG

MASUOKA (Sept 2023) : Does Categorical Galois theory recover
classical PV correspondence ?

Answer : No ! HEG is effective in Aft iff G/H office scheme.

In general G/f con be QUASI-PROJECTIVE .

S-Sch

- We must work with GENERAL DIFFERENTIAL SCHEMES . !



Classical Picard-Versiot Noohi-To

1883 - 2023 2024 -

↑ ↑
⑨ ⒔
↓ ↓

C- ↳

(A , d) (X
,
5)

·1 PV ring
extension o ↓ PV morphism

(K , f) [6 .f)

· k = Cout (A
,

S) · no(X) categorical scheme
of leaves

· (A ,
5) simple · (

,
5) categorically simple



DIFFERENTIAL SCHEMES

S-scheme

S-differential scheme : (X . (Ex ,

Ex))
,

where (X
, 0x)eSch/s

* Der
,
(0x

,

Ox) .

-
a rector field on X.

me category

2-Schs

Functiv

2 : Schls-f - Schs

(x
, 0x)+ (x

.

(0x
.
%) -



KEY INNOVATIONS

DIFFERENTIAL SCHEMES

(x , (x)

-
PRECATEGORY ACTION S FORMAL GROUP ACTIONS

XXX.

xX +X

· DESCENT · GEOMETRIC QUOTIENTS

· CATEGORICAL SIMPLICITY · EFFECTIVE CRITERIA for No(X)

and SIMPLICITY
· CATEGORICAL GALOIS THEORY

·

APPLICATIONS



PRECATEGORIES

A category,

Ke Precat(t) :

C
J Y t

commuting triangles morphisms object

"partial multiveled composition"

4 cat(1) if

CGE



PRECATEGORY ACTIONS

P : 18-CAT preudofunctor/indexed cat.

D-actions in 8 : 64

- Sy

As DESCENT DATA
FIBRATIONAL VIEW ↓

A

(
, 4) : all map

cartesian

· Poe P(co) ↓

· di P,(c)
ePrat(SP) PREP

"
· cocycle cord . in P(C C ·



DIFFERENTIAL SCHEMES AS PRECATEGORY ACTIONS

L
PRECATEGORY in Sch/s

D(S) : ·(a ,2/2,2
.3.,
=> Sk, S-

DIS)

key observation : G-Sch = (Schys)

(x , 2) <X = (*2XE
,
Xo)

CATEGORICAL SCHEME Of LEAVES :

no (X . Sx) : = no (X) = cor(X, Xo)
* when it exists in Sch.

we partial adjoint 8-Schs

to in
Sch



DIFFERENTIAL DESCENT

8 : (Scys
*

-CAT my S . 0 : (d-Scha-CAT
precotegory A

(
,
S1me

*Y actions in P.

(X
,
d) ↑... NEX, Xo

of me I fut Ife I to

(Y . 8y)
Y- - .

Y, %
, Yo

# is effective descent for 5-9 if to effective descent for $

&I
,

descent for 8

[Q In weal deccent for 5]



CATEGORICAL SIMPLICITY

Def (X , 8x) is SIMPLE wrt 6 : /Schys
*
- CAT

if io (X
,
Ex) = vs(M) exete and is

univer for P

u n
: .... XX↓ ↓ ↓

" of PRECATEGORICAL DESCENT
,

Alio)) ... noMn(X) ·

:
.
e
.,

constant object functor

P(()) -, d -p(X ,
&x)

Il I is Fully Faithful.

pa(io())pX



DIFFERENTIAL SCHEMES AS FORMAL GROUP ACTIONS

Pa
G-Scho Schof

(x ,
Sx) mus PaxX -X

Q(t)ItD = Ext

E
Define : (X , Ex) - (Q ,

0) GEOMETRIC QUOTIENT [Mumford GIT ,
Prove :

think Q=X/ I
· Q geon

-quotient Q = To(X).

· EFFECTIVE CRITERIA for geometric quotiento be UNIVERSAL

(stable under BC)
us

⑨ EFFECTIVE CRITERIA for CATEGORICAL SIMPLICITY



INDEXED FRAMEWORK FOR DIFFERENTIAL GALOIS TH

Af-Schs O p : XO- CAT

# I
that admit ito

n S:-CAT

·
C : Pors =) S-p preudonatural

X = Sch/s
C : P(i. (z)) -> 5 =P(z) constant

object func

class of scheme

Bef Def ↓ morphisms

f : ( .6)- Et . dy) et i If U : 0 =- suitable,

pre-PV for P , if : fi PV for E, if :

(1) fi effective descent for 5-9
(1) - 1-

(2) X
, XX , XXX,X are simple for t

.

(2) X simple & esplitif].



GALOIS THEORY OF DIFFERENTIAL SCHEMES

#B o f PV => f pre-PV

· + pr-pV = P =(XXXE,
X) + Ct(A)

=> Gel(f] = no((g) - PrCat(x) GALOIS PRECATEGORY .

· f PV =>
Gee[f] =Cat(X) GROUPOID .

# o f pre-PV =s equivalence

Split
,
(t] = pet)

· F PV =) RMS : groupoid actions .

# A pre-PV = X ,

X
&X , XYx*X simple

=> C
, Exyx , **x fif

=> Jondidze's indexed Golois Th. applies.



APPLICATIONS :

① QUASI-PROJECTIVE THEORY

· ( . Sc) diff . Field
choro k = Cout(K)

,

S = Speckl,
/

· (X. 8x 17,( ,dy) =Speak ,
fil

·

"Cessically simple"

· f is self-split.

=> fis PV
,

6 : Gelff] is an S-group scheme , correspondence :

Split Cloud subgroups
quotientsa

proj .

Y=16

p- Gol(X-P]

-> unifies lineer PV theory and STRONGLY NORMAL th. of KOLCHIN.



APPLICATIONS :

② PARAMETRIC SYSTEMS of DIFFERENTIAL EQUATIONS

- over a scheme of parameters
- suitable for spectral problems , iTo(X)== spectral curre

&

③ CANONICAL PV-GALOS GROUPOID of a limer ODE

G- Go

I ↑ choices of PV extensions

iomorphisms between them

(v) Delique's Tennolian groupoid]



OUTLOOK

Differential Selais (precategorical) Categorical Glor

Theory
I

Descent
t

Theory

-> difference PV-style Goloi theory (uses lax actions
,

with Prezede]

us common generalizations : - 5-0 Meory (DiVizio-Mordnin-Wotmer]
- 5-8 throy (Corridy - Singer]

- partial care

-

Hane-Schmidt derivatives

us commuting differential operators , spectral curre , integrable system

my climbing HIGHER


