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~ Toposes and categorical logic

e A (Grothendieck) topos is (among other things) a category with
powerful internal logic, similar to that of Set.
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Toposes and categorical logic

e A (Grothendieck) topos is (among other things) a category with
powerful internal logic, similar to that of Set.

e Accordingly, each topos define its own mathematical framework which is
formally quite similar to the classical one defined by Set.

What about relative category theory over a fixed arbitray topos ?
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Toposes and categorical logic

Given a topos € = C; of sheaves on a (small-generated) site (C, J) :

Sets “in" £

Categories “in" £

Sheaves on (C, J)

Algebraic perspective

Geometric perspective

Internal categories in C,
(Johnstone, Lawvere)

“Small” fibrations
over the category C

Internal categories are too rigid in practice. For example, the canonical
stack of a site is not an internal category !
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Sheaves on (C, J)

Algebraic perspective

Geometric perspective

Indexed categories
over the category C

Fibrations over C
(Caramello, Zanfa)

Indexed categories should be viewed as generalizations of internal
categories, and should thus be studied formally as if they were categories.
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\

Given a topos £ 2 C; of sheaves on a (small-generated) site (C, J) :

Sets “in" £ Categories “in" £

Algebraic perspective | Geometric perspective

Sheaves on (C, J)
Indexed categories Fibrations over C

over the category C (Caramello, Zanfa)

Indexed categories should be viewed as generalizations of internal
categories, and should thus be studied formally as if they were categories.

The indexed categories, although they have already been studied in this
light (Paré, Schumacher), are yet to be fully understood (Pitts).
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@ Preliminaries : Indexed categories and stacks
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| Indexed categories

Let C be a category. A C-indexed category is a parameterized family of
categories whose parameter “space” is C.

Bruno Drieux

] ] = E
Topology, Algebra, and Categories in Logic 2026

= = av
6/22



~ Indexed categories

Let C be a category. A C-indexed category is a parameterized family of
categories whose parameter “space” is C.

Definition (Indexed categories, functors and natural transformations)

e A C-indexed category D is the data of :
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Indexed categories

Let C be a category. A C-indexed category is a parameterized family of
categories whose parameter “space” is C.

Definition (Indexed categories, functors and natural transformations)

e A C-indexed category D is the data of :
(i) A category D(C) for any C € C, called the fiber of D at C ;
(i) A functor D(d) : D(C) — D(D) for any d : D — C € C, called the
transition morphism determined by d
such that D : C°? — CAT is pseudofunctorial ;
e A C-indexed functor f: D = E is the data of a functor fc : D(C) — E(C)
forany C € C
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Let C be a category. A C-indexed category is a parameterized family of
categories whose parameter “space” is C.

Definition (Indexed categories, functors and natural transformations)

e A C-indexed category D is the data of :
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Indexed categories

Let C be a category. A C-indexed category is a parameterized family of
categories whose parameter “space” is C.

Definition (Indexed categories, functors and natural transformations)

e A C-indexed category D is the data of :
(i) A category D(C) for any C € C, called the fiber of D at C ;
(i) A functor D(d) : D(C) — D(D) for any d : D — C € C, called the
transition morphism determined by d
such that D : C°? — CAT is pseudofunctorial ;
e A C-indexed functor f: D = E is the data of a functor fc : D(C) — E(C)
for any C € C such that f is pseudonatural ;
e A C-indexed natural transformation : f= g is the data of a natural
transformation ¢ : fc = gc¢ for any C € C such that s a modification.)

We write CAT¢ for the 2-category of C-indexed categories, functors and
natural transformations between them.
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Let £ 22 C, be a topos of sheaves on a site (C, J).

~+ In our approach, the C-indexed categories are viewed as
generalizations of internal categories in £...
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Let £ 22 C, be a topos of sheaves on a site (C, J).

~> In our approach, the C-indexed categories are viewed as
generalizations of internal categories in £...

~ ... However, the notion of indexed category is not invariant with
respect to a change in the site of presentation.
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Stacks over a site

Let £ = @ be a topos of sheaves on a site (C, J).

~> In our approach, the C-indexed categories are viewed as
generalizations of internal categories in £...

~> ... However, the notion of indexed category is not invariant with
respect to a change in the site of presentation.

To fix this problem, we must take into account the topology on C.
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Let £2C, be a topos of sheaves on a site (C,J). The notion of stack is a
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| Stacks over a site

Let £ 2 C, be a topos of sheaves on a site (C, J). The notion of stack is a
higher-order categorical generalization of the notion of sheaf.

Definition (Stacks on a site)

We say that a C-indexed category D is a J-stack if and only if for any
J-covering sieve ms : S = X (C)on C €C
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Let £ 22 C, be a topos of sheaves on a site (C, J). The notion of stack is a
higher-order categorical generalization of the notion of sheaf.

Definition (Stacks on a site)

We say that a C-indexed category D is a J-stack if and only if for any
J-covering sieve ms : S = J¢ (C) on C € C, the functor :
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| Stacks over a site

Let £ & é\_j be a topos of sheaves on a site (C,J). The notion of stack is a
higher-order categorical generalization of the notion of sheaf.

Definition (Stacks on a site)

We say that a C-indexed category D is a J-stack if and only if for any
J-covering sieve ms : S = X¢ (C) on C € C, the functor :

—oms : CAT¢ (¥¢ (C),D) — CAT( (S, D)

is an equivalence of categories.

We write St (C, J) for the full sub-2-category of CAT¢ on the J-stacks.
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| Stacks over a site

Let £ 22 C, be a topos of sheaves on a site (C, J).

e The inclusion 2-functor St (C,J) — CAT¢ has a left 2-adjoint
sy : CAT¢ — St (C, J) called the associated stack 2-functor ;
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Stacks over a site

Let £ 22 C, be a topos of sheaves on a site (C, J).

e The inclusion 2-functor St (C, J) < CAT¢ has a left 2-adjoint
sy : CAT¢ — St (C, J) called the associated stack 2-functor ;

e The 2-category of stacks on (C, J) is equivalent to the 2-category of
stacks on the canonical site of C;.
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mathematical framework defined by a topos ;
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| Stacks over a site

Let £2C, be a topos of sheaves on a site (C, J).

e The inclusion 2-functor St (C, J) — CAT¢ has a left 2-adjoint
sy : CAT¢ — St (C, J) called the associated stack 2-functor ;

e The 2-category of stacks on (C, J) is equivalent to the 2-category of
stacks on the canonical site of C;.

e The concept of stack gives the right notion of category in the
mathematical framework defined by a topos ;

e An indexed category can still be viewed locally as a category relative to
a topos thanks to the associated stack 2-functor.
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- First constructions and results on indexed categories

Classically, there are several ways to construct new categories from existing
ones, for example using the product and opposite category constructions.
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First constructions and results on indexed categories

Classically, there are several ways to construct new categories from existing
ones, for example using the product and opposite category constructions.

Let C be a category. The above examples can be generalized to indexed
categories by applying the ordinary constructions to their components.

Definition (Product and opposite indexed categories)

e Given two C-indexed categories D and E, we have a product C-indexed
category D x E, with associated C-indexed projection functors ;

e We have a duality involution 2-functor (—)Y : CATE® — CATc

which are defined componentwise in an obvious way using the
corresponding ordinary constructions in CAT.
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Let C be a category and C € C.
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| Localization of indexed categories

Let C be a category and C € C. Given a C-indexed category D, we can
construct an indexed category that captures what D does on C.

Bruno Drieux Topology, Algebra, and Categories in Logic 2026 9/22



~ Localization of indexed categories

Let C be a category and C € C. Given a C-indexed category D, we can
construct an indexed category that captures what D does on C.

To do this, we choose the slice category C/C as the parameter “space”, so
that we consider only objects of C that are related to C.
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that we consider only objects of C that are related to C.

Definition (Localizations)

e We write D/C for the C/C-indexed category :
(1) Whose fiber at [d: D — C] € C/Cis D(D) ;
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isD(e):D(D) — D(E) ;
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Localization of indexed categories

Let C be a category and C € C. Given a C-indexed category D, we can
construct an indexed category that captures what D does on C.

To do this, we choose the slice category C/C as the parameter “space”, so
that we consider only objects of C that are related to C.

Definition (Localizations)

e We write D/C for the C/C-indexed category :
(1) Whose fiber at [d: D — CleC/CisD (D) ;
(i) Whose transition morphism determined by e: [doe] — [d] € C/C
isD(e):D(D) — D(E) ;
e This extends to a 2-functor —/C : CAT¢ — CAT¢ )¢, called the
localization 2-functor at C.
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@ Indexed Yoneda lemma
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| Exponential indexed categories

Classically, under suitable assumptions on two categories D and &, we can
construct the category £ of functors from D to £.
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| Exponential indexed categories _

Let C be a category and D, E be two C-indexed categories.
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| Exponential indexed categories

Let C be a category and D, E be two C-indexed categories. We have a
category CATc (D, E), but we want to construct a C-indexed category EP.
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~ Exponential indexed categories

Let C be a category and D, E be two C-indexed categories. We have a
category CATc (D, E), but we want to construct a C-indexed category EP.

Definition (Exponential indexed categories)

Assume that for all C € C, the category CAT¢ /¢ (D/C,E/C) is locally
small. We write EP for the C-indexed category :
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Let C be a category and D, E be two C-indexed categories. We have a
category CATc (D, E), but we want to construct a C-indexed category EP.

Definition (Exponential indexed categories)

Assume that for all C € C, the category CAT¢ /¢ (D/C,E/C) is locally
small. We write EP for the C-indexed category :

(i) Whose fiber at C € C is CAT¢,¢ (D/C,E/C) ;
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~ Exponential indexed categories

Let C be a category and D, E be two C-indexed categories. We have a
category CATc (D, E), but we want to construct a C-indexed category EP.

Definition (Exponential indexed categories)

Assume that for all C € C, the category CAT¢ /¢ (D/C,E/C) is locally

small. We write EP for the C-indexed category :

(i) Whose fiber at C € C is CAT¢,¢ (D/C,E/C) ;

(i') Whose transition morphism determined by d : D — C € C is the
functor induced by localization at [d].
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Exponential indexed categories

Let C be a category and D, E be two C-indexed categories. We have a
category CATc (D, E), but we want to construct a C-indexed category EP.

Definition (Exponential indexed categories)

Assume that for all C € C, the category CAT¢ /¢ (D/C,E/C) is locally
small. We write EP for the C-indexed category :

(i) Whose fiber at C € C is CAT¢,¢ (D/C,E/C) ;

(i') Whose transition morphism determined by d : D — C € C is the
functor induced by localization at [d].

Proposition (Paré and Schumacher)

Assume that EP is well-defined. Then we have pseudonatural equivalences
of categories CAT¢ (F,EP) = CAT, (F x D, E).
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| Canonical stack of a site

Classically, we work with the category Set of sets in order to define the
notion of (representable) presheaf on a category.
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| Canonical stack of a site

Classically, we work with the category Set of sets in order to define the
notion of (representable) presheaf on a category.

Let (C,J) be a site. We have a category C, that replace Set in the relative
setting. We need a way to view it as a C-indexed category C.
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| Canonical stack of a site

Classically, we work with the category Set of sets in order to define the
notion of (representable) presheaf on a category.

Let (C,J) be a site. We have a category C, that replace Set in the relative
setting. We need a way to view it as a C-indexed category C.

Definition (Canonical indexing of a topos)

We write C for the C-indexed category :

(i) Whose fiber at C € Cis C, /1, (C) = C//\CJC, where [, : C — C; is the
sheafification of the Yoneda embedding ;
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| Canonical stack of a site

Classically, we work with the category Set of sets in order to define the
notion of (representable) presheaf on a category.

Let (C,J) be a site. We have a category C, that replace Set in the relative
setting. We need a way to view it as a C-indexed category C.

Definition (Canonical indexing of a topos)

We write 6J for the C-indexed category :
(i) Whose fiber at C € Cis C, /1, (C) = C//\CJC, where [, : C — C; is the
sheafification of the Yoneda embedding ;

(i') Whose transition morphism determined by d : D — C € C is the
pullback functor along /; (d).

Bruno Drieux Topology, Algebra, and Categories in Logic 2026 12 /22



| Canonical stack of a site

Classically, we work with the category Set of sets in order to define the
notion of (representable) presheaf on a category.

Let (C,J) be a site. We have a category C, that replace Set in the relative
setting. We need a way to view it as a C-indexed category C.

Definition (Canonical indexing of a topos)

We write C for the C-indexed category :
(i) Whose fiber at C € Cis C, /1, (C) = C//\CJC, where [, : C — C; is the
sheafification of the Yoneda embedding ;

(i) Whose transition morphism determined by d : D — C € C is the
pullback functor along I, (d).

Theorem (Canonical stack of a site)

The C-indexed category C J Is a J-stack.
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| Indexed representable presheaves

Classically, given two objects Y and X in a category D, we have a set
D (Y, X) of morphisms from Y to X.
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Indexed representable presheaves

Classically, given two objects Y and X in a category D, we have a set
D (Y, X) of morphisms from Y to X.
~+ We have a Hom-functor D (—, —) : D°? x D — Set ;
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| Indexed representable presheaves

Classically, given two objects Y and X in a category D, we have a set
D (Y, X) of morphisms from Y to X.

~+ We have a Hom-functor D (—, —) : D°? x D — Set ;

~+ For X € D, we have a representable presheaf Jp (X) : D°P — Set.
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| Indexed representable presheav_
Let (C,J) be a site and D be a C-indexed category.
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| Indexed representable presheaves

Let (C,J) be a site and D be a C-indexed category.
~» We can consider generalized objects of D, e.g. objects in the fibers ;
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| Indexed representable presheaves

Let (C,J) be a site and D be a C-indexed category.
~» We can consider generalized objects of D, e.g. objects in the fibers ;
~+ In the relative setting, the notion of set is replaced by that of sheaf.
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| Indexed representable presheaves

Let (C,J) be a site and D be a C-indexed category.
~» We can consider generalized objects of D, e.g. objects in the fibers ;
~+ In the relative setting, the notion of set is replaced by that of sheaf.

Definition (Indexed Hom-functors and representable presheaves)
e For CeC and X, Y € D(C), we have a Hom-presheaf D¢ (Y, X) :
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Indexed representable presheaves

Let (C,J) be a site and D be a C-indexed category.
~» We can consider generalized objects of D, e.g. objects in the fibers ;
~+ In the relative setting, the notion of set is replaced by that of sheaf.

Definition (Indexed Hom-functors and representable presheaves)
e For CeC and X, Y € D(C), we have a Hom-presheaf D¢ (Y, X) :

Dc (Y, X) : (C/C)° — Set
[d:D — C]+— D(D)[D(d)(Y),D(d)(X)]
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Indexed representable presheaves

Let (C,J) be a site and D be a C-indexed category.
~» We can consider generalized objects of D, e.g. objects in the fibers ;
~+ In the relative setting, the notion of set is replaced by that of sheaf.

Definition (Indexed Hom-functors and representable presheaves)
e For CeC and X, Y € D(C), we have a Hom-presheaf D¢ (Y, X) :

Dc (Y, X) : (C/C)° — Set
[d:D — C]+— D(D)[D(d)(Y),D(d)(X)]

e We have a C-indexed functor D, (—,—) : DY x D = C, whose component
at C € Csends (Y, X) € D(C)” x D(C) to ay. [Dc (Y, X)] ;
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Indexed representable presheaves

Let (C,J) be a site and D be a C-indexed category.
~» We can consider generalized objects of D, e.g. objects in the fibers ;

~> In the relative setting, the notion of set is replaced by that of sheaf.

Definition (Indexed Hom-functors and representable presheaves)

e For CeC and X, Y € D(C), we have a Hom-presheaf D¢ (Y, X) :

Dc (Y, X):(C/C)°® — Set
[d: D — €]+ D(D)[D(d) (¥).D(d) (X)]
e We have a C-indexed functor D, (—,—) : DY x D = C, whose component
at C € Csends (Y, X) € D(C)” x D(C) to ay. [Dc (Y, X)] ;

e For Ce(C and X € D(C), we have Jp, ¢ (X):DY/C = C,/C whose
component at [d: D — C] € C/C sends Y € D(D) to D, p [Y,D (d) (X)].
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| Indexed Yoneda lemma

The Yoneda lemma for a category D establishes a bijection between
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| Indexed Yoneda lemma

The Yoneda lemma for a category D establishes a bijection between :
(/) The natural transformations from a presheaf &p (X) to a presheaf P ;
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| Indexed Yoneda lemma

The Yoneda lemma for a category D establishes a bijection between :

(/) The natural transformations from a presheaf &p (X) to a presheaf P ;
(i) The elements of the set P (X).
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| Indexed Yoneda lemma

Let (C, J) be a site and let D be a C-indexed category.
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Indexed Yoneda lemma

Let (C, J) be a site and let D be a C-indexed category.

Theorem (Indexed Yoneda lemma, Caramello and B.D.)

e ForCEC,XeD(C),P:DV/C=C/—, /Cand[d:D— C]€C/C,
there is a bijection :

CATe/p (DY/D,C/= /D) (¥o,.c (X)/[d].P/[d]) = Ppaq (X) ([d])

which is natural in all components ;
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Indexed Yoneda lemma

Let (C, J) be a site and let D be a C-indexed category.

Theorem (Indexed Yoneda lemma, Caramello and B.D.)
e ForCEC,XeD(C),P:DV/C=C/—, /Cand[d:D— C]€C/C,
there is a bijection :

CATe/p (DY/D,C/= /D) (¥o,.c (X)/[d].P/[d]) = Ppaq (X) ([d])

which is natural in all components ;

e Assume that E/)j = 69v is well-defined.
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Indexed Yoneda lemma

Let (C, J) be a site and let D be a C-indexed category.

Theorem (Indexed Yoneda lemma, Caramello and B.D.)
e ForCEC,XeD(C),P:DV/C=C/—, /Cand[d:D— C]€C/C,
there is a bijection :

CATe/p (DY/D,C/= /D) (¥o,.c (X)/[d].P/[d]) = Ppaq (X) ([d])

which is natural in all components ;
e Assume that D, :— CD" is well-defined. We have a C-indexed functor
&p, : D = D, and a C-indexed natural isomorphism between :

Bruno Drieux Topology, Algebra, and Categories in Logic 2026 14 /22



Indexed Yoneda lemma

Let (C, J) be a site and let D be a C-indexed category.

Theorem (Indexed Yoneda lemma, Caramello and B.D.)

e ForCEC,XeD(C),P:DV/C=C/—, /Cand[d:D— C]€C/C,
there is a bijection :

CATe/p (DY/D,C/= /D) (¥o,.c (X)/[d].P/[d]) = Ppaq (X) ([d])

which is natural in all components ;
e Assume that D, :— CD" is well-defined. We have a C-indexed functor
&p, : D = D, and a C-indexed natural isomorphism between :

(1) The C-indexed functor D, [¥o, (=),—] : DY x D,=C,;
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Indexed Yoneda lemma

Let (C, J) be a site and let D be a C-indexed category.

Theorem (Indexed Yoneda lemma, Caramello and B.D.)

e ForCEC,XeD(C),P:DV/C=C/—, /Cand[d:D— C]€C/C,
there is a bijection :

CATe/p (DY/D,C/= /D) (¥o,.c (X)/[d].P/[d]) = Ppaq (X) ([d])

which is natural in all components ;
o Assume that D)= CD" is well-defined. We have a C-indexed functor
&p, : D = D, and a C-indexed natural isomorphism between :
(i) The C-indexed functor D) [¥p, (—),~] : DY x D, = C ;
(i) The C-indexed evaluation functor ev : DY x D,=C,
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Indexed Yoneda lemma

Let (C, J) be a site and let D be a C-indexed category.

Theorem (Indexed Yoneda lemma, Caramello and B.D.)

e ForCEC,XeD(C),P:DV/C=C/—, /Cand[d:D— C]€C/C,
there is a bijection :

CATe;p (DY/D.C/~, /D) (Fo,.c (X)/[d]. P/ [d]) = Ppay (X) ([e])

which is natural in all components ;
e Assume that D, :— CD" is well-defined. We have a C-indexed functor
fp,:D= 6] and a C-indexed natural isomorphism between :
(i) The C-indexed functor D) [¥p, (—),~] : DY x D, = C ;
(i) The C-indexed evaluation functor ev : DY x D,=C,
whose components are given by the bijections described above.
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| Comparison with the results of Paré and Schumacher

e Paré and Schumacher have already established an indexed Yoneda
lemma...
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| Comparison with the results of Paré and Schumacher

e Paré and Schumacher have already established an indexed Yoneda
lemma... But for categories indexed over a cartesian category.
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| Comparison with the results of Paré and Schumacher

e Paré and Schumacher have already established an indexed Yoneda
lemma... But for categories indexed over a cartesian category.

e Their approach is significantly different from ours, because it overlooks
the importance of the topology on the base category.
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lemma... But for categories indexed over a cartesian category.
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the importance of the topology on the base category.

e For example, they must assume axiomatically the existence of
Hom-objects, whereas we construct them explicitly using sheafification.
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~ Comparison with the results of Paré and Schumacher

e Paré and Schumacher have already established an indexed Yoneda
lemma... But for categories indexed over a cartesian category.

e Their approach is significantly different from ours, because it overlooks
the importance of the topology on the base category.

e For example, they must assume axiomatically the existence of
Hom-objects, whereas we construct them explicitly using sheafification.

e Our approach and theirs do coincide at the level of stacks over a topos...
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~ Comparison with the results of Paré and Schumacher

e Paré and Schumacher have already established an indexed Yoneda
lemma... But for categories indexed over a cartesian category.

e Their approach is significantly different from ours, because it overlooks
the importance of the topology on the base category.

e For example, they must assume axiomatically the existence of
Hom-objects, whereas we construct them explicitly using sheafification.

e Our approach and theirs do coincide at the level of stacks over a topos...
But it is not at all easy to explicit the connection between the two.
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~ Comparison with the results of Paré and Schumacher

e Paré and Schumacher have already established an indexed Yoneda
lemma... But for categories indexed over a cartesian category.

e Their approach is significantly different from ours, because it overlooks
the importance of the topology on the base category.

e For example, they must assume axiomatically the existence of
Hom-objects, whereas we construct them explicitly using sheafification.

e Our approach and theirs do coincide at the level of stacks over a topos...
But it is not at all easy to explicit the connection between the two.

e Furthermore, our approach offers greater technical flexibility while being
more computationally manageable.
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\ Indexed (co)limits

Classically, the colimit of a functor F : D — £ is defined as follows :
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~ Indexed (co)limits

Classically, the colimit of a functor F : D — & is defined as follows :

~» A cocone to F is an object X € £ together with morphisms
(Vy : F(Y) = X)ycp of € which are “compatible” ;
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~ Indexed (co)limits

Classically, the colimit of a functor F : D — & is defined as follows :

~> A cocone to F is an object X € £ with a natural transformation
V: F = A(X) from F to the constant functor equals to X ;

Bruno Drieux Topology, Algebra, and Categories in Logic 2026 17 /22



~ Indexed (co)limits

Classically, the colimit of a functor F : D — & is defined as follows :

~> A cocone to F is an object X € £ with a natural transformation
V: F = A(X) from F to the constant functor equals to X ;

~+ A colimit of F is a cocone to F which is universal.
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~ Indexed (co)limits

Classically, the colimit of a functor F : D — & is defined as follows :

~> A cocone to F is an object X € £ with a natural transformation
V: F = A(X) from F to the constant functor equals to X ;
~ A colimit of F is a cocone to F which is universal.

Let C be a category and f: D = E be a C-indexed functor.
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Indexed (co)limits

Classically, the colimit of a functor F : D — £ is defined as follows :

~+ A cocone to F is an object X € £ with a natural transformation
V: F = A(X) from F to the constant functor equals to X ;
~ A colimit of F is a cocone to F which is universal.

Let C be a category and f: D = E be a C-indexed functor.

Definition (Indexed cocones and colimits)

e A C-indexed cocone to f is a global object (Xc). . of E together with

“compatible” morphisms (V¢ y : fc (Y) — XC)CeC.YeD(C) of E;
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Indexed (co)limits

Classically, the colimit of a functor F : D — & is defined as follows :

~+ A cocone to F is an object X € £ with a natural transformation
V: F = A(X) from F to the constant functor equals to X ;
~+ A colimit of F is a cocone to F which is universal.

Let C be a category and f: D = E be a C-indexed functor.

Definition (Indexed cocones and colimits)

e A C-indexed cocone to f is a global object x : 15 = E of E together with
a C-indexed natural transformation :f= (x);
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Indexed (co)limits

Classically, the colimit of a functor F : D — & is defined as follows :

~+ A cocone to F is an object X € £ with a natural transformation
V: F = A(X) from F to the constant functor equals to X ;
~+ A colimit of F is a cocone to F which is universal.

Let C be a category and f: D = E be a C-indexed functor.

Definition (Indexed cocones and colimits)

e A C-indexed cocone to f is a global object x : 15 = E of E together with
a C-indexed natural transformation :f= (x);

e A C/C-indexed cocone to f, for C € C, is an object X € E(C) together
with a C/C-indexed natural transformation :f/C = (X);
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Indexed (co)limits

Classically, the colimit of a functor F : D — & is defined as follows :

~+ A cocone to F is an object X € £ with a natural transformation
V: F = A(X) from F to the constant functor equals to X ;
~+ A colimit of F is a cocone to F which is universal.

Let C be a category and f: D = E be a C-indexed functor.

Definition (Indexed cocones and colimits)

e A C-indexed cocone to f is a global object x : 15 = E of E together with
a C-indexed natural transformation :f= (x);

e A C/C-indexed cocone to f, for C € C, is an object X € E(C) together
with a C/C-indexed natural transformation :f/C = (X);

e A C-indexed cocone to f is a C-indexed colimit if and only if it is
universal under all localizations.
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- Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.
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~ Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.

Similarly, the indexed colimit of an indexed functor can be computed in
terms of other, simpler indexed colimits...
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~ Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.

Similarly, the indexed colimit of an indexed functor can be computed in

terms of other, simpler indexed colimits... But to which extent can it be
computed in terms of ordinary colimits 7
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~ Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.

Similarly, the indexed colimit of an indexed functor can be computed in

terms of other, simpler indexed colimits... But to which extent can it be
computed in terms of ordinary colimits 7

Example (M-categories)

Take as base category a monoid M.
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~ Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.

Similarly, the indexed colimit of an indexed functor can be computed in

terms of other, simpler indexed colimits... But to which extent can it be
computed in terms of ordinary colimits 7

Example (M-categories)

Take as base category a monoid M.

~» An M-indexed category D is a category together with an action of M ;
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Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.

Similarly, the indexed colimit of an indexed functor can be computed in

terms of other, simpler indexed colimits... But to which extent can it be
computed in terms of ordinary colimits 7

Example (M-categories)

Take as base category a monoid M.
~» An M-indexed category D is a category together with an action of M ;

~> An M-indexed functor F : D — &£ is a functor which commutes with
the action of M on the categories D and & ;
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~ Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.

Similarly, the indexed colimit of an indexed functor can be computed in

terms of other, simpler indexed colimits... But to which extent can it be
computed in terms of ordinary colimits 7

Example (M-categories)

Take as base category a monoid M.
~» An M-indexed category D is a category together with an action of M ;

~> An M-indexed functor F : D — &£ is a functor which commutes with
the action of M on the categories D and & ;

~» The M-indexed colimit of F, when it exists, is necessarily an object of
& which invariant under the action of M.
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~ Computation of indexed (co)limits

The colimit of a functor can be computed in terms of other, simpler
colimits, typically coproducts and coequalizers.

Similarly, the indexed colimit of an indexed functor can be computed in

terms of other, simpler indexed colimits... But to which extent can it be
computed in terms of ordinary colimits 7

Example (M-categories)

Take as base category a monoid M.
~» An M-indexed category D is a category together with an action of M ;

~> An M-indexed functor F : D — &£ is a functor which commutes with
the action of M on the categories D and & ;

~» The M-indexed colimit of F, when it exists, is necessarily an object of
& which invariant under the action of M.

Consequently, there is a priori no reason for the ordinary colimit of F to be
its M-indexed colimit...
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Let (C, J) be a site.
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~ Computation of indexed (co)limits

Let (C, J) be a site.

Theorem (Caramello and B.D.)
Let E be a J-stack. Assume that :
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~ Computation of indexed (co)limits

Let (C, J) be a site.

Theorem (Caramello and B.D.)
Let E be a J-stack. Assume that :
(i) For all C € C, the category E (C) is cocomplete ;

Bruno Drieux Topology, Algebra, and Categories in Logic 2026 18 /22



~ Computation of indexed (co)limits

Let (C, J) be a site.

Theorem (Caramello and B.D.)
Let E be a J-stack. Assume that :

(i) For all C € C, the category E (C) is cocomplete ;

(if) Foralld:D — C €C, the functor E (d) : E(C) — E(D) is
cocontinuous and admits a left adjoint 114 ;
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~ Computation of indexed (co)limits

Let (C, J) be a site.

Theorem (Caramello and B.D.)
Let E be a J-stack. Assume that :
(i) For all C € C, the category E (C) is cocomplete ;

(if) Foralld:D — C €C, the functor E (d) : E(C) — E(D) is
cocontinuous and admits a left adjoint 114 ;

(iif) These adjoints satisfy a Beck-Chevalley condition
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~ Computation of indexed (co)limits

Let (C, J) be a site.

Theorem (Caramello and B.D.)
Let E be a J-stack. Assume that :
(i) For all C € C, the category E (C) is cocomplete ;

(if) Foralld:D — C €C, the functor E (d) : E(C) — E(D) is
cocontinuous and admits a left adjoint 114 ;

(iif) These adjoints satisfy a Beck-Chevalley condition

Then any C-indexed functor f : D = E, where the fibers of D are small,
admits a C-indexed colimit whose component at C € C is the colimit of :

G (D/C) = E(C)
([d:D — C],Y)— Igofp(Y).
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Let (C, J) be a site.

Theorem (Caramello and B.D.)
Let E be a J-stack. Assume that :
(i) For all C € C, the category E (C) is cocomplete ;

(if) Foralld:D — C €C, the functor E (d) : E(C) — E(D) is
cocontinuous and admits a left adjoint 114 ;

(iif) These adjoints satisfy a Beck-Chevalley condition

Then any C-indexed functor f : D = E, where the fibers of D are small,
admits a C-indexed colimit whose component at C € C is the colimit of :

G (D/C) = E(C)
([d:D — C],Y)— Igofp(Y).

Interestingly, this allows for a unified and natural treatment of indexed
limits and colimits, in contrast to the work of Paré and Schumacher.
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Indexed co-Yoneda lemma

The co-Yoneda lemma state that any presheaf P on an essentially small
category D is a colimit of representables.
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| Indexed co-Yoneda lemma

The co-Yoneda lemma state that any presheaf P on an essentially small
category D is a colimit of representables.

~~+ We have the category of elements [ P of the presheaf P, together
with a projection functor 7p : [P — D ;

~~ The presheaf P is the colimit of kpomp: [P — D.

Let (C,J) be a site and D be a C-indexed category such that D, := GJDV is
well-defined. Let P : DV = C, be a C-indexed functor.

Theorem (Indexed co-Yoneda lemma, Caramello and B.D.)

The C-indexed functor P is the C-indexed colimit of Xp, o mp, where 7p is
the projection from the indexed category of elements of P to D.
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| (Some) applications and future directions

e These results offer tools to understand higher-order structures in the
mathematical framework defined by a topos.
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~ (Some) applications and future directions

e These results offer tools to understand higher-order structures in the
mathematical framework defined by a topos. This includes :

~> Internal locale in a topos ;
~ Relative category theory, notably the study of fibrations or toposes in
the mathematical framework of an arbitrary base topos.

e In particular, we now have sufficient groundwork to properly define the
notion of indexed Grothendieck topology.

e We plan to introduce a formal type-based language in order to automate
the relativization process as much as possible.
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Thank you for your attention !
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