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A classical Markov chain

Markov chains are everywhere in applications: web ranking (PageRank),
queueing networks, population genetics and epidemics, probabilistic model
checking, reliability of systems.
A toy example:

ok degraded

failed

0.2

0.8 0.5

0.51

Formally: a set of states X and, for each state x , a probability distribution α(x)
on X giving the probability of moving to another state.
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Why weighted Markov chains?

Furber-Mardare-Mio (2020) already give a modal logic for classical
chains, looking at them as coalgebras — so classical Markov chains are
covered.

The catch: it lives on Riesz spaces, with a unary connective for every real
number ⇒ an infinite language.

Ask instead for a finite language, starting from ℓ-groups. There, free
algebras are real-valued piecewise linear with integer coefficients. From
points of denominator d one only gets denominators dividing d .

So each point (=state) keeps an invariant that the language cannot break:
which are the available "next states".

Chains recording this data are what we’ll be calling weighted Markov
chains.
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Our goal

So we build a logic for them: Markov-Łukasiewicz logic, Łukasiewicz logic
with a probabilistic modality ♢ — on a finite language.

The idea is that ♢φ reads as “the expected value of φ after one step”.

Two completeness theorems
• the base calculus is algebraically complete w.r.t. modal MV-algebras

— and it is finitary;
• one extra rule makes it complete w.r.t. (weighted) Markov chains, with

a finite language but a countable deduction rule.

The engine
A Stone-type duality between weighted Markov chains and modal
ℓ-groups, that extends the Furber-Mardare-Mio duality.
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Where this sits

Other many-valued modal logics relevant here:
• Hansoul-Teheux (over MV-algebras): infinitely many axioms,

infinitary rules;

• Vidal (starting from MTL): focuses on relational semantics;
• Bezhanishvili-Carai-Morandi: modal operators on algebras of

continuous functions.
These logics are different "morally": most of them start by adapting the
modal logic K , whereas we pursue a different endgame.

We want a simple many-valued modal logic whose modality is
probabilistic rather than normal, with a good algebraic semantics – and
complete with respect to Markov chains.
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The roadmap

complete unital Archimedean
modal Riesz spaces

(complete) unital Archimedean
modal ℓ-groups

MMV

modal MV-algebras

Markov ∼= Markov0

(FMM) Markov chains

NMarkova ⊆ Markova

weighted Markov chains

Markov-Łukasiewicz
logic

FMM duality

this work

alg. completeness

ζ ≡ 0

Mundici Γ

S. Lapenta (UNISA) A logic for weighted Markov chains 6/35



Background

Weighted Markov chains

The algebraic interpretation

The logic
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Reminders: ℓ-groups, Riesz spaces, ideals

• An ℓ-group is an abelian group with a compatible lattice order; a
Riesz space adds a compatible R-vector space structure. Both form
varieties.

• Congruences ↔ ℓ-ideals (convex ℓ-subgroups, resp. convex
ℓ-subspaces).

• Max(G ) = Maximal ℓ-ideals of G ↔ ℓ-homomorphisms G → R.

• Archimedean: na ≤ b for all n ∈ N implies a ≤ 0.

• Unital: there is a strong order unit 1G ∈ G+, i.e. for each x some n

has |x | ≤ n1G .

• Mundici’s Γ: unital ℓ-groups ≃ MV-algebras. The functor, on objects,
is Γ(G , u) = [0, 1G ].
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Background

Weighted Markov chains

The algebraic interpretation

The logic

modal Riesz spaces

modal ℓ-groups

MMV

(FMM) Markov

weighted Markova

Markov-Ł logic

FMM

this work
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Arithmetic spaces (Abbadini, Marra, Spada, 2025)

An a-space (X , ζ) is a topological space X equipped with a continuous
function called the denominator function ζ : X → N, where N is equipped
with the upper topology for the divisibility order.

M. Abbadini, V. Marra, L. Spada, Stone–Gelfand duality for metrically
complete lattice-ordered groups, Advances in Mathematics,
461:110067 (2025).

An a-space (X , ζ) is (arithmetically) normal if it is compact and, for any
two distinct points x , y ∈ X , there exist two disjoint open neighborhoods
U and V of x and y respectively, such that, for every z ∈ X \ (U ∪ V ) we
have ζ(z) = 0.
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The main example

Let den : R → N be defined as den(z) =
{
0 z ∈ R \Q
denominator of z otherwise

.

If N is equipped with the upper topology, then den is continuous.

Generalizing, define den : RI → N as den((pi )i∈I ) = lcm{den(pi ) | i ∈ I}.
Again, if N is equipped with the upper topology, then den is continuous.

A function f : (X , ζX ) → (Y , ζY ) is an a-map if it is continuous and it
decreases denominators, i.e. ζY (f (x)) divides ζX (x) for all x ∈ X .

Ca(X ) is the set of all a-maps f : (X , ζ) → (R, den).

If X is compact, Ca(X ) is an ℓ-group that has 1X as strong unit, is
Archimedean and is (norm-)complete.
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A duality (Abbadini, Marra, Spada, 2025)

The contravariant functor Ca : Ka → uℓGrp

• on an object (X , ζ) as Ca(X ).

The contravariant functor Maxa : uℓGrp → Ka

• on an object G , Maxa(G ) := (Max(G ), den), where Max(G ) ⊆ RG is
the set of unital ℓ-homomorphisms into (R, 1).

(both act on arrows by composition)

Ca ⊣ Maxa
The adjunction restricts to a duality between the category of complete
unital ℓ-groups and the one of normal arithmetic spaces.
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unital ℓ-groups and the one of normal arithmetic spaces.
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Adding weights to Markov chains

Recall how Furber–Mardare–Mio proceed: for X ∈ CHaus, let
R(X ) ⊆ RC(X ) be the positive functionals F on C (X ) with F (1X ) ≤ 1; a
Markov process is a continuous map α : X → R(X ).

Read F ∈ R(X ) as a sub-probability distribution: F (f ) is the expected
value of f .

We do the same over an a-space. Let (X , ζ) be a compact Hausdorff
a-space, and set

Ra(X ) := {F|Ca(X ) | F ∈ R(X )}.
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Properties of Ra

• (Ra(X ), denR) is a compact, Hausdorff a-space, with
denR(F ) = lcm {den(F (f )) | f ∈ Ca(X )}.

• For any a-map f : (X , ζX ) → (Y , ζY ) in the category CHausa of
compact Hausdorff a-spaces, the map

Ra(f ) : (Ra(X ), denR) → (Ra(Y ), denR)

such that Ra(f )(F )(g) := F (g ◦ f ) for all F ∈ Ra(X ) and g ∈ Ca(Y )

is an a-map.
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Weighted Markov chains (Bezhanishvili, L., Napolitano,
Spada)

So, Ra is an endofunctor on CHausa.

Let Markova denote the category of weighted Markov chains, defined as
the coalgebras of the endofunctor Ra in the category CHausa.

Denote by NMarkova the full subcategory of normal weighted Markov
chains, that is, such that (X , ζ) is a-normal.

Two useful results:
• For any a-space (X , ζ) ∈ CHausa the space Ra(X ) is a normal

a-space.
• For any (X , ζ) ∈ Norma and for any F ∈ Ra(X ) there exists a

unique F ′ ∈ R(X ) that extends F .
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A discrete example

Consider the discrete space X = {x1, x2, x3, x4}, and the function
ζ : X → N defined as ζ(x1) = 0, ζ(x2) = 4, ζ(x3) = ζ(x4) = 2. Then the
following graph represents a weighted Markov chain on (X , ζ):

•x3,2

•x2,4

•x4,2

•x1,0

1

1

2

1

2

1

1−
√
2

2

√
2

4

√
2

4

Indeed, for any f ∈ Ca(X ) we have that den(α(xi )(f ))|ζ(xi ), since
den(f (xi )) is a divisor of ζ(xi ).
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Back to Furber, Mardare and Mio

Denote by Markov, the category of FMM’s Markov chains.

A 0-Markov chain is a weighted Markov chain where ζ(x) = 0 for all
x ∈ X ; we write Markov0 for their full subcategory.

The categories Markov and Markov0 are isomorphic

So our framework properly extends FMM’s — their category is the ζ ≡ 0

case of ours.

R. Furber, R. Mardare, M. Mio, Probabilistic Logics Based on Riesz Spaces, LMCS
16(1:6) (2020).
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Background

Weighted Markov chains

The algebraic interpretation

The logic

modal Riesz spaces

modal ℓ-groups

MMV

(FMM) Markov

weighted Markova

Markov-Ł logic

FMM

this work

alg. compl.

ζ ≡ 0

Mundici
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Modal ℓ-groups

A modal ℓ-group is an algebra (G , 1G ,♢), where (G , 1G ) is an ℓ-group
with distinguished positive element 1G and ♢ : G → G is a positive group
homomorphism such that ♢(1G ) ≤ 1G .

Any weighted Markov chain induces a modal ℓ-group!

We define C♢ : Markova → MAuℓGrp as follows.
• for any object ((X , ζ), α) in Markova,

C♢((X , ζ), α) := (Ca(X ), 1X ,♢α), where ♢α(f )(x) = α(x)(f ) for all
x ∈ X ,

• on arrows is the usual pre-composition.

Morally, ♢α(f )(x) is the expected value of f after one step from x .
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From groups to chains (the idea)

Given an Archimedean modal unital ℓ-group (G , 1G ,♢) and
x ∈ Maxa(G ) ⊆ RG , the map x ◦ ♢ is a positive homomorphism with
(x ◦ ♢)(1G ) ≤ 1.

Via the Riesz representation and Stone–Weierstrass theorems, it yields a
transition α♢(x) ∈ Ra(Maxa(G )), hence an weighted Markov chain
(Maxa(G ), α♢).

This defines a functor Max♢ : MAuℓGrp → Markova (pre-composition on
arrows).

more detail
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The duality

The functors C♢ and Max♢ form a contravariant adjunction C♢ ⊣ Max♢,
which restricts to a duality:

Markova MAuℓGrp

NMarkova MCuℓGrp

C♢

Max♢

⊥

full full

≃ (duality)

Proof idea: the unit and counit of the Abbadini–Marra–Spada adjunction
are arrows in our categories.
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Modal MV-algebras: the bridge to a logic

A modal MV-algebra (or MMV-algebra) is an algebra (A,♢), where A is
an MV-algebra and ♢ : A → A is a unary operation such that:

1. ♢(0) = 0,
2. ♢(¬a) ≤ ¬♢(a),
3. ♢(a⊕ b) = ♢(a)⊕ ♢(¬a ∧ b).

Mundici’s equivalence extends to the modal setting
MMV-algebras ≃ modal unital ℓ-groups; moreover there is a contravariant
adjunction between Archimedean MMV-algebras and Markova. We write
Γ♢ for this modal version of Mundici functor.

So our weighted chains carry a propositional, many-valued, modal syntax.
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Markov-Łukasiewicz logic
In the language L given by Var, the connectives of Łukasiewicz logic, and
a unary connective ♢, the set MFm of well-formed formulas is defined
recursively as follows:

φ ::= p | ⊥ | ¬φ | φ→ φ | ♢φ

where p is a propositional variable.

The rules and axioms are the following:
• Axioms:

(Ł) All Łukasiewicz axioms,
(ML1) ♢(⊥) → ⊥,
(ML2) ♢(¬φ) → ¬♢(φ),
(ML3) ♢(φ⊕ ψ) ↔ ♢(φ)⊕ ♢(¬φ ∧ ψ),
• Rules:

(MP) from φ and φ→ ψ derive ψ,
(M) from (φ→ ψ) derive (♢(φ) → ♢(ψ)).
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where p is a propositional variable.
The rules and axioms are the following:

• Axioms:
(Ł) All Łukasiewicz axioms,

(ML1) ♢(⊥) → ⊥,
(ML2) ♢(¬φ) → ¬♢(φ),
(ML3) ♢(φ⊕ ψ) ↔ ♢(φ)⊕ ♢(¬φ ∧ ψ),
• Rules:

(MP) from φ and φ→ ψ derive ψ,
(M) from (φ→ ψ) derive (♢(φ) → ♢(ψ)).
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Algebraic completeness

Let Γ ∪ {φ} ⊆ MFm. Then,

Theorem 1 (algebraic completeness)

Γ ⊢MŁ φ iff Γ |=MMV φ

A note on the regularity rule (M)
Monotonicity is usually expressed by axiom (K), combined with the
necessitation rule.
In our logic, Necessitation would require that ♢(1) = 1.
Moreover, adding (M) as an axiom does not work!
Indeed

̸|=MMV (φ→ ψ) → (♢φ→ ♢ψ).
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An example
Take φ := ⊤ and ψ := p ∈ Var.

Take ([0, 1]2,♢) ∈ MMV, with

♢ : [0, 1]2 → [0, 1]2, such that ♢(a1, a2) =
(
4

5
a1 +

1

5
a2, a2

)
.

Consider the valuation v(p) =
(
1

2
, 2
5

)
.

Then v(♢(p)) = ♢(v(p)) = ♢
(
1

2
, 2
5

)
=

(
12

25
, 2
5

)
and

v(⊤ → p) = v(p) =

(
1

2
,
2

5

)
.

On the other hand:

v(♢(⊤) → ♢(p)) = (1, 1) →
(
12

25
,
2

5

)
=

(
12

25
,
2

5

)
.

Therefore,

v((⊤ → p) → (♢(⊤) → ♢(p))) =
(
49

50
, 1

)
̸= (1, 1).
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Markov models

A Markov model is a pair M := (((X , ζ), α), e), where ((X , ζ), α) is a
weighted Markov chain and e : Var× X → [0, 1] is a function such that for
all p ∈ Var the function fp : X → [0, 1] given by fp(x) := e(p, x) is an
a-map.

Let φ ∈ MFm. The truth function of φ in M, denoted by tMφ : X → R, is
the a-map in Γ♢(C♢(X , α), 1X ) defined inductively as follows:
• tM⊥ = 0Ca(X ),
• if p ∈ Var, then tMp (x) := fp(x) for all x ∈ X ,
• if φ := ♢(ψ), then tMφ := ♢α(tMψ ),
• if φ := φ1 → φ2, then tMφ := tMφ1 → tMφ2 ,
• if φ := ¬ψ, then tMφ := ¬tMψ .
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Validity in Markov models

The valuation of φ in M at x , denoted by ∥φ∥M,x , is defined as tMφ (x).

• We say that a formula φ is true at x in M, denoted by M, x ⊩ φ, if
∥φ∥M,x = 1. We say that it is true in M (denoted by M ⊩ φ) if it is
true at all points of M.

• We say that φ is valid in α (denoted by α ⊩ φ) if ((X , α), e) ⊩ φ for
any e : Var × X → [0, 1] (such that e(p,−) is an a-map).

• Given a class M of weighted Markov chains, a formula φ is valid in
M , denoted by M ⊩ φ if α ⊩ φ for all α ∈ M .

• We say that a formula φ is valid, denoted by ⊩ φ, if α ⊩ φ for all
α ∈ Markova.
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Valuation in a Markov model: an example

Take the weighted Markov chain ((X , ζ), α) from before, and p ∈ Var with
fp(x1) = 0, fp(x2) = 1, fp(x3) = 0, fp(x4) = 1.

•x3,2

•x2,4

•x4,2

•x1,0

1

1

2

1

2

1

1−
√
2

2

√
2

4

√
2

4

tM♢p(x) = α(x)(fp) is the expected value of p
after one step:

t♢p(x1) =
√
2

4
· 0+

(
1−

√
2

2

)
· 1+

√
2

4
· 1 = 1−

√
2

4
,

t♢p(x2) =
1

2
· 0+ 1

2
· 1 = 1

2
,

t♢p(x3) = 1 · 1 = 1,

t♢p(x4) = 1 · 0 = 0.

It is an a-map: irrational at x1 (den = 0 = ζ(x1)), and
den( 1

2
) = 2 | 4 = ζ(x2).
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It is an a-map: irrational at x1 (den = 0 = ζ(x1)), and
den( 1

2
) = 2 | 4 = ζ(x2).
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Valuation in a Markov model: an example (cont.)

Recall fp = (0, 1, 0, 1) and t♢p =
(
1−

√
2

4
, 1

2
, 1, 0

)
on (x1, x2, x3, x4).

•x3,2

•x2,4

•x4,2

•x1,0

1

1

2

1

2

1

1−
√
2

2

√
2

4

√
2

4

Evaluating ♢p → p pointwise, with
a → b = min(1, 1− a+ b):

t♢p→p = t♢p → fp =
(√

2

4
, 1, 0, 1

)
.

So M, x2 ⊩ ♢p → p, but M ̸⊩ ♢p → p (it fails e.g. at x3).
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Completeness with respect to Markov models

To prove completeness wrt Markov models, we need to go through
MV-algebras.

In particular, we need to prove that the free MMV-algebra
is Archimedean.

Unfortunately, we are not able to prove or disprove this claim: it is an
open problem.

Without the Archimedean property of the free MMV-algebra, the logic
needs a rule that forces the models to be Archimedean.

So, consider the extension aML of the Markov-Łukasiewicz logic obtained
by adding the following rule:

(A) from nφ→ ψ for all n ∈ N derive ¬φ.

S. Lapenta (UNISA) A logic for weighted Markov chains 31/35



Completeness with respect to Markov models

To prove completeness wrt Markov models, we need to go through
MV-algebras. In particular, we need to prove that the free MMV-algebra
is Archimedean.

Unfortunately, we are not able to prove or disprove this claim: it is an
open problem.

Without the Archimedean property of the free MMV-algebra, the logic
needs a rule that forces the models to be Archimedean.

So, consider the extension aML of the Markov-Łukasiewicz logic obtained
by adding the following rule:

(A) from nφ→ ψ for all n ∈ N derive ¬φ.

S. Lapenta (UNISA) A logic for weighted Markov chains 31/35



Completeness with respect to Markov models

To prove completeness wrt Markov models, we need to go through
MV-algebras. In particular, we need to prove that the free MMV-algebra
is Archimedean.

Unfortunately, we are not able to prove or disprove this claim: it is an
open problem.

Without the Archimedean property of the free MMV-algebra, the logic
needs a rule that forces the models to be Archimedean.

So, consider the extension aML of the Markov-Łukasiewicz logic obtained
by adding the following rule:

(A) from nφ→ ψ for all n ∈ N derive ¬φ.

S. Lapenta (UNISA) A logic for weighted Markov chains 31/35



Completeness with respect to Markov models

To prove completeness wrt Markov models, we need to go through
MV-algebras. In particular, we need to prove that the free MMV-algebra
is Archimedean.

Unfortunately, we are not able to prove or disprove this claim: it is an
open problem.

Without the Archimedean property of the free MMV-algebra, the logic
needs a rule that forces the models to be Archimedean.

So, consider the extension aML of the Markov-Łukasiewicz logic obtained
by adding the following rule:

(A) from nφ→ ψ for all n ∈ N derive ¬φ.

S. Lapenta (UNISA) A logic for weighted Markov chains 31/35



Completeness with respect to Markov models

To prove completeness wrt Markov models, we need to go through
MV-algebras. In particular, we need to prove that the free MMV-algebra
is Archimedean.

Unfortunately, we are not able to prove or disprove this claim: it is an
open problem.

Without the Archimedean property of the free MMV-algebra, the logic
needs a rule that forces the models to be Archimedean.

So, consider the extension aML of the Markov-Łukasiewicz logic obtained
by adding the following rule:

(A) from nφ→ ψ for all n ∈ N derive ¬φ.

S. Lapenta (UNISA) A logic for weighted Markov chains 31/35



Completeness with respect to Markov models

Theorem 2 (completeness for Markov models)
Let φ ∈ MFm. Then ⊢aML φ if and only if ⊩ φ.

The main point of this proof is that the Lindenbaum-Tarski algebra of aML

is Archimedean.

This allows us to use the adjunction between aMMV and Markova to
prove the right-to-left direction.
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The main consequences

Corollary (normal Markov chains)
Let φ ∈ MFm. Then ⊢aML φ if and only if NMarkova ⊩ φ.
Here we use the naturality of the unit ηX : X → MaxaCaX , for any
X ∈ Markova .

Corollary (The case of classical Markov chains)
Let φ ∈ MFm. Then ⊢aML φ if and only if Markov0 ⊩ φ.
In this case, we show that there exists an adjunction between NMarkova

and Markov and get the result from the Corollary above.
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Summing up

One modality, a finite language, one infinitary rule — and
algebraic completeness without it

• Theorem 1. the base calculus is complete w.r.t. modal MV-algebras
— finitary.

• Theorem 2. adding rule (A) gives completeness w.r.t. (weighted)
Markov chains over a finite language.

Open problem: is the free MMV-algebra Archimedean? — if it is, the
infinitary rule may be avoidable.

Put it differently: is the theory of modal Riesz spaces a conservative
extension of the theory of modal ℓ-groups?
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Thank you for your attention!

complete unital Archimedean
modal Riesz spaces

(complete) unital Archimedean
modal ℓ-groups

MMV

modal MV-algebras

Markov ∼= Markov0

(FMM) Markov chains

NMarkova ⊆ Markova

weighted Markov chains

Markov-Łukasiewicz
logic

FMM duality

this work

alg. completeness

ζ ≡ 0

Mundici Γ
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Backup: from groups to chains (full construction)
Consider an Archimedean modal unital ℓ-group (G , 1G ,♢), and let
x ∈ Maxa(G ).

By definition, x ◦ ♢ : G → R is a positive group homomorphism such that
(x ◦ ♢)(1G ) ≤ 1.

By a suitable version of the Riesz representation theorem and the
Stone-Weierstrass Theorem, there exists a unique F x ∈ R(Max(G )) such
that, for all g ∈ G ,

F x(evg ) = x(♢(g)) = ev♢(g)(x).

We define α♢ : Maxa(G ) → Ra(Maxa(G )) by α♢(x) = F x
|Ca(Maxa(G)).

It is not difficult (but not trivial) to see that α♢ is continuous and decreases
denominators; hence (Maxa(G ), α♢) is a weighted Markov chain. back

S. Lapenta (UNISA) A logic for weighted Markov chains 1/1



Backup: from groups to chains (full construction)
Consider an Archimedean modal unital ℓ-group (G , 1G ,♢), and let
x ∈ Maxa(G ).

By definition, x ◦ ♢ : G → R is a positive group homomorphism such that
(x ◦ ♢)(1G ) ≤ 1.

By a suitable version of the Riesz representation theorem and the
Stone-Weierstrass Theorem, there exists a unique F x ∈ R(Max(G )) such
that, for all g ∈ G ,

F x(evg ) = x(♢(g)) = ev♢(g)(x).

We define α♢ : Maxa(G ) → Ra(Maxa(G )) by α♢(x) = F x
|Ca(Maxa(G)).

It is not difficult (but not trivial) to see that α♢ is continuous and decreases
denominators; hence (Maxa(G ), α♢) is a weighted Markov chain. back

S. Lapenta (UNISA) A logic for weighted Markov chains 1/1



Backup: from groups to chains (full construction)
Consider an Archimedean modal unital ℓ-group (G , 1G ,♢), and let
x ∈ Maxa(G ).

By definition, x ◦ ♢ : G → R is a positive group homomorphism such that
(x ◦ ♢)(1G ) ≤ 1.

By a suitable version of the Riesz representation theorem and the
Stone-Weierstrass Theorem, there exists a unique F x ∈ R(Max(G )) such
that, for all g ∈ G ,

F x(evg ) = x(♢(g)) = ev♢(g)(x).

We define α♢ : Maxa(G ) → Ra(Maxa(G )) by α♢(x) = F x
|Ca(Maxa(G)).

It is not difficult (but not trivial) to see that α♢ is continuous and decreases
denominators; hence (Maxa(G ), α♢) is a weighted Markov chain. back

S. Lapenta (UNISA) A logic for weighted Markov chains 1/1



Backup: from groups to chains (full construction)
Consider an Archimedean modal unital ℓ-group (G , 1G ,♢), and let
x ∈ Maxa(G ).

By definition, x ◦ ♢ : G → R is a positive group homomorphism such that
(x ◦ ♢)(1G ) ≤ 1.

By a suitable version of the Riesz representation theorem and the
Stone-Weierstrass Theorem, there exists a unique F x ∈ R(Max(G )) such
that, for all g ∈ G ,

F x(evg ) = x(♢(g)) = ev♢(g)(x).

We define α♢ : Maxa(G ) → Ra(Maxa(G )) by α♢(x) = F x
|Ca(Maxa(G)).

It is not difficult (but not trivial) to see that α♢ is continuous and decreases
denominators; hence (Maxa(G ), α♢) is a weighted Markov chain. back

S. Lapenta (UNISA) A logic for weighted Markov chains 1/1



Backup: from groups to chains (full construction)
Consider an Archimedean modal unital ℓ-group (G , 1G ,♢), and let
x ∈ Maxa(G ).

By definition, x ◦ ♢ : G → R is a positive group homomorphism such that
(x ◦ ♢)(1G ) ≤ 1.

By a suitable version of the Riesz representation theorem and the
Stone-Weierstrass Theorem, there exists a unique F x ∈ R(Max(G )) such
that, for all g ∈ G ,

F x(evg ) = x(♢(g)) = ev♢(g)(x).

We define α♢ : Maxa(G ) → Ra(Maxa(G )) by α♢(x) = F x
|Ca(Maxa(G)).

It is not difficult (but not trivial) to see that α♢ is continuous and decreases
denominators; hence (Maxa(G ), α♢) is a weighted Markov chain. back

S. Lapenta (UNISA) A logic for weighted Markov chains 1/1


	Background
	Weighted Markov chains
	The algebraic interpretation
	The logic
	Appendix

