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This Talk

We will encounter some

Topology: spaces of orders on monoids

Algebra: classes of ordered monoids

Computation: deciding equations

Logic: semantics of non-classical logics.
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A Sample Problem

Is there an order ≤ on the free abelian group Z2 satisfying(
3
5

)
<

(
2
3

)
and

(
4
1

)
<

(
5
2

)
?

Yes! E.g., u ≤ v :⇐⇒ Au ≤lex Av , where A :=

(
1 −1
0 1

)
∈ R2×2.
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)
−
(3

5

)
(5

2

)
−
(4

1

)
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More Generally. . .

Each order ≤ on Zk is represented by a matrix A ∈ Rk×k such that

u ≤ v ⇐⇒ Au ≤lex Av .

Let O(Zk ) denote the set of orders on Zk and equip it with the topology
generated by the basic open sets

{≤ ∈ O(Zk ) | u1 < v1, . . . ,un < vn}, where u1, v1, . . . ,un, vn ∈ Zk .

Theorem (Sikora 2004)

O(Zk ) is a Cantor space for each k ≥ 2.
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The Space of Orders on Z2

Orders on Z2 can be identified with the points on one side of a line
through the origin in R2 together with the points on one of its half-lines.
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A Theorem of Alternatives

Theorem (cf. Gordan 1873)

The following are equivalent for any t1, . . . , tn ∈ Zk :

(1) There is no order ≤ on Zk satisfying 0 < t1, . . . ,0 < tn.
(2) 0̄ is a non-trivial positive linear combination of t1, . . . , tn.
(3) 0 ≤ t1 ∨ · · · ∨ tn is valid in all ordered abelian groups.

Remark
Checking whether Zk admits a order satisfying a given finite set of
inequalities is in P (Khachiyan 1979), whereas the equational theory of
ordered abelian groups is coNP-complete (Weispfenning 1986).
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Our Topic

What can we say about orders on (commutative) monoids?
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Left-Orders on Monoids

A left-order on a monoid M is a total order ≤ on M satisfying

a ≤ b =⇒ ca ≤ cb.

We call a monoid left-orderable if it admits a left-order.

Observation
The positive cone P≤ := {a ∈ M | e < a} of any left-order ≤ on M
forms a subsemigroup of M, and if M is a group, then

a ≤ b ⇐⇒ a−1b ∈ P≤ ∪ {e},

and we can identify its left-orders with its subsemigroups P satisfying

M\{e} = P ∪ P−1.
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The Space of Left-Orders on a Monoid

We equip the set LO(M) of left-orders on a monoid M with the coarsest
topology such that {≤ ∈ LO(M) | a < b} is open for any a, b ∈ M.

Theorem (Sikora 2004)
LO(M) is a Stone space: Hausdorff, compact, and zero-dimensional.

Remark
LO(M) is a Cantor space for a countable left-orderable monoid M if,
and only if, it has no isolated points: left-orders on M that uniquely
satisfy some finite set of inequalities.
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Some Facts about Left-Orderable Groups

Every left-orderable group is torsion-free.

Left-orderable groups form a quasivariety but not a variety.

A countable group is left-orderable if, and only if, it embeds into
the group of order-automorphisms of R.

Every group admits finitely or uncountably many left-orders.

E.g., the fundamental group of the Klein bottle admits precisely
four left-orders, but is not orderable.
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Free Groups

Let F(k) denote the free group on k generators, consisting of reduced
words over {x1, x

−1
1 , . . . , xk , x

−1
k } with concatenation + reduction.

Theorem (McCleary 1985, Navas 2010)
LO(F(k)) is a Cantor space for each k ≥ 2.

A ‘geometric’ proof strategy.

(I) Show that (the positive cone of) any isolated left-order on F(k)
must be a finitely generated semigroup.

(II) Show that (the positive cone of) a left-order on F(k) cannot be a
finitely generated semigroup.
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Truncated Left-Orders

Let Fd(k) denote the set of elements of F(k) of length ≤ d .

We call S ⊆ Fd(k) a d-truncated left-order on F(k) if

u, v ∈ S, uv ∈ Fd(k) =⇒ uv ∈ S and S ∪ S−1 = Fd(k)\{e}.

Lemma (Clay and Smith 2009)
If S ⊆ Fd(k) extends to a d-truncated left-order on F(k), then it
extends to a left-order on F(k).

Corollary (Clay and Smith 2009)
Every isolated left-order on F(k) is a finitely generated semigroup.
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The Left-Order Problem for Free Groups

Corollary (Clay and Smith 2009)
Checking whether F(k) admits a left-order satisfying a given finite set
of inequalities is decidable.

Example

Given S = {yx−1, xx , xy} ⊆ F2(2), add all products in F2(2) to obtain

S′ = {yx−1, xx , xy , yx , yy},

then choose signs for the remaining members of F2(2) to obtain

S′′ = {yx−1, xx , xy , yx , yy , x , y , x−1y}.

This is a 2-truncated left-order on F(2), so – by Clay and Smith’s
Lemma – there exists a left-order on F(2) containing S.
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But now. . .

What does this have to do with deciding equations ?
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Lattice-Ordered Groups

A lattice-ordered group (or ℓ-group) is an algebraic structure

L = ⟨L,∧,∨, ·,−1, e⟩

satisfying the following conditions:

(i) ⟨L, ·,−1, e⟩ is a group;

(ii) ⟨L,∧,∨⟩ is a lattice with a ≤ b :⇐⇒ a ∨ b = b;

(iii) a ≤ b =⇒ cad ≤ cbd for all a, b, c, d ∈ L.
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Fundamental Examples

The order-preserving permutations on a chain Ω = ⟨Ω,≤⟩ equipped
with function composition form a group Aut(Ω)

lattice-ordered by

f ≤ g :⇐⇒ f (a) ≤ g(a) for all a ∈ Ω.

Theorem (Holland 1963)
Every ℓ-group embeds into Aut(Ω) for some chain Ω.

Remark
Holland’s theorem can be used to prove that a group is left-orderable
if, and only if, it embeds into an ℓ-group (Hollister 1965), and that the
variety of ℓ-groups LG is generated by Aut(⟨R,≤⟩) (Holland 1976).

George Metcalfe Decision problems July 2026 16 / 31



Fundamental Examples

The order-preserving permutations on a chain Ω = ⟨Ω,≤⟩ equipped
with function composition form a group Aut(Ω) lattice-ordered by

f ≤ g :⇐⇒ f (a) ≤ g(a) for all a ∈ Ω.

Theorem (Holland 1963)
Every ℓ-group embeds into Aut(Ω) for some chain Ω.

Remark
Holland’s theorem can be used to prove that a group is left-orderable
if, and only if, it embeds into an ℓ-group (Hollister 1965), and that the
variety of ℓ-groups LG is generated by Aut(⟨R,≤⟩) (Holland 1976).

George Metcalfe Decision problems July 2026 16 / 31



Fundamental Examples

The order-preserving permutations on a chain Ω = ⟨Ω,≤⟩ equipped
with function composition form a group Aut(Ω) lattice-ordered by

f ≤ g :⇐⇒ f (a) ≤ g(a) for all a ∈ Ω.

Theorem (Holland 1963)
Every ℓ-group embeds into Aut(Ω) for some chain Ω.

Remark
Holland’s theorem can be used to prove that a group is left-orderable
if, and only if, it embeds into an ℓ-group (Hollister 1965), and that the
variety of ℓ-groups LG is generated by Aut(⟨R,≤⟩) (Holland 1976).

George Metcalfe Decision problems July 2026 16 / 31



Fundamental Examples

The order-preserving permutations on a chain Ω = ⟨Ω,≤⟩ equipped
with function composition form a group Aut(Ω) lattice-ordered by

f ≤ g :⇐⇒ f (a) ≤ g(a) for all a ∈ Ω.

Theorem (Holland 1963)
Every ℓ-group embeds into Aut(Ω) for some chain Ω.

Remark
Holland’s theorem can be used to prove that a group is left-orderable
if, and only if, it embeds into an ℓ-group (Hollister 1965)

, and that the
variety of ℓ-groups LG is generated by Aut(⟨R,≤⟩) (Holland 1976).

George Metcalfe Decision problems July 2026 16 / 31



Fundamental Examples

The order-preserving permutations on a chain Ω = ⟨Ω,≤⟩ equipped
with function composition form a group Aut(Ω) lattice-ordered by

f ≤ g :⇐⇒ f (a) ≤ g(a) for all a ∈ Ω.

Theorem (Holland 1963)
Every ℓ-group embeds into Aut(Ω) for some chain Ω.

Remark
Holland’s theorem can be used to prove that a group is left-orderable
if, and only if, it embeds into an ℓ-group (Hollister 1965), and that the
variety of ℓ-groups LG is generated by Aut(⟨R,≤⟩) (Holland 1976).

George Metcalfe Decision problems July 2026 16 / 31



Another Theorem of Alternatives

Theorem (Colacito & M. 2019)
The following are equivalent for any t1, . . . , tn ∈ F(k):
(1) There is no left-order ≤ on F(k) satisfying e < t1, . . . ,e < tn.

(2) LG |= e ≤ t1 ∨ · · · ∨ tn.

Proof sketch.
(1) ⇒ (2) If there is a left-order ≤ on F(k) satisfying e < t1, . . . ,e < tn,
then e ≤ t1 ∨ · · · ∨ tn fails in the ℓ-group Aut(⟨F(k),≤δ⟩): just interpret
each variable x by σx : F(k) → F(k); s 7→ sx , so that each ti maps e to
ti <δ e, and t1 ∨ · · · ∨ tn maps e to some tj <δ e.
(2) ⇒ (1) Via a general proof system for left-orders on groups.
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The Equational Theory of ℓ-Groups

Corollary (Holland & McCleary 1979)
The equational theory of ℓ-groups is decidable.

Example

{yx−1, xx , xy} extends to the positive cone of a left-order on F(2), so

LG ̸|= e ≤ yx−1 ∨ xx ∨ xy .

Remark
Deciding equations in ℓ-groups is coNP-complete (Galatos & M. 2016),
and checking whether F(k) admits a left-order satisfying a given finite
set of inequalities is NP-complete (M. & Santschi 2025).
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Another Question

What can we say about left-orders on free monoids?
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Free Monoids

Let FM(k) denote the free monoid on k generators, understood as a
submonoid of the free group F(k).

Remark
The key ingredient here is a proof that an inverse-free equation is valid
in all ℓ-groups if, and only if, it is valid in all distributive ℓ-monoids.
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Free Monoids

Let FM(k) denote the free monoid on k generators, understood as a
submonoid of the free group F(k).

Theorem (Colacito, Galatos, M., Santschi 2023)
The following are equivalent for any s1, . . . , sn, t1, . . . , tn ∈ FM(k):
(1) There is no left-order on FM(k) satisfying s1 < t1, . . . , sn < tn.
(2) LG |= s1y1 ∧ · · · ∧ snyn ≤ t1y1 ∨ · · · ∨ tnyn for any new y1, . . . , yn.
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Left-Orders on Free Monoids

Corollary (Colacito, Galatos, M., Santschi 2023)
Checking whether FM(k) admits a left-order satisfying a given finite set
of inequalities is decidable.

Corollary (Colacito, Galatos, M., Santschi 2023)
Every left-order on FM(k) extends to a left-order on F(k).

Open Problem
Is LO(FM(k)) a Cantor space for each k ≥ 2?
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And Another Question

What can we say about orders on free monoids and groups?
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Orders on Free Groups and Monoids

Theorem (Dovhyi & Muliarchyk 2023)
The set of orders on F(k) forms a Cantor space for each k ≥ 2.

Theorem (Colacito & M. 2019)
The following are equivalent for any t1, . . . , tn ∈ F(k):
(1) There is no order ≤ on F(k) satisfying e < t1, . . . ,e < tn.
(2) e ≤ t1 ∨ · · · ∨ tn is valid in all ordered groups.

Open Problems
Can we determine if there is an order on a free group (resp. monoid)
satisfying a finite set of inequalities? Is the equational theory of
ordered groups (resp. monoids) decidable?
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Theorem (Dovhyi & Muliarchyk 2023)
The set of orders on F(k) forms a Cantor space for each k ≥ 2.

Theorem (Colacito & M. 2019)
The following are equivalent for any t1, . . . , tn ∈ F(k):
(1) There is no order ≤ on F(k) satisfying e < t1, . . . ,e < tn.
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A Final Question

What can we say about orders on free commutative monoids ?
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Free Commutative Monoids

The free commutative monoid on k generators is Nk .

Given any order ≤ on Nk , we obtain an order ≤̂ on Zk by setting

u ≤̂ v :⇐⇒ u + r ≤ v + r for some suitably large r ∈ Nk ,

so orders on Nk are in one-to-one correspondence with orders on Zk ,
and checking if Nk admits an order satisfying a finite set of inequalities
corresponds again to deciding equations in ordered abelian groups.
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Ordered Commutative Monoids

However, there are inverse-free equations that are valid in all ordered
abelian groups, but not in all ordered commutative monoids

, e.g.,

x2yz ≤ x5 ∨ xy3 ∨ z3

fails in a 13-element ordered commutative monoid (St. John 2025).

This reflects the fact that N3 admits a preorder but no order satisfying(
5
0
0

)
<

(
2
1
1

)
,

(
0
0
3

)
<

(
2
1
1

)
,

(
1
3
0

)
<

(
2
1
1

)
.

Indeed, deciding universal sentences in ordered commutative monoids
corresponds to determining whether Nk admits a preorder satisfying a
finite boolean combination of inequalities.

George Metcalfe Decision problems July 2026 26 / 31



Ordered Commutative Monoids

However, there are inverse-free equations that are valid in all ordered
abelian groups, but not in all ordered commutative monoids, e.g.,

x2yz ≤ x5 ∨ xy3 ∨ z3

fails in a 13-element ordered commutative monoid (St. John 2025).

This reflects the fact that N3 admits a preorder but no order satisfying(
5
0
0

)
<

(
2
1
1

)
,

(
0
0
3

)
<

(
2
1
1

)
,

(
1
3
0

)
<

(
2
1
1

)
.

Indeed, deciding universal sentences in ordered commutative monoids
corresponds to determining whether Nk admits a preorder satisfying a
finite boolean combination of inequalities.

George Metcalfe Decision problems July 2026 26 / 31



Ordered Commutative Monoids

However, there are inverse-free equations that are valid in all ordered
abelian groups, but not in all ordered commutative monoids, e.g.,

x2yz ≤ x5 ∨ xy3 ∨ z3

fails in a 13-element ordered commutative monoid (St. John 2025).

This reflects the fact that N3 admits a preorder but no order satisfying(
5
0
0

)
<

(
2
1
1

)
,

(
0
0
3

)
<

(
2
1
1

)
,

(
1
3
0

)
<

(
2
1
1

)
.

Indeed, deciding universal sentences in ordered commutative monoids
corresponds to determining whether Nk admits a preorder satisfying a
finite boolean combination of inequalities.

George Metcalfe Decision problems July 2026 26 / 31



Ordered Commutative Monoids

However, there are inverse-free equations that are valid in all ordered
abelian groups, but not in all ordered commutative monoids, e.g.,

x2yz ≤ x5 ∨ xy3 ∨ z3

fails in a 13-element ordered commutative monoid (St. John 2025).

This reflects the fact that N3 admits a preorder but no order satisfying(
5
0
0

)
<

(
2
1
1

)
,

(
0
0
3

)
<

(
2
1
1

)
,

(
1
3
0

)
<

(
2
1
1

)
.

Indeed, deciding universal sentences in ordered commutative monoids
corresponds to determining whether Nk admits a preorder satisfying a
finite boolean combination of inequalities.

George Metcalfe Decision problems July 2026 26 / 31



Preorders on Commutative Monoids

A preorder on a commutative monoid M is a reflexive, transitive, and
total binary relation ≤ on M satisfying a ≤ b =⇒ ca ≤ cb.

We write a < b if a ≤ b and b ̸≤ a, and a ≈ b if a ≤ b and b ≤ a.

Theorem (Robbiano 1985)

For any preorder ≤ on Zk , there exists a homomorphism ρ : Zk → Rk

such that u ≤ v ⇐⇒ ρ(u) ≤lex ρ(v).

Example
The set of left-orders on N is Z ∪ {−∞,∞} where i ∈ N denotes

0 < 1 < · · · < i ≈ i + 1 ≈ i + 2 ≈ · · · ,

∞ is the standard order, and −i is the dual of i ∈ N ∪ {∞}.
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The Space of Preorders on a Commutative Monoid

We equip the set PO(M) of preorders on M with the coarsest topology
such that {≤ ∈ PO(M) | a < b} is closed for any a, b ∈ M.

Theorem (Draisma, M., Santschi 2026)
PO(M) is a spectral space.

E.g., PO(Z2) looks something like. . .

≤triv

(u1, u2) ≤ (v1, v2) ⇔

u1 + u2 ≤ v1 + v2

√
3 · u1 + u2 ≤

√
3 · v1 + v2

Au ≤lex Av with A =

(
2 −1
1 2

)(1, 2) < (0, 0)
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Main Results

Theorem (Draisma, M., Santschi 2026)

For each k ∈ N, determining whether there is a preorder on Nk that
satisfies a finite boolean combination of inequalities is decidable.

Proof idea.
One procedure seeks a suitable ‘d-truncated’ preorder on Nk for
d = 1,2, . . . outputting ‘fail’ if none exists; the other enumerates a
sequence of ‘admissible subsets’ Ci ⊆ Rni such that there exist
continuous maps φi : Ci → PO(Nk ) satisfying PO(Nk ) =

⋃
φi [Ci ],

outputting ‘success’ when a suitable preorder is found.

Theorem (Draisma, M., Santschi 2026)
The universal theory of ordered commutative monoids is decidable.

George Metcalfe Decision problems July 2026 29 / 31



Main Results

Theorem (Draisma, M., Santschi 2026)

For each k ∈ N, determining whether there is a preorder on Nk that
satisfies a finite boolean combination of inequalities is decidable.

Proof idea.
One procedure seeks a suitable ‘d-truncated’ preorder on Nk for
d = 1,2, . . . outputting ‘fail’ if none exists;

the other enumerates a
sequence of ‘admissible subsets’ Ci ⊆ Rni such that there exist
continuous maps φi : Ci → PO(Nk ) satisfying PO(Nk ) =

⋃
φi [Ci ],

outputting ‘success’ when a suitable preorder is found.

Theorem (Draisma, M., Santschi 2026)
The universal theory of ordered commutative monoids is decidable.

George Metcalfe Decision problems July 2026 29 / 31



Main Results

Theorem (Draisma, M., Santschi 2026)

For each k ∈ N, determining whether there is a preorder on Nk that
satisfies a finite boolean combination of inequalities is decidable.

Proof idea.
One procedure seeks a suitable ‘d-truncated’ preorder on Nk for
d = 1,2, . . . outputting ‘fail’ if none exists; the other enumerates a
sequence of ‘admissible subsets’ Ci ⊆ Rni such that there exist
continuous maps φi : Ci → PO(Nk ) satisfying PO(Nk ) =

⋃
φi [Ci ],

outputting ‘success’ when a suitable preorder is found.

Theorem (Draisma, M., Santschi 2026)
The universal theory of ordered commutative monoids is decidable.

George Metcalfe Decision problems July 2026 29 / 31



Main Results

Theorem (Draisma, M., Santschi 2026)

For each k ∈ N, determining whether there is a preorder on Nk that
satisfies a finite boolean combination of inequalities is decidable.

Proof idea.
One procedure seeks a suitable ‘d-truncated’ preorder on Nk for
d = 1,2, . . . outputting ‘fail’ if none exists; the other enumerates a
sequence of ‘admissible subsets’ Ci ⊆ Rni such that there exist
continuous maps φi : Ci → PO(Nk ) satisfying PO(Nk ) =

⋃
φi [Ci ],

outputting ‘success’ when a suitable preorder is found.

Theorem (Draisma, M., Santschi 2026)
The universal theory of ordered commutative monoids is decidable.

George Metcalfe Decision problems July 2026 29 / 31



Concluding Remarks

Spaces of (pre)orders on monoids provide a framework for
investigating related decision problems.

Deciding equations in ℓ-groups is related to checking if there is a
left-order on a free group satisfying finitely many inequalities.

Deciding universal sentences in ordered commutative monoids is
related to checking if there is a preorder on a free commutative
monoid satisfying a finite boolean combination of inequalities.

Intriguing open problems include decidability of the equational
theories of ordered groups and monoids, corresponding to the
existence of certain orders on free groups and monoids.
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