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Plainly, to identify a speech as an argument and to
understand its premises and conclusion is not the
same as knowing what argument is intended. What
is missing?

Bernard Bolzano defines the concept of conse-
quence thus:

Propositions M, N, O, ... follow from proposi-
tions A, B, C, D,...with respect to variable
parts 4, J,...if every class of ideas whose sub-
stitution for i, j,...makes each of A, B, C,
D, .. .true also makes all of M, N, O,... true.!

The 4, 7 ... are constants tagged for substitution; I
shall call them variands. We do not often state
them explicitly, but resort to hints like “It follows
by modus ponens...” or “He found himself on
the horns of a dilemma....” Usually we rely on
convention and context. But this leaves many
arguments irremediably opaque. Bolzano gives
the following example:

Since all humans have an irresistible yearning
for enduring existence, and since even the most
virtuous must be miserable in the thought that
some day they will cease to exist, we justly
expect from God’s infinite benevolence that he
will not annihilate us in death (WL § 164, No. 2).

If this is intended as an argument, then, following
Bolzano, some of its constants must be meant as
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variands; but it is wholly unclear which. If no
variands were intended, then this would merely
be a string of assertions.

It is tempting to think that if a putative argu-
ment is not so muddled as to resist all analysis,
then a transcription into modern symbolic nota-
tion, the textbook exercise “Put this argument in
symbolic form,” would identify the variands. Bol-
zano would deny this. He holds, rather, that to
state a consequence unambiguously requires an
explicit listing of variands. Since this is not done
even in rigorously formal contexts, ambiguities can
occur even there.

Consider 4 O B, B D A | A D A.Ts this meant
to turn on the conclusion’s being a previously
established theorem, or is it a syllogism? The ambi-
guity is removed if variands are appointed, e.g., by
drawing boxes around them, thus:

() UHEDBL,BoAEM >
2 H>BLEB>UEMD>MU

In this dispensation, these are distinct arguments,
both valid. (1) shows that the premises do not
matter, since boxed items, even if complex, may
be (uniformly) replaced by arbitrary sentences,
even atoms. (2), on the other hand, is a syllogism.
For the classical logician, the distinction does not
matter. He can think of the argument(s) as derived
from the schema p, g |= r D r, which yields only
valid arguments. But Bolzano’s concept of form is
different. Here the word, and not the variable,
stands at the beginning, and the form is identified
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with the set of arguments generated from a given
argument by variation, i.e., substitution on vari-
ands.? A form, then, is not a schema. Arguments
are not “obtained” from forms by the substitution
of constants for variables, and it is not, strictly
speaking, correct to say that forms are valid or
invalid, though we may say, by extension, that
forms are valid if they contain only valid argu-
ments, and invalid if this is not so.

The conception of consequence here adum-
brated has two features that should recommend it
to logicians who are concerned not with the devel-
opment of formal systems, but with the analysis of
informally stated arguments and the identification
of fallacies.

The first of these is that arguments of invalid
form are invalid. In the classical view, this is not
the case, as Gerald Massey has pointed out with
clarity and vigor.' For example, the schema
“Affirming the Consequent” has as instances cer-
tain valid arguments, e.g., 4 D A4, A | A. More
importantly, every classical syllogism is an instance
of the invalid form p, ¢ |= . Since this sort of thing
sometimes occurs, one is never justified, so the
argument goes, in judging an argument fallacious
just because it is an instance of an invalid form,
particularly given the apparently unfinished state
of logic.

In Bolzano’s view, the evaluation of any argu-
ment must begin with the identification of
variands. If their variation generates an invalid
form, the argument is invalid; if not, not. It is of
course possible to make mistakes in this, just as
sentences can be misunderstood. It is a cultural,
and perhaps even a human, failing that we do not
usually indicate the variands explicitly. But these
are problems of communication. Plainly, it is often
possible, and sometimes important, to identify for-
mal fallacies. It therefore seems that in this respect
Bolzano’s account of consequence is superior to
the classical.

A second positive feature of Bolzano’s concep-
tion is that it gives a promising account of enthy-
memes. Although he concentrates on arguments in
which all indexical elements are variands (this
being the proper province of logic, cf. WL §223),
his definition does not exclude cases in which only
some of them are. We readily identify ‘Socrates’ as
the variand in ‘Socrates was a man, therefore
Socrates was mortal’. That is, we understand this
argument as implicitly claiming that every substi-
tution on ‘Socrates’ that makes the premise true
also makes the conclusion true. If we had to con-

struct a device for computing the “missing pre-
mise” (which we intuitively take to be ‘All men are
mortal’), we would have it state that fact. It would,
that is, form the universal closure on the variand,
over the conditional consisting of premise
and conclusion, and wveild, the missing premise
results. This procedure works for all syllogistic
enthymemes, and is only slightty more
complex when no singular terms are involved.
No principle of charity or other proviso is needed.
I venture the guess that some such computation is
going on even in our own minds when, with a
speed that must compel wonder, we determine
what all the world takes to be the missing premise
in such a case.

I must correct a point I made in earlier papers,*
to the effect that the variands in an enthymeme are
the items shared by premise and conclusion. It is
an accident that this works for syllogisms. More
complex enthymemes require a different treat-
ment. Consider “If I buy cheap tickets, my girl
friend will be angry. I buy either cheap or expen-
sive tickets. Therefore either my girl friend will be
angry, or I will be broke.” In a flash we see that a
suitable missing premise is ‘If I buy expensive
tickets, then I will be broke’. This dictates that
the variands be ‘I buy cheap tickets’ and ‘My girl
friend will be angry’. But to determine the vari-
ands in this way is to put the cart before the horse.
There must be a procedure that finds them first
and computes the missing premise from that infor-
mation. But I do not know, at this time, what it is.
And matters would be even more complex if
unneeded premises were present.

Bolzano’s construal of consequence also sheds
some light on the “deductivism” controversy. If
deductivism means that only deductive arguments
are good arguments, then Bolzano assuredly is an
anti-deductivist. It is just wrong, in his view, to
cast enthymemes, which are often good argu-
ments, into the same darkness as the grossest non
sequiturs, and a principled formal treatment of
them is here suggested. On the other hand, he
could conceivably be called a deductivist because
he does not allow purely material arguments, that
is, arguments without variands. I myself find the
notion of such an argument unintelligible, and will
not pursue the matter.

Let me now state some formal features of Bol-
zano consequence, and some other matters, with-
out proof. Since these consequences are triads,
some of the points could not be stated in the
conventional rendition of arguments.




Bolzano defines the concepts of compatibility
and analyticity as follows: a set of sentences I is
analytic with respect to a set of variands v if every
substitution on the elements of v makes all its
elements true, and compatible with respect to
itupsilon if some substitution on v makes all of
them true. Allow the list of variands to contain
items that do not occur in the argument, or the set
of sentences; that is, allow this list to contain
“idle” elements. This makes it possible to specify,
for example, that the list should contain all and
only atomic sentences. (In this case the conse-
quence will be said to be classical.)

Indicating the set of variands above the
turnstile, abbreviating ‘I" is compatible (analytic)
with respect to v’ as Comp (I'; v) and Anal (I';p),
and writing ‘v, 4’ for ‘vU {4}, the following
hold:®

1. IfA iﬁ a sentence idle in v, 4, then T £ 4
iff ' B~ A, Comp (I';v) iff Comp (I';v, A),
and Anal (I';v) iff Anal (I';v, A).

II. fTEA and AEO, then TEO® (WL
§155, No. 24).

IL IfT 2“ A withwidle,and A 2 © with v
idle, then T’ 2* © (WL §155, No. 23).
IV.IFTEAand T 0O, then I A, O (WL

§155, No. 22.).

With this in hand, let us next look at C. I. Lewis’s
“Independent Proof” for ex absurdo quodlibet.
From the viewpoint of Bolzano consequence it
appears as a sophism, at least in the form in
which it is usually presented.

Lewis’s argument can be rendered thus:

(1) A& —A Premise

2) A from 1 by simplification

3) -4 from 1 by simplification

4) AVEB from 2 by weakening

(5) B from 3 and 4 by disjunctive

syllogism

A rigorous rendition in Bolzano style invokes the
theorems I, II, and IV above. This is left as an
exercise.

The first and second steps are said to be based
on the law that from any conjunction either con-
junct may be inferred. From our point of view, this
can only mean that the variands in the premise are
‘A’ and ‘—A’. Only then (i.e., if ‘4’ and ‘—A4’ are
varied independently of each other: 4 = [4)

can the form (i.e., the set generated from the
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premise) contain «// conjunctions. And, presum-
ably, this set is envisaged in the talk about ‘any
conjunction.’ But, if this is so, then the disjunctive
syllogism cannot be executed, for ‘—A4’ does not
now function as the negation of ‘4’. The variands
that allow the argument to go through are ‘4’ and
‘B’. But, if they are chosen, then the law that
sanctions the first two steps is not “From a con-
junction infer either conjunct” but, rather, “From
the conjunction of a sentence and its denial infer
either” — hardly a law of much dignity, and one
that we shall presently dispute.

The sophism, from our point of view, lies in a
peculiar kind of equivocation. We have seen that
arguments, like sentences, can be ambiguous. Now
Lewis’s “Independent Proof” must be read one
way (with variands ‘4, ‘B’) to make it go through,
and another way (with variands ‘4’, ‘—A4’, ‘B’) to
make good on the claim that the laws in question
are, as Lewis put it, “unavoidable consequences of
indispensable laws of inference.”® But on this con-
strual the argument fails.

Bolzano imposed a further condition. He
required that the premises of any consequence by
compatible with respect to the set of variands v of
the consequence. He did not forbid the conclu-
sion(s) of a consequence to be analytic with respect
to v (cf., e.g., WL §155 No. 12). This asymmetry is
awkward and leads, e.g., to the rejection of trans-
position. I shall deviate here from Bolzano and
explore a consequence relation that requires the
premises to be compatible and the conclusion(s) to
be nonanalytic with respect to the variands. Let us
call the consequence relation so defined “Bolzano
Consequence in the Narrow sense” (BCN), sym-
bolized by ‘N=".

BCN comes close to an entailment relation sug-
gested by T. J. Smiley, who takes it that a true
entailment is “‘a substitution instance of a tautolo-
gical implication whose components are neither
contradictory nor tautological.”” Alan Ross
Anderson and Nuel Belnap have proved that if
an entailment relation satisfies this condition,
then it is relevant in the sense of sharing a sub-
sentence.® The same holds for BCN:

V. If TN=A, then v contains a variand com-
mon to both " and A.

Suppose that it does not. Then v can be repre-
sented as the disjoint set v’,v”, where v contains
only variands in T, and v” only variands in A. But
Comp(T';v), and, since v” is here idle in v, it
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follows by (I) that Comp(T';v’). Analogously, since
not Anal(I';p), and v’ is here idle, it follows that not
Anal(A;v"). There are then substitutions on v, i.e.,
on v’ in I" and on v” in A, which make the former
true and the latter false. Hence, contrary to our
assumption, TN=A fails. So premises and conclu-
sion share a subsentence.

It is plain that Lewis’s “Independent Proof™ fails
in BCN, for the first two steps must now be con-
strued with ‘4’ and ‘—A’ as variands. It is thus not
the disjunctive syllogism that fails, but the chain:
we are constrained (so as to be able to begin) to
construe the argument in this way, and when we
come to the disjunctive syllogism we are stopped.
Deductive explosions are thus made impossible.

The following can be said in support of BCN:
we must expect a reasoner to know what his argu-
ment is. That is, he must know his variands. If he
does not, he is in fact not reasoning, but asserting
strings of sentences. Is it then too much to ask that
the premises be compatible, and the conclusions
not analytic, with respect to these same variands?
Are we not simply asking that he should not con-
sciously employ inconsistent premises? Indeed, by
requesting this we are not asking even that he
should assure that his premises are taken from a
consistent subregion of a possibly inconsistent set
of propositions. We merely require that his pre-
mises may be deemed consistent by someone who
does not fully understand them, but knows the
variands. BCN allows inconsistencies in a body of
beliefs, which may creep into premises of argu-
ments, and yet allows the logician the cherished
freedom of saying important things about matters
he does not understand and of which he does not
know whether they are true.

Good things come at a price. In this case the
price is case argument. In discrediting the disjunc-
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