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ESTABLISHMENT OF SCIENTIFIC SEMANTICS X

rected with the investigations of Gddel. As is well knowﬁ
el has developed a method which makes it possible, in every
ry which includes the arithmetic of natural numbers as g
5, to eonstruct sentences which can be neither proved nor
roved in this theory. But he has also pointed out that th
ecidable sentences constructed by this method become di
ble if the theory under investigation is enriched by the
ition of variables of higher type. The proof that the se
ws involved actually in this way become decidable ags
s on the definition of truth. Similarly—as I have show
means of the methods used in developing semantics—
given deductive theory it is possible to indicate conee
ch cannot be defined in this theory, although in their ¢
; they belong to the theory, and become definable in
theory is enriched by the introduction of higher type
1marizing, we can say that the establishment of scienti
antics, and in particular the definition of truth, enables
atch the negative results in the field of metamathem
1 corresponding positive ones, and in that way to fil
e extent the gaps which have been revealed in the dedu‘e’oi«
and in the very structure of deductive science.!
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More detailed information about many of the problems discussed in
le can be Fourri in VIIL. Attention should siso be called to my late
i, Tarski, A. (82}, While the first part of that paper is close in ifscon
1e present ar u;cle. the second part contains polemical remarks regsg'dm
>us objections which have heen raised against my investigations
of semantics, It alsc includes some observaticns sbout the a,prhoa
manties to empirical sciences and their methodology.

THE concept ©
duction intc the
matter of arbitr
gator; in definin

mnbro-

B )
< O A

the coOmmon u

@
Eh
o
I ]
o
W
E’a
“
@
=
cp

y resent themselves

superior to otf
is not sharply rsoumi
to bring into harmon

dictory, tend
concept, 18

d o
1y @

certainly doomed 1

o

suoceaded ?o'a,f mean

<

In grasping almost e

KOOI Cone

of consequence, or r(umcr in defining a new
-elded qwtenb v

olgerung’,
.

7 {A{’tg,\aliue




410 ON THE CONCEPT OF LOGICAL CONSEQUENXNCE XV

proof of every theorem reduces to single or repeated application
of some simple rules of inference—such as the rules of substitu
tion and detachment. These rules tell us what transformationg
of a purely structural kind (i.e. transformations in which onl
the external structure of sentences is involved) are to be pe
formed upon the axioms or thecrems already proved im %
theory, in order that the sentences obtained as a result of sue
transformations may themselves be regarded as proved. Lo
ciang thought that these few rules of inference evhausted t
content of the concept of consequence. Whenever a ser
follows from others, it can be obtained from them—so 113 W
thought—in more or less complicated ways by means of &
transformations preseribed by the rules. In order to defend th
view against sceptics who doubted whether the concept of con
gquence when formalized in this way really coincided in ex
with the common one, the logicians were able to bring forw
a weighty argument: the fact that they had actually succeed:
in reproducing in the shape of formalized proofs all the ex
reasonings which had ever been carried out in mathematics

Nevertheless we know today that the scepticism wag q’
justified and that the view sketched above cannot be ma
tained. Some years ago I gave a quite elementary exampl
. theory which shows the following peculiarity: among
heorems there ocour such sentences as:

]

1

m

Ay. O possesses the given property P,
A1 1 possesses the given properiy P,
and, in general, all particular sentences of the form
A,. n possesses the given property P,
where ‘n’ represents any symbol which denote ‘
in a given (e.g. decima ,numl‘ rsystem. On the other hand |
universal sentence:

ne

en property £
cannoct be proved on the of the theory in question by m
of the normal rules of 'mﬁreuoe.1 This fact seems to me 19

PF for & detailed description of a theory with this peculiarity see I
! the closely related rule of infinite induction see V. IIL, pp:
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B which asserts that all the sentences
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provable on the basis of the rules of inference hit
{not that they have actually been proved). We then set up

the following rule: if the sentence B is proved, then

el

sponding sen

e A can be accepted as proved.
sbjected that the sentence 7B i
theory under construeti
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412 ON THE CONCEPT OF LOGICAL CONSEQUENCE XVI.

congideration to those deductive theories in which the arith-
metic of natural numbers can be developed, and observe that
in every such theory all the concepts and sentences of the
corresponding metatheory can be interpreted (since a one-one
correspondence can be established between expressions of a
language and natural numbers).! We can replace in the rul
discussed the sentence B by the sentence B’, which is the arith
metical interpretation of B, In this way we reach a rule whie
does not deviate essentially from the rules of inference, either
in the conditions of its applicability or in the nature of the
concepts involved in its formulation or, finally, in its intuitive
infallibility (although it is considerably more complicated).

Now it is possible to state other rules of like nature, and even
as many of them as we please. Actuaily it suffices in fact to
notice that the rule last formulated is essentially dependen
upon the extension of the concept ‘sentence provable on the
hasis of the rules hitherto used’. But when we adopt this rule
we thereby widen the extension of this concept. Then, for the
widened extension we can set up & new, analogous rule, and
so on ad finttum. It would be interesting fo investigate
whether there are any objective reasons for assigning a special
position to the rules ordinarily used.

The conjecture now suggests itself that we can finally succeed
in grasping the full intuitive content of the concept of conge:
quence by the method sketched above, ie. by supplementing
the rules of inference used in the construction of deductive
theories. By making use of the results of K. Godel? we can
show that this conjecture is untenable. In every deductive
theory (apart from certain theories of a particularly elementar
nature), however much we supplement the ordinary rules o
inference by new purely structural rules, it is possible to con
struct sentences which follow, in the usual sense, from th
theorems of this theory, but which nevertheless canuot be
proved in this theory on the basis of the accepted rules of

I For the concept of metatheory and the problem of the interpretation of
metatheory in the corresponding theory see article VIII, pp. 167 ff., 184, an
247 if.

? Cf. Gédel, K. (22}, especially pp. 196 £.
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pp. 268 if.), In his extremely interesting bool, Carnep

{logical) derivation or deriv

or d fity is applied to the old concept of consequence
T L in the construcsion of deductive theories, in order to distin
it irom the coneept of consequence as the proper con !
etween the two concepis is extended by Carnap to the most d
ts (‘f-concepts’ and ‘a-concepts’, ef. pp: 88 ff., and 124F); he
zes—to. my mind correctly—the importance of the o
consequence and the concepts derived from it, for general
sions {cf. e.g. p. 128). )
¢ Cf. Carnap, R. (1), pp. 88 £, and Carnap, R. (11} especiaily p. 181.
In the first of these works there is yet another definition of con : rhick
is adapted to a formalized languags of an elementary chara
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414 ON THE CONCEPT OF LOGICAL CONSEQUENCE XVI

attempt is connected rather closely with the particular propet-
ties of the formalized language which was chosen as the subject
of investigation. The definition proposed by Carnap can ber
formulated as follows:

The sentence X follows logically from ihe senfences of the elass
K if and only if the class consisting of all the sentences of K and
of the negation of X is contradictory.

The decisive element of the above definition obviously is the
concept ‘contradictory’. Carnap’s definition of this concept is
too complicated and special to be reproduced here without long
and troublesome explanations.! ‘

I should like to sketch heve a general method wh
to me, enables us to 00'1stru"t an adequate deﬁnitien of he
concept of consequence for a comprehensive class of formalized
languages. I emphasize, however, that the proposed treatme
of the concept of consequence makes no very high claim to
complete originality. The ideas involved in this treatment will
certainly seem to be something well known, or eveil something
of his own, to many a logician who has given close attention &
the concept of consequence and has tried to characterize it
wre precisely, Nevertheless it seems to me that only uhe '
methods which have been developed in recent years for th

establishment of scientific semantics, and the concepts defined
=
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416 ON THE CONCEPT OF LOGICAL CONSEQUENCE XVI

dealing does not possess a sufficient stock of extra-logical con-
stants. The condition (#) could be regarded as sufficient for
the sentence X to follow from the class & only if the designations
of all possible objects occurred in the language in question. This
assumption, however, is fictitious and can never be realized.?
Weo must therefore look for some means of expressing the in-
tentions of the condition (F) which will be completely inde
pendent of that fictitious assuraption.

Such a means is provided by semantics. Among the funda-
mental concepts of semantics we have the concept of the sati
Jaction of a sentential function by single objects or by a sequence
of objects. It would be superfluous to give here a precise ex-
planation of the content of this concept. The intuitive meanin,
of such phrases as: John and Peter satisfy the condition ‘X an !
Y are brothers’, or the triple of numbers 2, 8, and 5 sutisfies th
equation ‘z--y == z’, can give rise to no doubts. The concept o
satisfaction—Ilike other semantical concepts—must always be
relativized to some particular language. The details of its pre-
cise definition depend on the structure of this language. Never-
theless, a general method can be developed which enables us to
construct such definitions for & comprehensive class of forma-
lized languages. Unfortunately, for technical reasons, it would
be impossible to sketch this method here even in its gpnera‘
outlines.? g

One of the concepts which can be defined in terms of the
concept of satisfaction is the concept of model. Let us assume
that in the language we are considering certain variables corre

spond to every extra-logical constant, and in such a way tha
every sentence becomes a sentential fumetion if the constants
in it are replaced by the corresponding variables. Let L be any
ass of sentences. We replace all extra-logical cor 1stants~whi€3§ir

* These last remarks constitute a criticism of some earlier attempts to
define the concept of formal consequence. They concern, in particular, €
nap’s definitions of logical conseguence and a series of derivative conge
(Li-consequences and L-concepts, cf. Carnap, R. {lf‘:‘), pp. 137 ff.). These:defini
tions, in so far as they are set up on the basis of ‘general syntax’, seem 10 I
t0 be materially inadequate, just because the defined c&ncept= depend es8en
tially, in their extension, on Lhe richness of the language inv ostigated. :

2

* Bee footnote 2 on p. 414,
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In brief, it can be shown that the condition {F) a
above is necessary if the sentence X is to follow from the sen-
tences of the class K. On the other hand, this condition is in

general not sufficient, since the concept of consequence
defined (in agreement with uhe standpoint we have taken) is
independent of the richness in concepts of the language being
investigated.

Finally, it is not difficult to reconeile the proposed definition
cl

with that of Carnap. For we can agree to call a class of sentences

After the original of this paper bad appeared in print, H. Scho
artl Ie ‘Die Wi .‘SS& -:ehaftslehre Boelzanos, Hine Jahrhux

definition of conse(;u:,nce and the one suggested by B. Bolzan
hundred years earlier.

6351 Ee




418 ON THE CONCEPT COF LOGICAL CONSEQUENCE XVI

contradictory if it possesses no model. Analogously, a class of
sentences can be called analyfical if every sequence of objects
is a model of it. Both of these concepts can be related not only
to classes of sentences but also to single sentences. Let uy.
assume further that, in the language with which we are dealing;
for every sentence X there exists a negation of this sentenes,
ie. & sentence ¥ which has as a model those and only those
sequences of objects which are not models of the sentence X
(this assumption is rather essential for Carnap’s construction).
On the basis of all these conventions and assumptions it is easy
to prove the equivalence of the two definitions. We can also show
~—just as does Carnap—that those and only those sentences are
analytical which follow from every class of sentences {in parti-
cular from the empty eclass), and those and only those are
contradictory from which every sentence follows.!

¥ am not at all of the opinion that in the result of f the above
discussion the problem of a materially adequate definition of
the concept of consequence has been completely solved. On the
contrary, I still ses several open questions, only one of which—
perhaps the most important—I shall point out here.

Underlying our whole construction is the division of ail terms
of the language diseussed into logical and extra-logical. Thig
division is certainly not quite arbitrary. If, for example, we
were to include among the extra-logical signs the implication
sign, or the universal quantifier, then our definition of the con-
cept of consequence would lead to results which obviously
contradict ordinary usage. On the other hand, no objective

rounds are known to me which permit us to draw a sharp

* Cf. Carnap, R. (10, pp. 135 ff,, especially Ths. 52.7 and 52.8; Carnap, B
(11}, p. 182, Ths. 10 and 11. Incidentally I should like to remark that the
definition of the concept of consequence here proposed does ndt exceed the
limits of syntex in Cernap’s conception {cf. Carnap, R. {10), pp. 6 f.). Ad
mittedly the gerieral concept of satisfaction (or of model) does not belong to
syntax; but we use only a special case of this concept—the satisfaction.o
sentential functions which contain no extra-logical constants, and this
case can be characterized using only general logical and specific syz ntaction
concepts. Between the gener"l concept of satisfaction and the spemal case o
this concept used here approximately the same relation holds as between thi
sementical concept of true sentence and the syntactical concept of analytical
sentence.
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which ‘says nothing about reality’), a concept which to me

personally seems rather vague, but which has been of funda-

mental importance for the philosophical discussions of L. Witt-
genstein and the whole Vienna Circle.!

Purther research will doubtless greatly clarify the problem
which interests us. Perhaps it will be possible to find important
objective arguments which will enable us to justify the tradi-
tional boundary between logical and extra-logical expressions.

But I also consider it to be quite possible that investigations
will bring no positive resuits in this direction, so that we shall
be compelled to regard such concepts as ‘logical consequence’,

‘analytical statement’, ‘and ‘tautology’ as relative concepts
which must, on each occasion, be related to a definite, although

in greater or less degree arbitrary, division of terms into logical
and extra-logical. The fluctuation in the common usage of the

concept of consequence would—in part at least—be quite
naturally reflected in such a compulsory situation.

1 (of. Wittgenstein, L. (91}, Carnap, K. (10), pp. 37-40.
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