
Derivations. Briefly: use anything from propositional logic + new rules (that we discuss one by one).

The first such new rule is:

∀Out: If x is free in ϕ(x), then

∀xϕ(x)

ϕ[x/t]

(1) Let c be a constant. Check if the ∀Out rule can be applied. If so, what is the result?

(a) ∀xF (x)

(b) ∀x(F (x)→ G(x))

(c) ∀x(F (x)→ ∀xG(x))

(d) ∼∀xG(x)

(e) ∀xF (x)→ ∀xG(x)

(f) ∀x∃yR(x, y)

(g) ∀xR(x, x)

(2) Construct derivations using the ∀Out rule.

∀x(F (x)→ H(x))

F (c)

H(c)

∀x(S(x)→ P (x))

∀x((S(x) ∧ P (x))→ D(x))

S(m)

D(m)

(3) Derive

∀xF (x)→ ∀xG(x)

∀xF (x)→ G(a)

∀x(F (x)→ H(x))

∼H(b)

∼∀xF (x)

∀x(F (x)→ ∀yR(x, y))

∀x∀y(R(x, y)→ ∀zG(z))

∼G(b)

∼F (a)

∃In: If ϕ[x/t] is a substitution instance of ϕ(x), then

ϕ[x/t]

∃xϕ(x)

(4) Apply the ∃In rule in all possible ways to the formulas below (if possible).

(a) F (b)

(b) R(c, d)

(c) F (c) ∧G(c)

(5) Derive

∀x(F (x)→ H(x))

F (a)

∃xH(x)

∀x(G(x)→ H(x))

G(b)

∃x(G(x) ∧H(x))

∃x ∼R(x, a)→∼∃xR(a, x)

∼R(a, a)

∼R(a, b)



K:
∀x(ϕ(x)→ ψ(x))

∀xϕ(x)→ ∀xψ(x)

Gen: If x is not free in ϕ, then

ϕ

∀xϕ(x)

(6) Derive

∀x(F (x)→ G(x))

∀xF (x)

∀xG(x)

∀x(F (x)→ G(x))

∀x(G(x)→ H(x))

∀x(F (x)→ H(x))

(7) Which of the following formulas are logical truth?

(a) ∃x∀yϕ→ ∀y∃xϕ

(b) ∀x∃yϕ→ ∃y∀xϕ

(c) ∀x∃xϕ→ ∃x∀xϕ
(8) Formalize the sentences below (in first-order logic). Check whether the premises imply the conclu-

sions, and if so, construct a derivation.

a. Premises: Every freshman is happy. Jake is a freshman.

a. Conclusion: Jake is happy.

b. Premises: Every snake is poisonous. Every poisonous snake is dangerous. Joe is a snake.

b. Conclusion: Joe is dangerous.

c. Premises: Every dog is a mammal. No mammal is a fish. Some animals are fish.

c. Conclusion: Some animals are not dogs.
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