Two questions of Kowalski—Slomczynska
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Abstract. That the inclusion Q(F3(X)) C Paj is proper and Mod(gbs)
is not generated by free p-algebras is proved, answering two open ques-
tions from Kowalski-Stomczyniska [1].
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Following the framework and notation of Kowalski and Stomeczyiiska [1], we
omit formal definitions here for the sake of brevity. All terminology used in
this note is introduced in their original work.

Let P be the poset of height 2 with four maximal elements {a, b, ¢, d} and
minimal elements tupc, tabd, tacd, and tpeq With order relations typ, < u, v, w
and no other elements compared. Let A = (P) be the dual algebra. For an
element z of a poset, M(z) denotes the set of maximal elements above .

Lemma 1. A € Pajs.

Proof. As Paz = V(Bg3) it is enough to show that A embeds into Bj. By
duality, this amounts to constructing a pp-morphism H?:l §(B3) —» P. For
each minimal element ¢ of P let S; be a copy of §(Bs). S; has 3 maximal
elements and one bottom element below all three. Define a map ¢ : WSy - P
as follows: on the copy S;,,. map its three maximal elements bijectively to
a, b, c, and its bottom element to t,p; similarly for the other S;’s. Then g is
a surjective pp-morphism: it is clearly order-preserving, and for each bottom
element we have that the image of its three maximal extensions is exactly
the set of maximal extensions of the corresponding ... O

Lemma 2. A ¢ Q(F), where F is the class of free p-algebras. In particular,
A ¢ Q(Fy(X)) for any X

Proof. For a contradiction, suppose A € Q(F). Because A is finite, [1,
Lemma 1.6] gives A € ISPy, (F), and so A < ILF;(X;), where F;(X;)
is a free p-algebra generated by the set X;. Let m; : A — F;(X;) be the
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coordinate projections. Since A is finite, each image m;(A) is a finite sub-
algebra of F;(X;), hence it is contained in some finitely generated F;(k;).
By [1, Lemma 2.5] finitely generated p-algebras are of the form F,,,(k;),
thus A < [[, Fi, (k;). By duality [1, Lemma 1.7]) there is a surjective pp-
morphism

g: L—ﬂPi — P, where P; = 0(Fp, (k;)).
i

Pick the point t4p. € P and choose i and y € P; such that g(y) = tape. The pp-
condition of g gives M(g(y)) = g(M(y)). But M(g(y)) = M{tase) = {a,b,c},
so there exist maximal elements «, 8,y € M(y) such that g(«a) = a, g(8) = b,
g(v) = c. It follows from [1, Lemma 2.5(1)]) that k; > 2. Also, m; > 2, because
in Fy (k;) there is no element y with | M(y)| = 3. Now apply [1, Lemma 2.5(2)]
inside P;: every nonempty set of maxima of size < m; occurs as M(z) for some
z € P;. In particular, there exists z € P; such that M(z) = {a, §}. By the
pp-condition it follows that

M(g(2)) = 9(M(2)) = {g(a),9(8)} = {a,b}.
But this is impossible in P: there is no € P with M(x) = {a, b}. O

Lemma 3. A € Mod(qgbs).

Proof. By duality, A |= gb; iff there is no surjective pp-morphism P — §(B3)
(see [1, Lemma 2.3]). By way of contradiction, suppose f : P — §(B3) is a
surjective pp-morphism. Since P has four maximal elements and § (Bg) has
three, two distinct maximum elements, say a,b, must satisfy f(a) = f(b).
Since f is surjective on maxima, pick a third maximal element, say ¢, with

f(c) # f(a). Consider t4p.. Then M(tape) = {a,b, ¢} and by the pp-condition
M(f (tabe)) = f(M(tare)) = {f(a), f(b), f(e)} = {f(a), f(c)}

is a 2-element set. But in 6(B3) there is no element z with | M(z)| = 2. Hence
no such f exists and A = gbs. O

Recall Paz = Pag N Mod(gbs).

Theorem 4. The inclusion Q(F3(X)) C Pa3 is proper, and Mod(gbs) is not
generated by free p-algebras.

Proof. Immediate from the lemmas. O

References

[1] Kowalski, T., Slomczyriska, K.: Quasivarieties of p-algebras: Some new re-
sults. Studia Logica (2025). DOI 10.1007/s11225-025-10187-9. URL https:
//doi.org/10.1007/s11225-025-10187-9



